TrmoreEM 1. [Euclid 1. 13]

The adjacent angles whick one siraight line makes with ancther
siraight line on one side of @, are logether equal o two right angles.

D

B O A

Let the straight line CO make with the straight line AB the
adjacent % AOC, COB.

It is required to prove that the L5 ADC, COB are together equal
to two right angles.

Suppese OD 18 at right angles to BA.

Proof., Then the 3 AOC, COB together
=the three £%A0C, COD, DOB.
Also the .8 AOD, DOB together
=the three -%A0C, COD, DOB,
., the L8 AOC, COB together =the 2% AOD, DOB
=two right angles,
Q.E.D.

PROOF BY ROTATION

Buppose & straight line revolving about O turne from the position QA
into the position QC, and thence into the position OB ; that is, let the
revolving Hne turn in suceession through the £ 3 AQC, COB.

Now in passing from its first position QA to its final position OB,
El;e revolving line turns through twe right angles, for AOB is a atraight

&,

Hence the 22 AQOC, COB together =two right angles.

CororLary 1. If twe straight lines o

cul one another, the four angles so formed

are together equal to four right angles, A / o B

For example, (&)
L BOD £ DOA 4 £ AOC £ COB =4 right angles.

CororLary 2. When any number of
stratght lines meet at a point, the sum of
the consecuitve angles so formed is equal
to four right angles.

For & straight line revolving about O, and turning in sucoession
through the ~%A0QB, BOC, COD, DOE, ECA, will have made one
complete revolution, and therefors turned through four right angles,

DEFINTITIONS

(i) Two angles whose sum Is fwo right angles, are said to
be supplementary ; and each is called the supplement of the
other.

Thus in the Fig. of Theor, 1 the angles AQC, COB are supplementary.
Again the angle 123° is the supplement of the angle 57°.

(i1) Two angles whose sum i one right angle are said to
be complementary ; and each is called the complement of the
other.

Thus in the Fig. of Theor. 1 the angls DOC is the complement of the
angls AGC, Again angles of 34° and 58° are complementary,

CoroLLary 3. (1) Supplements of the same angle are egual.
(i} Complements of the same angle are equal,




TeporeMm 2. [Eunclid L. 14]

If, at o poind in a straight line, two other straight lines, on
opposite sides of i, make the adjacent angles together equal to fwo
right angles, then these two strarght lines ave in one and the same
straight line.

c

X

B Q A

At O in the straight line CO let the two straight lines OA,
OB, on opposite sides of CO, make the adjacent 9®AOC, COB
together equal to two right angles : (that is, let the adjacent
48 AOC, COB be supplementary),

It is required to prove that OB and OA are tn the same siraight
line.

Praduce AO beyond O to any point X : it will be shewn that
OX and OB are the same line.

Proof. Since by construction AOX is a straight line,

. the £ COXis the supplement of the 2 GOA. Theor. 1.
But, by hypothesis,

the £ COB is the supplement of the £COA.
;. the LCOX=ths £COB;
;. OX and OB are the same line.
But, by construction, OX is in the same straight line
with OA ;
hence OB is also in the same straight line with OA.
Q.E.D.

Torporem 3. [Euclid 1. 15]

If two stroight lines cut one another, the vertically opposite
angles are equal.

D

Let the straight lines AB, CD cut one another at the point O,
It is required to prove that
(1) the £ ADGC =the L DOB;
{ii) the £COB=the L AOD.

Proof. Because AO meets the straight line CD,

.. the adjacent o8 AOC, AOD together =two right angles;
that is, the L AOGC is the supplement of the . AOD.

Again, because DO meets the straight line AB,
., the adjacent L®DOB, AOD together =two right angles;
that is, the 2 DOB is the supplement of the £ AOD,

Thus each of the £3A0C, DOB is the supplement of the 2 AOD,
*. the LAOC=the LDOB.
Similarly, the « COB=the « AOD.

Q.E.D,

PROOF BY ROTATION

Buppose the line COD to revolve about O until OC turms into the
position OA, Then at the same moment OD muat reach the position
OB (for AOB and COD are straight).

Thus the same amount of turning is required to close the 2 AQC as to
close the 2 DOB.

. the £ AQC =the £, DOB,




Taeoren 4. [Euclid I. 4]

If 1o iriangles have two sides of the one equal o two sides of
the other, each to each, and the wngles inecluded by those sides
equal, then the triangles are equal in all respects.

A
c F
& E
Let ABC, DEF bhe two triangles in which
AB=DE,
AC = DF,

and the included angle BAC =the included angle EDF.

1t 45 requived to prove that the AABC=the ADEF in all
respects.

Proof, Apply the AABC to the ADEF,
so that the point A falls on the point D,
and the side AB along the side DE,
Then because AB=DE,
.'. the point B must coincide with the point E.
And because AB falls along DE,
and the . BAC =the LEDF,
*. AC must fall along DF.
And because AC =DF,
.. the point G must coincide with the point F.
Then since B coincides with E, and C with F,
S, the side BC must coincide with the side EF.

Hence the AABC coincides with the A DEF,
and is therefore equal to it in all respects,
Q.E.D.

Obs, In this Theorem we must carefully observe what is
given and what is proved.

AB =DE,
Grven that AC =DF,
and the £BAC =the LEDF,

From these data we prove that the triangles coincide on
superposition,
BC =<EF,
Hence we conclude that the £ ABC =the £DEF,
and the L ACB=the L DFE;

also that the triangles are equal in area.

Noticeihatihe angles which are proved equal in the fwo triangles
are opposite to sides which were given equal.
A D

Nore. The adjoining diagram shews
that in order to make two congruent
triangles coincide, it may be necessary
to reverse, that is, furn over one of them E
e o
befors superposition.

EXERCISES

1. Shew that the biseclor of the wertical angle of an fsvsceles friomgle
{i) bisects the base, (ii) is perpendiculur to the base.

2. Let QO be the middle point of @ straight lne AB, end Id QC be
perpendicular o it. Then if P {8 any point 4n OC, prove that PA=PB.
3. Assuming that the four sides of a square ato equal, and that its
angles are all right angles, prove that in the square ABCD, the diagonasls
AC, BD are equal.
4. ABCD is & square, and L, M, and N are the middle points of AB,
BC, and CD : prove tha
{i} LM =MN. (i) AM =DM.
(iii) AN =AM, {iv} BN =DM,
[Draw a separate figure in each case.]
5. ARC is an isosceles trimngle : from the equal sides AB, AC two

equal parts AX, AY are cut off, und BY and CX are joined. Prove that
BY=CX.




EXERCIZER ON ANGLES
{Numerieal)

1. Through what angle does the minute-hand of 2 clock tarn in
{1} 5 minutes, (i) 21 minutes, (iii} 434 minutes, (iv) 14 min. 10 ssc. ?
And how long will it take to turn through (v) 66°, (vi) 222° ¢

2. A clock is started at noon : through what angles will the hour-
hand have turned by (i} 3.45, {il} 10 minutes past 57 And what will
be the tims when it has twrned through 1723°7

3, The eurth makes a complete revolution about its axis in 24 hours.
Through what angle will it turn in 8 hrs, 20 min., and how long will it
take to turn through 130%%

4. In the disgram of Theorem 3

{ij If the £ AOC = 35°, write down (without measurement} the value
of each of the £ 5 COR, BOD, DOA.

(i) If the = COB, ACD together make up 250°, find each of the
£800A, BOD.

{iii) If the £ # AOC, GOB, BOD together maks up 274°, find each of
the four angles at Q.

{ Dheoretival)

8. If from O a point in AB two straight lines OC, OD are drawn on
opposite sides of AR so as to make the angle COB equsl to the angl>
AQD ; shew that OC and OD are in the same straight line,

8. Two straight lines AB, CD cross at O. If OX is the bisector of
the angle BOD, prove that XO produced bissets the angle AQC.

7. Two straight lines AB, CD ercss at Q. If the angle BOD is
bisected by OX, and AOC by OY, prove that OX, QY are m the same
straight line.

8. T OX bisegts an angle AOB, shew that, by folding the diagram
about vhe bisector, OA may be mads to coincide with OB,
How would OA fall with regard o OB, if
(i) the £ AQX were greater than the 2 XOB ;
{11} the £ AOX were less than the £ XOB?

9. AB and CD are straight lines Intersecting at right angles at O ;
shew by folding the figure about AB, that OC may be made to fall
along OD.

10. A straight line AQB is drawn on paper, which is then folded
about O, 8o a8 to make OA fall aleng OB ; shew that the cresse laft in
the paper is perpendicular to AB.

TerorkmM 5, [Huelid I. 5]

The angles al the base of an ¢soseeles triangle are equal.

Let ABC be an isosceles triangle, in which the side AB =the
side AC,

It is required to prove that the L ABC =the L ACB,

Buppose that AD is the line which bisects the £BAC, and
let 1t meet BC in D,

1zt Proof. Then in the ASBAD, CAD,
BA =CA,
becanse AD is common to both triangles,
and the included -BAD =the included - CAD ;
.. the triangles are equal in all respects ; Theor. 4.
80 that the 4 ABD =thes ACD,
QE.D.

2nd Proof, Suppose the AABC to be folded about AD.
Then since the £ BAD =the - CAD,
s AB must fall along AC,
And gince AB =AC,
.'. B must fall on C, and conseqently DB on DC,
.. the LABD will eoincide with the £ ACD, and is therefore
equal to it.
Q.E.D.




EXRERCISES

1, Write down the supplements of one-half of a right angle, four.
thirds of o 1ight angle ; also of 46°, 149°, 83°, 101° 15,

2. Write down the complement of fwo-fiftks of a right angle; also
of 27°, 88 167, and 41° 29 30",

8. TIf two straight lines intersect forming four angles of which ome
is known fo be a right angle, prove that the other thres are also right
angles,

4. In the iriangle ABC the angler ABC, ACE are given equal, If
the side BC is produced both ways, shew that the exterior angles so
formed are equaf.

5. In the triangle ABC the angles ABC, ACE are given equal. If
AB and AC are produeced beyond the base, shew that the exterior angles
8o formed are equal.

DrrinirioN. The lines which bisect an angle and the

adjacent angle made by producing one of its arms are called
the internal and external hisectors of the given angle.

.'s

'

Thus in the dingram, OX and QY are the - 3
internal and external bisectors of the amgle
AOQB.

c

8. Prove that the bhisectors of the adjacent angles which one
straight line makes with another contain a right sngle. That is to
say, the indernal and external biseclors of an angle are af righl angles
fo one another,

7. Shew that the angles AOX and COY in the above diagram are
complementary.

8. Shew that the angles BOX and COX are supplemenfary; and
also that the angles AQY and BOY are supplementary.

8. Lf the angle AQRE is 35°, find the angle COY.

Taeorem 6. [Euchd 1. 6]

If two angles of a triangle ave equal to one another, then the
sides which are opposiie to the equal angles are equal to one another.

A
G

B C

Let ABC be a triangle in which
the L ABC=the ~ACB.

It is required to prove that the side AC =the side AB.

If AC and AB are not equal, suppose that AB is the greater.
From BA cut off BD equal to AC.

Join DC,
Proof. Then in the A8 DBC, ACB,
DE=AC,
because BC is common to both,
and the included £ DBC =the included L ACB ;

.. the ADBC=the AACB in area, Theor. 4.
the part equal to the whole ; which is absurd.
. AB is not unequal to AC ;
that is, AB =AC,
Q.E.D.

Cororiary. Hence if @ triangle s equiangular it is also
equilateral,




NOTE ON THEOREMS 5§ AND 6

A A
Theorems 5 and 6 may be verified ex- ,"‘.
perimentally by eotting out the given boA
AABC, and, after turning it over, fiftting K '\
it thus reversed into the vacant space left i
in the paper, F A
8" ¢ C B

Suppose A'B'C’ to be the original position of the AABC, and let
AUB represent the friangle when roversed,

In Theorem &, it will be found on applying A to A’ that C may be
made to fall on B, and B on C’.

In Theorem 6, on applying C to B’ and B to G we find that A will
fall on A

In either case the given triangle reversed will coincide with its own
** trace,” so that tho side and angle on the leff are respsctively equal to
the side and angle on the right,

NOTE ON A THEOREM AND ITS CONVERSE

The enunciation of a theorem eonsists of two ¢lauses, The first
clause tells us what we are to gssume, and is called the hypothesis ; the
socond tells us what i ig required fo prove, and is called the conclusion,

For example, the enuncistion of Theorem 5 assumes that in a certain
triangle ABC the side AB =ke side AC : this is the Rypothesis. From
this it is required vo prove that the angle ABC =the angle ACB: this i
the conclusion.

If we interchange the hypothesis and conclusion of a theorem, we
enunciste a new theorem which is called the converse of the first.

Far example, in Theorem 5

it is gssumed that AB=AC;
iv is required éo prove that the angle ABC =the angle ACB,}

Now in Theorem 6

it in assumed that the angle ABC =the angle ACB ;
it i required to prove that AB=AC,

Thus we see that Theorem & is the converse of Theorem 5 for the
kypothesis of each is the conclusion of the other.

In Theorem 6 we employ an indirect method of proof frequently used
in gaometry. It vonsiats in shewing fhat the theorem cannot be untrue ;
since, if it were we should be led to some wmpossible conclugion. This
form of proof is known as Reductic ad Absurdum, and Is mest commonly
used in demonstrating the eonverse of some foregoing theorem.

It mmst not however be supposed that if & theorem is true, its con-
verse is necessarily true, [See p. 25.]

TeeoreM 7 [Euclid 1. 8]

If two triangles have the ihree sides of the one equal to the three
sides of the other, each to each, they are egual in all respects.

A D
B o E F
G
Let ABC, DEF be two triangles in which
AB =DE,
AC =DE,
BC =EF,

It s vequired to prove that the triangles are equal in all respects.

Proof. Apply the AABC to the A DEF,
so that B falls on E, and BC along EF, and
so that A 1s on the side of EF opposite to D,
Then becaunse BC =EF, C must fall on F,

Let GEF be the new position of the AABC.
Join DG.

Because ED =EG,
.. the LEDG=the LEGD. Theor. b,
Again, because FD =FQG,
.. the tFDG=the LFGD.

Hence the whole £ EDF =the whole ~EGF,
that iz, the L EDF =the £ BAC,

Then in the AS BAC, EDF
BA=ED,
because AC =DF,
and the ineluded £BAC =the included £EDF;

.. the triangles are equal in all respects. Theor. 4,
Q.E.D.




Obs. In this Theorem
it is given that AB=DE, BC=EF, CA=FD;
and we prove that AC=_LF, LA=4D, LB=_LE.
Also the triangles are equal in area.

Notice that the angles which are proved equal in the two iri-
angles are opposite to sides which were given equal,

Nore 1. We have taken the case in which DG falls within the
LEYEDF,ECF.

Two other cases might arise :
{i) DG might fall outaside the 2 ¢ EDF, EGF [as in Fig. 1].
(i) DG might eoineide with DF, FG [as in Fig. 2].

A A
B ¢ E B C E\J a
Fig.1. a Fig.2. Q

These cases will arise only when the given trisngles are obtuse-angled
or right-angled ; and {(as will be seen hereafter) not even then, if we begin
by choosing for superposition the gremiesi mide of the AABC, as in the
diagram of page 24,

Nore 2. Two triasngles are said to be eguisngular to one another
when the angles of one are rospectively equal to the angles of the other,

Hence if fwo Irtangles have the three sides of one severally equal fo the three
sides of the other, the trinngles ave equinngular o one another.

The student should state the converse theorem, and shew by a dia-
gram that the converse is not necessarily true.

TeeoreM 8, [Euclhd L 16]

If one side of a triangle is produced, then the exterior angle is
greater tham esther of the interior opposite angles,

4 r

B G\ D
‘G

Let ARC be = triangle, and let BC be produced to D,

It is required to prove that the exterior L ACD is greater than
either of the interior opposite L3 ABG, BAC.

Suppose E to be the middle point of AC.
Join BE ; and produce it to F, making EF equal to BE.

Join FG,
Proof. Then in the A® AEB, CEF,
AE = CE,
because EB =EF,
and the £AEB =the vertically opposite £CEF;

.. the triangles are equal in all respects ; Theor. 4
s0 that the L BAE =the LECF,

But the LECD is greater than the LECF;
.. the LECD ig greater than the LBAE;
that is, the £ACD ig greater than the LBAC,

In the same way, if AC is produced to G, by supposing A to
be joined to the middle point of BC, it may be proved that
the BC@ is greater than the L ABC.

But the £ BCG = the vertically opposite £ACD.
.\, the LACD is greater than the < ABC.
Q.E.D.




CoroLrary 1. Any two angles of a triangle are together less
than two right angles.

For the £ ABC is less than the Z ACD @ Proved.
te each add the 2 ACB.
Then the ~ s ABC, ACH ars less than the 2 = ACD, ACB,
therefore, less than two right angles,

B C D

CoroLLaRY 2. Ewery triangle must have at least two acute
angles.

For if one angle is obtuse or a right angle, then hy Cor. I each of the
other angles must be less than a right angle.

CororLLaRY 3. Only one perpendicular can be drawn to a
straight line from a given point oufside df.

P
If two perpendiculars couid be drawn fo AB from
P, we should heve s triangle POR in which each of
the 78 PQR, PRQ would be a right angle, which is
impossible, ;o R B

TerorEM 9. [Euechd 1. 18]

If one side of u triangle is greater than another, then the angle
opposite to the greater side o3 greater than the angle opposite to the
less.

B8 G

Let ABC be a triangle, in which the side AGC is greater than
the side AB,

It 25 required to prove that the L ABC is greoter than the L ACB.

From AC cut off AD equal to AB.
Jain BD,

Proof, Because AB =AD,
;. the 2 ABD =the - ADB, Theor. b,

But the exterior LADB of the ABDC is greater than the
interior opposite . DCB, that is, greater than the £ ACB,

;. LABD is greater than the £ ACB
8till more then is £ ABC greater than the £ ACB,
Q.E.D,

Obs. The mods of demonsiration msed in the following Theorem
is known as the Proof by Exhaustior. It is applicable to cases in which
one of certain suppositions muat necessarily be true ; and it consists in
shewing that each of these suppositions is falss with one ewception :
hence the truth of the remaining supposition is inferred.




Turorem 10. [Eueclid 1. 19]

If one angle of a iriangle is greater than ancther, then the side
opposite o the greaier angle is greater than the side opposite Lo
the less.

B c

Let ABC be a triangle, in which the £ ABC is greater than
the 2 ACB.

It 18 vequired to prove that the side AC ts greater than the
stde AB.

Proof. If AC is not greater than AB,
it must be either equal to, or less than AB,
Now if AC were equal to AB,
then the £ ABC would be equal to the £ ACB ; Theor. 5.,
but, by hypothesiz, it is not.
Again, if AC were less than AB,
then the «~ ABC would be less than the £ ACB ; Theor. 9.
but, by hypothesis, it is not,
That is, AC s neither equal to, nor less than AB.
.. AC is greater than AB, Q.E.D.

TerorEM 11. [Euclid I. 20]

Any two sides of a triangle are together greater tham the third
stde.

B G

Let ABGC be a triangle,

It s required fo prove that any two of tts sides are together
greater than the third side.

It ia enough to shew that if BC is the greatest side, then
BA, AC are together greater than BC.

Produce BA to D, making AD equal to AC.
Join DC.

Proof, Because AD =AC,
.. the L ACD =the £ADC. Theor. B.

But the 2BCD is greater than the LACD;
.", the ZBCD is greater than the LADC,
that ig, than the LBDC,

Hence from the ABDC,
BD is greater than BC. Theor. 10,

But BD =BA and AC together ;
.. BA and AC are together greater than BC.
Q.ED.

Norn. This proof may serve as an exercise, but the truth of the
Theorem is really self-evident. For to go from B to G along the straight
line BC is clearly shorter than to go from B te A and then from A o C.
In other words

The shortest distance belween two poinds 48 the straight line which joins
them,




Tazorem 12

Of ell straight lines drawn from a given point to @ given straight
line the perpendicular vs the least,

A R Q ¢ P B
Let OC be the perpendicular, and OP any oblique, drawn
from the given point O te the given straight line AB.
It ts vequired to prove that OC s less than OP,

Proof. In the AQGCP, since the LOCP ig a right angle,
', the LOPC is less than a right angle ; Theor. 8 Cor.
that is, the ~OPC is less than the 2OCP,

;. QG is less than OP, Thear. 10.
Q.E.D.

CoroLLary 1. Hence conversely, since there can be only
one perpendicular and one shortest line from O to AB,

If OC s the shortest straight line from O to AB, then OC 18
perpendicular to AB,

Cororrary 2. Two obligues OP, OQ, which cut AB af equul
distances from C the foot of the perpendicular, are equal.

The £90CP, OCG may be shewn to be congruent by Theorem 4 ;

i hence OP =00Q.

CoroLrLary 3. Of two obliques OQ, OR, if OR cuts AB af the
greater distance from C the foot of the perpendicular, then OR s
greater than OQ.

The +. OQC is acute, ,°, the £ OQR i obiunse ;

*. the 2 OQR is greater than the ZORQ ;
.. OR is greater than 0.

Teporem 13. [Buelid I. 27 and 28]

If @ strawght line culs two other straight lines so as to moke
(1) the aliernate angles equal,

or (ii) an exterior angle equal to the tnterior opposite angle on
the same side of the cutting line,

or (lii) the interior angles on the same side equal to two right
angles ;
then in euch case the two siraight lines are parallel.

E
A / 8
[
C /H D
3
(i) Let the straight line EGHF cut the two straight lines

AB, CD at G and H so az to make the alternate 2% AGH, GHD
equal to one another.

It és required to prove that AB and CD are parallel,

Proof. If AB and CD are not parallel, they will meet, if
produced, either towards B and D, or towards A and C.

If passible, let AB and CD, when produced, meet towards B
and D, at the point K.

Then KGH is a triangle, of which one side KG is produced to A ;
.. the exterior £AGH is greater than the interior opposite
LGHK ; but, by hypothesis, it is not greater.

.. AB and CD cannot meet when produced fowards B and D,

Similarly 1t may be shewn that they cannot mest towards
Aand C:

.. AB and CD are parallel,




{ii) Let the exterior 4 EGB =the interior opposite £ GHD,
It is required to prove that AR and CD are parallel.

Proof. Because the LEGB =the 2GHD,
and the < EGB =the vertically opposite . AGH ;
.. the LAGH =the LGHD :

and these are alternate angles ;
.'. AB and CD are parallel,

{i1) Liet the two interior 48 BGH, GHD be togeiher equal to
two right angles.

It is required to prove that AB and CD are parallel.

Proof. Because the L®BGH, GHMD together=two right
sngles ;
and because the adjacent .®BGH, AGH together = two right
angles ;
.-, the £8BGH, AGH together=the L2BGH, GHD,.
From these equals take the 2 BGH ;
then the remaining s AGH =the remaining £ GHD ;

and these are alternate angles ;
". AB and CD are paraliel.
Q.E.D.

DerFixiTion. A straight line drawn across & set of given
lines is called a transversal.

For instance, in the above diagram the line EQHF, which crosses
the given lines AB, CD is 2 transversal,

TezoreM 14, [Euclid L. 29]

If a stradght line cuts two parallel lines, 1t makes
{i} the alternate angles equal to one another ;
(i1) ¢he exterior angle equal to the interior opposite angle on the
same side of the cutting line ;
(lii) the two interior angles on the same side fogether egual to
two right angles,

C/H b
F

Let the atraight lines AB, CD be parallel, and let the straight
line EGHF cut them,
It i required to prove that
(1) the £ AGH =the alternate 2 GHD ;
(i) the exterior L EGB=the tnterior opposite L GHD ;
(iil} the twwo wnterior L®BGH, GHD logether =iwo right angles.

Proof. (i) If the AGH iz not equal to the LGHD,
suppose the £ PGH equal to the £ GHD, and alternate to it
then PG and CD are parallel. Theor. 13.

But, by hypothesis, AB and CD are paraliel ;
.’. the two intersecting straight lines AG, PG are both parallel
to CD : which i3 impossible. Ployfair’s Awziom.
.. the £ AGH is not unequal to the 4GHD ;
that is, the alternate % AGH, GHD are equal.
(ii) Again, because the LEGB=the vertically opposite
AHAGH ;
and the £AGH =the alternste £ GHD ;  Proved.
.. the exterior 2 EGB =the interior oppoaite ~CGHD.




{iii} Lastly, the 2 EGB=the GHD ; Proved,
add to each the 28GH :
then the L$EGB, BGH together = the angles BGH, GHD,
But the adjacent L3EGB, BGH together = two right angles :
.\, the two interior .8 BGH, GHD together = two right angles.
Q.E,D.

FARALLELS ILLUSTRATED BY ROTATION
The direction of a etraight line is determined by the angle which it
makes with some given line of reference,

Thus the direction of AB, relatively to the given line YX, is given by
the angle APX,

Now suppose that AB and CD in
the adjoining diagram are paraliel;

then we have learned that A
the ext. £ APX =the int.opp. LCQX ;
that is, AB and CD make egual angles

) y

with the line of refersnce YX.

This brings ua to the loading idea ¥ Q P X
connected with parallels
Parallel straight lines have the same '
O B

DIRBOTION, buf differ i DOSTTION,

The same jdea may be ilustrated
thus :

Buppose AB to rotate about P through the 2 APX, 8o as to take the
position XY. Thence let it rotate about @ the opposite woy through the
oqual £ XG0 : it will now take the position CD. Thus AB may be
brought into the position of CD by two rotations which, being equal
and opposite, Involve no final change of direction.

HyroraeTioar ConstruoTioN. In the above diagram let
AB be a fixed straight line, @ a fixed point, CD a straight
line turning about @, and YQPX any transversal through Q.
Then as CD rotates, there must be one position in which the
£0QX =the fixed £APX,

Hence through any given point we may assume @ line to pass
parallel to any given straight line.

Obs. If AB is & straight line, movements from A towards
B, and from B towards A are said to be in opposite senses
of the line AB,

TeEorEM 15. [Euclid I. 30]
Straight lines which arve pavallel to the same straight line are
parallel fo one another.
E

A G/ B
¢ v/ o
x/

P Q

o/

Let the straight lines AB, CD be each parallel to the straight
line PQ,

It is veguired to prove that AB and CD are parallel io one
another,

Draw a straight line EF cutting AB, CD, and PQ in the
points G, H, and K.

Proof. Then because AB and PQ are parallel, and EF meets
them.
;. the 2 AGK =the alternate 2 GK@.

And because CD and PQ are parallel, and EF meets them,
.'. the exterior £ GHD =the interior opposite £ GKQ.

., the £t AGH=the L GHD ;
and these are alternate angles ;
.. AB and CD are patallel.
Q.E.D.

Nore. If P@Q lies between AB and CD, the Proposition needs no
proof ; for it ie incomceivehble that two straight lnes, which do not
meet an intermediate straight line, should meet one another.

The truth of this Proposition may be readily deduced from Playfair's
Axtom, of which it is the converss,

For if AB and CD were nob parallel, they would mest when produced.
Then there would be two intersecting straight lines both parallel to a
third straight line : which is impossible.

Therefore AB and CD never meet ; that is, they are parallel.




Tarorem 16. [Euelid 1. 32]

The three angles of a triang’e are together equal to two right
angles. _

h E

B G D

Let ABC be a triangle.

It is required to prove that the three £ ® ABC, BCA, CAB together
=two right angles.

Produce BC to any point D ; and suppose CE to be the line
through C parallel to BA.

Proof. Because BA and OF are parallel and AC meets them,
*, the £ AGE =the alternate . CAB.

Again, because BA and CE are parallel, and BD meets them,
.'. the exterior LECD =the interior opposite £ ABG,

", thewhole exterior L ACD = the sum of the two interior apposite
L9 CAB, ABC.
To each of these equals add the ~BCA ;
then the L8 BCA, ACD together =the three 45 BCA, CAB, ABC.

But the adjacent £ ®BCA, ACD together =two right angles,
.. the £® BCA, CAB, ABC together =two right angles,
Q.B.D.

Obs. In the course of this proof the following most im-
portant property has been established.

If a side of a iriangle is produced the exterior angle is equal to
the sum of the two interior opposite angles.

Namely, the ext. LACD =the 2 CAB-+the £ABC,

INFERENCES FROM THEOREM 16

1. IfA, B, and C denote the number of degrees in the angles of
@ triangle,
then A+B-+C=180°,
2. If twe triangles have fwo angles of the one respectively
equal to fwo angles of the other, then the third angle of the one is
equal to the third angle of the other.

3. In any right-angled triangle the fwo acute angles are com~
plementary.

4. If one angle of a triangle is equal to the sum of the cther
two, the iriangle is right-angled.

5, The sum of the angles of any quadrilateral figure s equal
to four right angles.




CoroLLARY 1. Al the intertor angles of any rectilinear figure,
together with four right angles, are equal to twice as many right
angles as the figure has sides.

>

ST

A B

Let ABCDE be a rectilineal figure of » sides,
It is required to prove thai all the infertor angles +4 1t. LB
=2n rb. LB
Take any point O within the figure, and join O to each of
its vertices.
Then the figure is divided into # triangles.

And the three 28 of each A together =2 rt. 48,
Yence all the £# of all the A® together =2n 6. L8,

But all the % of all the A% make up all the interior angles
of the figure together with the angles at O, which=4 rt, 8.

., all the int. 28 of the figure +4 rt. £8=2nrt. L8,
Q.E.D.

Derinrrion. A regular polygon is one which has all its
sides equal and all its angles equal.
Thus if D denotes the number of degrees in each angle of
a regular polygon of w sides, the above result may be stated
thus :
nD +360° =, 180°,

EXAMPLE

Find the number of degrees in each angle of
{i} a regular hexagon (6 sides) ;
{ii} a regular octagon (§ sides) ;
{iil) a regular decagon (10 sides),

CoroLLARY 2. If the sides of a rectelineal figure, which has
no reflex angle, are produced in order, then all the exterior angles
so formed are together equal to four right angles.

1st Proof. Suppose, as before, that the figure has n sides ;
and consequently » vertices.

Now at eqch vertex
the interior £ -+ the exterior £ =2t 4¥%;
and there are » vertices,
.". thesum of theint. . %+ thesumoftheext. L8 =2n rt. L5

But by Corollary 1,
the sum of the int. L%+ 41t L8 =2n 1h. L8
;. the sum of the ext, ~3=4 rt. 8
Q.E.D.
2nd Proof,

Take any point O, and suppese Oa, Ob, Os, Od, and Oe, are
lines parallel to the sides marked, A, B, C, D, E (and drawn
from O in the sense in which those sides were produced).

Then the exterior £ between the sides A and B =the £ a0b.

And the other exterior 48=the 48d0¢, cOd, dO¢, ¢Du,
respectively.

. the sum of the ext. £5=the sum of the L8 at O
=4 rt. L8,




TaroreM 17. [Euelid 1. 26]

If two triangles have two angles of one egual to two angles of the
other, each to each, and any side of the first equal to the corre-
sponding side of the other, the iriangles are equal tn all respects.

A D

. T

B C E F
Let ABC, DEF be two triangles in which
the £A=the 2D,
the LB =the LE, )
also let the side BC=the corresponding side EF.

It is required to prove that the ASABC, DEF are equal tn oll
respects,

Proof, The sum of the 254, B, and C
=%rt. L8 Theor. 186.

=the sum of the 28D, E,and F;
and the %A and B=the -8D and E respectively,
;. the £ C=the L F.
Apply the AABC to the ADEF, so that B falls on E, and

BC along EF.
Then because BC =EF,

;. © must coincide with F.

And because the 2B =the LE,
. BA must fall along ED.

And beeause the 4 C=the LF,
‘. CA must fall along FD.

.7 the point A, which falls both on ED and on FD, must coin-
cide with D, the point in which these lines intersect.

.. the AABC coincides with the ADEF,
and is therefore equal to it in all respects.
So that AB =DE, and AC =DF ;
and the AABC =the ADEF in area. Q.E.D.

0N THE IDENTICAL EQUALITY OF TRIANGLRE

Three cases of the congruence of triangles have been dealt
with in Theorems 4, 7, 17, the results of which may be sum-
marised as follows :

Two triangles are equal in all respects when the following
three parts in each are severally equai :

L. Two sides, and the included angle. Theorem &,
2. The three sudes. Theorem 7,
3. Two angles and one side, the side given in one triangle
CORRESPONDING Lo that given in the other. Theorem 17.

Two triangles are not, however, necessarily equal in a]l
respects when any three paris of one are equal to the corre-
sponding parts of the other,

For example :

{i) When the three angles of one are
equal to the three angles of the other,
each to each, the adjoining diagram
shews that the triangles necd not be
equal 1n all respects.

(i) When fwo sides and one angle in one are equal to éwo
sides and one angle of the other, the given angles being opposite
to equal sides, the diagram below shews that the triangles
need not be equal in all respects.

B c

For if AB = DE, and AC =DF, and the £ ABC =the £ DEF, it
will be seen that the shorter of the given sides in the triangle
DEF may lie in either of the positions DF or DF,

Nore. From these data it may be shewn that the angles opposite
bo the equal sides AB, DE are either egual (as for instance the £ ACE,
DF'E} or supplementary (as the £ ACB, DFE); and that in the former
cage the triangles are equal in all respects. This is called the ambignous
eage in the congruence of triangles, [See Problem 9, p. 82.]

If the given angles at B and E are right angles, the ambiguity dis-
appears. This exception is proved in vhe following Theorem,




TEEOREM 18

Tworight-angled triangles which have their hypotenuses equal,
and one side of one equal to one sude of the other, are equal wn all
respects.

A D

[ C c’ E F.

Let ABC, DEF be two right-angled triangles, in which
the 25ABC, DEF are right angles,
the hypotenuse AC =the hypotenuse DF,
and AB =DE.

It is required to prove that the ASABC, DEF are equal in all
respects.

Proof, Apply the AABC to the ADEF, so that AB falls on
the equal line DE, and C on the side of DE oppoaite to F.
Let €' be the pomt on which G falls.
Then DEC' represents the AABC in its new position.
Pinece each of the L9 DEF, DEC' is & right angle,
', EF and EC’ are in one straight line,

e

And in the AC'DF, because DF =DOC’ (i.e. AC),
. the LDFC’ =the L DC'F, Theor. B,

Henee 1n the A% DEF, DEC,

the L DEF =the £ DEC’, being right angles ;
because< the - DFE =the . DC'E, Proved,
and the side DE is common,

.. the A% DEF, DEC’ are equalin all respects ; T'heor. 17.

that is, the A8DEF, ABC are equal in all respects.
Q.E.D.

*Tarorem 19, [Euclid L 24]

If two triangles have two sides of the one equal o two sides of
the other, each to each, bul the angle included by the two sides of
one greater thawn the angle included by the corresponding sides of
the other ; thenm the base of that which has the greater angle is
greater than the base of the other.

A D
B c E K @G
[3
Let ABC, DEF be two triangles, in which
BA =ED,
and AC =DF,

but the £BAC is greater than the LEDF.

It 45 required to prove that the base BC is greater than the
base EF.

Proof, Apply the AABC to the ADEF, go that A falls on D,
and AB along DE.
Then hecanse AR = DE, B must coincide with E.

Let DG, GE represent AC, CB in their new position.
Then if EG passes through F, EG is greater than EF ;
that is, BC is greater than EF,

But if EG does not pass through F, suppose that DK bisects

the £FDG, and meets EG in K. Join FK,
Then in the A% FDK, GDK,

FD =GD,
hecause DK is common to both,
and the included <FDK=the included LGDK;
FX =GK. Theor. 4.

Now that the two sides EK, KF are greater than EF ;
that is, EK, KG are greater than EF,
.". EG {or BC) is greater than EF, Q.E.D,




TeeorEM 20. [Eueclid L. 33]
The straight lines which join the extremities of fwo equal and
paratlel straight lines fowards the same parts are themselves equal

and parallel.
A B

c D
Let AB and CD be equal and parallel straight lines ; and let
them be joined towards the same parts by the straight lines

AC and BD.
It 45 required to prove that AC and BD are equal and parallel.

Join BC.

Proof, Then because AB and CD are parallel, and BC meets

them,
.. the 2 ABC =the alternate . DCB.

Now in the ABABC, DCB,

AB =DC,
becaused BC is common to both ;
and the L ABC =the LDCH; Proved,
., the triangles are equal in all respects ;
8o that AG=DB, .......cc.c.ocevirrenns {i)

and the L ACE = » DBC.

But these are alternate angles;
. AC and BD are parallel. .................. {ii)

That is, AC and BD are both equal and parallel,
QE.D.

Treomrem 21, [Euclid 1. 34)

The opposite sides and angles of a parallelogram ere equal to
one ancther, and each diagonal bisecis the parallelogram.

A B

G G
Let ABCD be & parallelogram, of whick BD is a diagonal.
Ii is vequived to prove that
(i) AB=CD, and AD =CB,
(i1) the L BAD =the £ DCB,

{iil) the L ADC =the . CBA,
(iv) the AABD =the ACDR in aren.

Proof. Because AB and DC are parallel, and BD meets them,
.. the £ ABD =the alternate -CDB,

Again, because AD and BC are parallel, and BD meets them,
.. the £ ADB=the alternate ¢ CBD.

Hence in the A8 ABD, CDB,

the L ABD =the . CDB,
becauses the £ ADB =the 2 CBD, Proved,
and BD is corrmon to both ;

.. the triangles are equal in all respects ;  Theor. 1T,

s0 that AB=CD, and AD=CB ; ..... FOPOURR 4 )
and the 2 BAD =the £DCB; ......... . veu(ii)
and the AABD =the ACDB in area. ............ (1Y)
And because the £ ADB=the 2 CBD, Proved.

and the 2CDB =the £ABD,
.". the whole £ADC =the whole CBA, e (diE)
Q.E.D.




Corornary }, If one angle of a parallelogram is a right
angle, all its angles are vight angles.
In other words :
All the angles of 4 rectangle are right angles.
For the sum of two consecutive Z8=2 rt. L6; {Theor, 14.)
/.y if one of these is a Tt. le, the other must be a rt. angle.

And the opposite angles of the par™ are equal ;
.. all the angles ars right angles.

CoroLLARY 2. Al the sides of a square are equal ; and all
ats angles are right angles.

CoroLrary 3. The diagonals of o porallelogram bisect one

anocther. 5] I
Let the diagonals AC, BD of the pur® vr
ABCD intersect at O,
To prove AO =00, and BO=0D. VAN
In the A® AOB, COD, A &

the £ AQB =vart. opp. £ COD,
and AB =the opp. side CD ;
S OA=0C; and OB=0D, Theor, 17.

the £ QAB =the alt. £0CD,
because{

TaroreM 22

If there are three or more parallel stratght lines, and the inter-
cepts made by them on any transversal are equal, then the cor-
responding infercepts on any other transversal are also equal.

Tet the parallels AB, CD, EF cut off equal intercepts PQ,
QR from the trangversal PQR ; and let XY, YZ be the corre-
sponding intercepts cut off from any other transversal XYZ,

It is required to prove that XY =YZ,
Through X and Y let XM and YN be drawn parallel to PR.

Proof. Since CD and EF are parallel, and XZ meets them,
.. the £ XYM =the corresponding £YZN,
And sinee XM, YN are parallel, each being parallel to PR,
.. the ZMXY =the corresponding ~NYZ.
Now the figures PM, QN are parallelograms,
». XM =the opp. side PQ, and YN =the opp. side QR ;
and since by hypothesis PQ =QR,
S XM =YN.
Then in the A XMY, YNZ,
the £ XYM =the LYZN,
because{ the L MXY =the LNYZ,
and XM=YN ;
.. the triangles are identically equal; Theor. 17.
S XY=YZ
Q.E.D,




Cororrary, In atriangle ABC,if @ sef of lines Pp, Qg.Rr, ...,
drawn parallel to the base, divide one side AB info equal parts,
they also divide the other side AC into equal payts,

p
Q

R >
I :\
B 1 o 3 (4]

_ The lengths of the parallels Pp, Qg, Rr, ..., may thus be expressed
m terms of the base BO,

Through p, g, and r let p1, 42, #3 be drawn part to AB.

Then, by Theorem 22, these par’® divide BC into four equal parts, of
which Pp evidently contains one, Qg fwo, and Rr three.

In other waords,
— l . - —_— 2 L] _3
PP‘-'"Z BC ? Qq—i BG 1 Rr_& * 501
Bimilarly if the given parls divide AB into % equal parts,
_1 _2 3
F’jt;v—;s BC, Qg_?-; BC, er?—h +BC ; and so on.

*yF Problem T, p. T8, should now be worked,

!

o ] -

DEFINITION

If from the extremifies of a straight line AB perpendiculars
AX, BY are drawn to a straight line PQ of indefinite length,
then XY is said to be the orthogonal projection of AB on PQ.

B
A
B
x .~
P X Yy a P | Y @

TerorEy 23

Area of a vectangle. If the number of units in the length of a
rectangle s multiplied by the number of units in its breadth, the
product gives the number of square wnits in the areq.
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A B

Let ABCD represent a rectangle whose length AB ig 5 em.,
and whose breadth AD is 4 cm.

Divide AB into 5 equal parts, and BC into 4 equal parts, and
through the points of division of each line draw parallels to
the other.

The rectangle ABCD is now divided into compartments,
each of which represents one square centimetre,

Now there are 4 rows, each containing 5 squares,

.". the rectangle contains 54 square centimetres.

Similarly, if the length=q linear units, and the breadth=b
linear units

the rectangle sontains ab units of area.

And if each side of 4 gquare =« linear units,

the square confains &2 wnits of area.

These statements may be thus abridged.:

the area of a reclongle=length X breadth ..... (i)
the areq of @ square=(s1de)® ...oiverrierannin. (1}
Q.E.D.

CororLaRrIES. (i) Rectangles which have equal lengths and
equal breadths have equal areas.

(i) Rectangles which have equal arvens and equal lengths have
also equal breadihs.




Trrorem 24. [Euelid I. 35]

Parallelograms on the same base and bebween the same parallels
are equal in area.

B G

Let the par™® ABCD, EBCF be on the same base BC, and
between the same parl® BC, AF.

It 18 required fo prove that
the pur™ ABCD =the par™ EBCF in area.

Proof, In the A% FDC, EAB,
DG =the opp. side AB ; Theor, 21,
because< the ext. L FDC=the int. opp. LEAB; Theor. 14.
the int. £DFC=the ext. L AEB ;

.. the AFDC=the AEAB. Theor. 17.

Now, if from the whole fig. ABCF the AFDC is taken, the
remainder is the part ABCD.

And if from the whole fic. ABCF the AEAB is taken, the
remainder is the par™ EBCF,

.. these remainders are equal ;
that ig, the par™ ABCD =the par® EBCF. q.m.D.

THE AREs OF A PARALLELOGRAM

Let ABCD be a parallelogram, F D E .S
and ABEF the rectangle on the
same base AB and of the same
altitude BE. Then by Theorem 24,
A B

area of par™ ABCD =area of rect, ABEF
=AB x BE
= base » altitude,

CororLary, Since the ares of a parallelogram depends
only on its base and altitude, it follows that

Parallelograms on equal bases and of equal oltitudes are equal
in area.

THE AREA OF A TRIAMGLE

If BC and AF respectively contain @ units and p units of
length, the rectangle BDEC contains a¢p units of area,

.. the area of the AABC =4ap units of ares.
This result may be stated thus :
Area of a Triangle=1%.base x oltitude.




TaroreEM 26

The Area of a Triangle. The arex of a triangle is half the area
of the rectangle on the same base and having the same altetude.

D A E D E_____ A
3 ‘:
‘ |
: i
; :
N e ;

B G c B o F

Fig.1, Fig. 2.

Let ABC be a triangle, and BDEC a rectangle on the same
base BC and with the same altitude AF.

1t 28 required to prove thai the A ABC is half the rectangle BDEC,

Proof. Since AF is perp. to BC, each of the figures DF, EF
i3 a rectangle.
Because the diagonal AB bisects the rectangle DF,
.. the AABF ig half the rectangle DF,
Bimilarly, the AAFC is half the rectangle FE.
. add%ng these results in Fig. 1, and taking the difference in
ig. 2,
the AABC is half the rectangle BDEC.
Q.E.D,

CoroLrary. A trigngle {s half any parallelogram on the some
base and between the same parallels.

For the A ABC is half the rect. BCED, & HD AE

™~
And the rect. BCED =any par= BCHG
on the same hase and betwesn the same
par’s,

& the A ABC is half the part BCHG.

TazoreEM 26. [Euclid I. 37]

Triangles on the same base and between the samne parallels
(hence, of the same eltitude) vre equal 11
ared. D A E e

Let the A% ABC, GBC be on the
same base BC and between the same
parld BC, AG.

It is required to prove that

the AABC =the AGBC i# areq. B G

Proof. If BCED is the rectangle on the base BC, and
between the samo parallels as the given triangles,
the AABC 1s half the rect. BCED ; Thesr, 25,
also the AGBC is half the rect. BCED ;
;. the AABC =the AGBC. Q.E.D,

Similarly, triangles on equal bases and of equal altitudes are
equal tn areq.

Treorem 27. [Euclid I. 39]

If two triangles are equal in area, and stand on the same buse
and on the same side of i, they are between the same parallels.
Let the A8 ABC, GBC, standing on A G
the same base BC, be equal in area ;

and let AF and GH be their altitudes.

It is required to prove thalt AG and '
BC are part. B F

C H
Proof. The AABC is half the rectangle contained by BC
and AF ;
and the AGBC is half the rectangle contained by BC
and GH ;
.. the rect. BC, AF =the rect, BC, GH
;. AF=GH, Theor. 23, Cor. 2.
Also AF and GH are parl;
hence AG and FH, that is BC, are parl. Q.E.D,




TaEOREM 28

To find the area of (1) @ trapezium.
(i1) any quadriaieral,

(i) Let ABCD be g trapezium, having
the sides AB, CD parallel. Join BD,
and from C and D draw perpendiculars
CF, DE to AB.

Let the parallel sides AR, CD measure
@ and b units of length, and let the A
height CF confain % units.

Then the area of ABCD = AABD + 4DBC

AB .BE +%DC .CF

m
“
m

Bl - pO -

1 h
afi + ﬁbk =§(a +-b).
That 18,

the area of @ irapezium =%— helght x (the sum of the parallel sides).

{ii) Let ABCD be any quadrilateral.
Draw a diagonal AC; and from B
and D draw perpendiculars BX, DY to
AC. These perpendiculars are called
offsets.

If AC ¢ontaina 4 units of length, and
BX, DY p and ¢ units respectively,
the area of the quad! ABCD = AABC + AADC

1 1
=§AC.BX+ EAC.DY

1 1 1
=5dp +5dq =5d(p +9)-
That is to sayv,

the area of a quadrilateral = ;— diagonal x {(sum of off'sets).

A B

Trrorem 29. [Eudid I. 47]

In aright-angled triangle the square described on the hypotenuse
8 equal to the sum of the squares described on the other two sides.

]

D LE

Let ABC be a right-angled A, having the angle ACB a rt. 4.

It 45 required to prove thatl the square on the hypolenuse
AB =the sum of the squares on AC, CB.

On AB describe the sq. ADEB ; and on AC, CB describe the
gqq. ACGF, CBKH.
Through ¢ draw CL par! to AD or BE.
Join ¢D, FB.

Proof. Beocause each of the L8 ACB, ACG iz a 1t. £,
. BC and GG ate in the same st. [ine.

Now the rt. 2BAD =the tt. LFAC;
add to each the L CAB:
then the whole 4 CAD =the whole ~FAB.

Then in the AR CAD, FAB,

CA =Fa,
because: AD =AB,
and the included £ CAD =the included LFAB;
.\, the ACAD=the AFAB. Theor. 4.




- Now the rect. AL is double of the ACAD, being on the
same base AD, and hetween the same par'® AD, CL.

And the 8q. GA is double of the AFAB, being on the same
base FA, and between the same paris FA, GB.
.\, the rect. AL=the sq, GA.

Similarly by joining CE, AK, it can be shewn that
the rect. BL =the sg. HB,

.. the whole 8q. AE =ths sum of the sqq. GA, HB ;

that is, the square on the hypotenuse AB=the sum of the
squares on the two sides AC, CB.

Q.E.D.

Obs. This is known as the Theorem of Pythagoras. The
result established may be stated as follows :
AB%=B0? + CAL
That_is, if ¢ and & denote the lengths of the sides eontaining
the right angle; and if ¢ denotes the hypotennse,
€3 =q® + 52,
Hence af=c2=b%; and B=ct~ql

Nore 1. The following important results should be noticed.

If CL and AB interesect in Q, it has been shewn in the course of the
proof that

the sq. (3A =the rect. AL;
that iy, AC* =the rect. contained by AB, AQ. .ccvviveees (i)

Also the sq. HB =the rect, BL ;
that is, BG?:=the rect. contained by BA, BO. .vvueennn (i)

Nota 2. It can be proved by superposition that syuares standing on
egual sides are equal in ares.

Hence we conelude, conversely,

If two squares arve equal in area they sland on egual sides,

EXPERIMENTAL PROOFE OF PYTHAGORAR' S THEOREM

I. Here ABC is the given
rt..angled & 3 and ABED is
the sguare on the hypotenuse
AB.

By drawing lines par! to the
mides BG, CA, it iz easily scen
that the sq. BD is divided
inte 4 rt.-angled A8, each
identically equal to ABC, to-
gether with & eentral square.

Hence
sq.onhypotenuser=drf, L34S

+ tha central equare

=4.4ab +(a - B)*
=2ab +02 — 2ab +§*
=g + 84,

II, Here ABC is the given
ri.-angled A, and the figs.
CF, HK =zre the sqq. on CB,
CA placed side by side.

FE i& made equul to DH
or CA; and the two sqa.
OF, MK are cut along the
lines BE, ED.

Then it will be found that
the ADHE may be placed
so as to fill up the space ACE ;
and the ABFE may be made
to fill the space AKD.

Henca the two sgg. CF,
HK may be fitted together
ap as to form the single fig,
ABED, which will be found
to be o perfect squarve, namely
the sguare on the hypotenuse
AB.
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Teeorem 30. [Euclid 1. 48]

If the square described on one side of a triangle is equal fo the
sum of the squares described on the other two sides, then the angle
contarned by these two sides is o right angle.

2]

B c E F

Let ABC be a triangle in which
the sq. on AB=the sum of the 8gq. on BC, CA.

It is required to prove that ACB 18 a right angle.

Make EF equal to BOC.
Draw FD perp? to EF, and make FD equal to CA.
Join ED.

Proof. Because EF=BC,
.. the sq. on EF =the sq. on BC.
And because FD =CA,
.. the sq. on FD =the sq. on CA.
‘Hence the sum of the sqq. on EF, FD =the sum of the agq.
on BC, CA.
But =ince EFD is a 1t 4,
.. the sum of the sqq. on EF,FD =the sq. on DE :  T'heor, 29,
And, by hypothesis, the sqq. on BC, CA=the sq. on AB.
.. the sq. ott DE = the sq. on AB.
: .. DE=AB,

Then in the AB ACB, DFE,
AC =DF,
becanse CB =FE,
and AB =DE ;

.. the LACB=the +DFE, Theor. 7.

But, by conatruction, DFE is a Tight angle ;
S+ the LACB is a right angle.
Q.E.D.

TeeoreM 31. [Euclid ITI. 3]

If @ stradght line drawn from the centre of a eirele bisects a
chord which does not pass through the centre, it cuts the chord af
right angles.

Conversely, if it cuts the chord at right angles, it bisects 4t

C

S
Let ABC be a circle whose centre is O ; and let OD bigect
a chord AB which does not pass through the centre.
It is vequired fo prove that OD is perp. to AB.
Join OA, OB,

Proof, Then in the A% ADQ, BDO,

AD =BD, by hypothesis,

because OD ia commomn,
and OA=0A, being radii of the circle ;

s, the tADO =the LBDO; Theor. 1.
and these are adjacent angles,
.. OD ig perp. to AB. Q.E.D.

Conversely. Let OD be perp. to the chord AB,
It us requived to prove that OD bisects AB,
Proof, In the A®QDA, ODB,

the £® ODA, ODB are right angles,
because< the hypotenuse OA =the hypotenuse 0B,
and OD is common ;
.. DA=DB; Theor. 18,
that is, OD bisects AB at D. Q.E.D.




ComroLrarY 1. The straight line which bisects a chord at
right angles passes through the cenire.

CoroLLARY 2. A siraight line cannot meet o virvele ab more
than two points.

For euppose a st line meets 2 o
circle whose centre is O at the pointe
A and B.
Draw OC perp, to AB, I
Then AC =CB. A C B D

Now if the circle were fo cut AB in a third point D, AC
would also be equal to CD, which iz impoasible,

CoroLLARY 3. 4 chord of a circle lies wholly within i,

TazorREM 32

One cirele, and only one, can pass through any three points not
v the same straight line.

A B

Let A, B, C be three points not in the same straight line.

It @5 required to prove that one circle, and only one, can pass
through A, B, and C.
Jain AB, BC,

Let AB and BC be bisected at right angles by the lines
DF, EG.
Then since AB and BC are not in the same st. line, DF and

EG are not parl
Let DF and EG meet in O.

Proof, Because DF bisects AB at right angles,
J. every point on DF is equidistant from A and B.
Prob. 14,

Bimilarly every point on EG ia equidigtant from 8 and C,

.. O, the only point commen to DF and EG, is equidistant
from A, B, and € ;

and there is no other point equidistant from A, B, and C.

.. a circle having its centre at O and radius OA will pass
throngh B and & ; and this is the only circle which will pass
through the three given points. Q.E.D.




CororLLary 1. The size and position of a curcle are fully
determined if it 1¢ brown {o pass through three given points ; for
then the position of the centre and length of the radins can
be found.

CoroLLaRY 2. Two circles cannot cut one another in more
than two points without coinciding entirely ; for if they cut at
three points they would have the same centre and radius.

HyroreETical CoNstRUCTION. From Theorem 32 4t
appears that we may suppose a cirele to be drawn through any
three points not in the same straight line.

For example, & circlo can be assumed to pass through the vertices of
any triangle,

DrrinitioN. The circle which passes throngh the verticea
of a triangle is called its eircum-eircle, and is said to be
circumseribed about the triangle. The centre of the circle is

called the circum-centre of the triangle, and the radins is called
the eireum-radius.

* THEOREM 33, [Euclid III, 9]

If from a point within a circle more than two equal straight
lines can be drawn to the circumference, that point 43 the centre
of the eircle.

&7

Let ABC be a circle, and O a point within it from which
more than two equal st. lines are drawn to the ¢, namely
QA, OB, OC.

It 45 required to prove that O 4s the centre of the circle ABG.

Join AB, BC.

Let D and E be the middie points of AB and BC respectively.
Join 0D, CE,

Proof, In the A% QDA, ODB,

DA =DB,
hecause DO is common,
and OA =0B, by hypothesis ;
. the L0DA=the ODB: Theor. T.
.. these angles, being adjacent, are rt. 8.
Hence DO bisects the chord AB at right angles, and therefore
pasges through the centre. Theor, 31, Cor, 1.

Similarly it may be shewn that EO passes through the
centre.

.. 0, which is the only point common to DO and EO, must
he the centre. QE.D.




TarorEM 34. [Euelid IIL 14]

Equal chords of a circle are equidistant from the centre.

Conversely, chords which are equidistant from the cenire are
equal.

Let AB, CD be chords of a cirele whose centre is O, and let
OF, OG be perpendiculars on them from O.

First, Let AB =CD.
It is required to prove that AB and CD are equidistant from O,
Join OA, OC,

Proof.  Becanse OF is perp. to the chord AB,
.". OF bigects AB; Theor., 31.
.. AF 13 half of AB,
Similarly CG is half of CD.
But, by hypothesis, AB=CD,
. AF =CG.

Now in the A®OFA, OGC,

the L& OFA, QGC are right angles,
because< the hypotenuse OA =the hypotenuse OC,
and AF =CG ;

.\, the triangles are equal in all respects ; Theor. 18.

so that OF =0G ;

that is, AB snd CD are equidistant from O.
Q.E.D,

Conversely.  Let OF =0G.
It is required to prove that AB=CD,

Proof. As before it may be shewn that AF is half of AB,
and GG half of CD.
Then in the A% OFA, OGC,
the % OFA, OGC are vight angles,
bec-&use{the hypotenuse OA =the hypotenuse OC,
and OF =0G ;
.. AF=CG; Theor, 18.
". the doubles of these are equal ;
that is, AB =CD,
Q.E.D.




TaeoreM 35. [Euclid IIT. 15]

Of any two chords of a circle, that which is nearer {o the centre
is greater than one more remote.

Conwersely, the greater of two chords is rearer to the centre than
the less,

Let AB, CD be chords of & circle whose centre is O, and let
OF, 0OG be perpendiculars on them from O.

It 18 requared to prove that

(i) ¢f OF ds less than OG, then AB is greater than CD ;
(1) of AB 48 greater than CD, then QF 13 less than OG,
Join OA, OC.

Proof, Because OF is perp. to the chord AB,

.'. OF bigects AB ;
;. AF is half of AB.
Similarly CG is half of CD,
Now QA =0C,
., the sq. on OA =the sq. on OC.
But since the £OFA is a rt. angls,
.. the sq. on OA=the sqq. on OF, FA,
Similerly the sq. on QC =the sqq. on OG, GG,

.. the sqq. on OF, FA =the sqg. on OG, GC.

(i) Hence if OF ig given less than OG;
the sq. on OF is less than the sg. on OG,
the 8g. on FA is greater than the sq. on GC
*. FA is greater than GC :
.. AB is greater than CD.

(i) But if AB is given greater than CD,
that is, if FA is greater than GC ;
then the sq. on FA i greater than the sq. on GC.
.. the sq. on OF is less than the 8q. on 0G ;

.. OF is less than OG. Q.E.D,

CoroLLaRY. The greoiest chord in a circle is a dicmeler.




* TErorEM 36, [Huelid IIL. 7]

If from any internal point, not the cenive, straight lines are
drawn to the circumference of a eircle, then the greatest i3 ihat
which passes through the cenire, and the least is the remamining
part of that diameter.

And of any other two such lines the greater is that which sub-
tends the greater angle at the centre.

Let ACDB be a circle, and from P any internal point, which
1% not the centre, let PA, PB, PC, PD bo drawn to the (e,
so0 that PA passes through the centre O, and PB is the remain-
ing part of that diameter. Also let the 2 POC at the centre
subtended by PC be greater than the £ POD subtended by PD,

It is requived to prove that of these st. lines
{i) PA s the greatest,
(ii} PB is the least,
(iil) PC is greater than PD.
Join OC, OD,

Proof. (i) In the APOC, the sides PO, OC are together
greater than PC. Theor. 11,
But OC =0A, being radii;

.. PO, OA are together greater than PC;
that is, PA iz greater than PC.
Similarly PA may be shewn to be greater than any other
g, line drawn from P to the Qe ;

.. PA is the greatest of all such lines.

(i) In the AOPD, the sides OP, PD are together greater
than OD.

But OD =0B, being radii ;
.. OP, PD are together greater than OB.
Take away the common part OP ;
then PD is greater than PB.

Bimilarly any other st. line drawn from P to the 0% may
be shewn to he greater than PB;

.. PB is the least of all such lines,

(3if) In the AS POC, POD,
PO is common,
because 0OC =0D, being radii,
but the 2 PQC is greater than the LPOD ;
.. PC is greater than PD. Theor. 19.

Q.E.D.




*TrporEn 37, [Eueclid III. 8]

If from any exiernal point straight lines are drawn to the
circumference of a circle, the greatest is that which passes through
the cenire, and the least is that which when produced passes
through the centre.

And of any other two such lines, the greater is that which sub-
tends the greater angle at the centre,

Let ACDB be a circle, and from any external point P let the
lines PRA, PG, PD be drawn to the (08, o that PBA passes
through the centre O, and so that the £ POC subtended by PQ
at the centre is greater than the . POD subtended by PD.

It is required to prove that of these st. lines
(1) PA 1s the greatest,
(ii) PB s the least,
(iii} PC 45 grealer than PD.
Join OC, OD,

Proof. (i) In the APOQC, the sides PO, OC are together
greater than PC,
But OC =0A, being radii ;
.. PO, OA are together greater than PC;
that is, PA i greater than PC.

Similarly PA may be shewn to be greater than any other st.
line drawn from P to the (Qce

that is, PA is the greatest of all such lines,

{ii) In the APOD, the sides FD, DO are together greater
than PO,

But OD =0B, being radii ;
.. the remainder PD is greater than the remainder PB.

Similarly any other st. line drawn from P to the (% may be
shewn to be greater then PB;

that is, PB is the least of all such lines.
(iii) In the A% POC, POD,
PO is eommon,
becauses OC =0D, being radii ;
but the £ POC is greater than the ~POD

.. PCis greater than PD, Theor. 19.
Q.E.D.




TaeoreM 38. [Euclid IIL. 20]

_The angle at the centre of a circle s double of an angle at the
circumference standing on the same arc.

Let ABC be a circle, of which O iz the centre ; and let BOC
be the angle at the centre, and BAC an angle at the O%,
standing on the same arc BC.

It 45 vequired fo prove that the L BOC s twice the LBAC.
Join AQ, and produce it to D.

Proof. In the AOAB, because OB =0A,
.. the LOAB=the LOBA.
;. the snm of the 48 QAB, OBA =twice the LOAB.
But the ext. 4 BOD = the sum of the L830AB, OBA;
.. the LBOD =twice the LQAB,.
Similarly the - DOC =twice the LOAC.

. » adding these results in Fig. 1, and taking the difference
in Fig, 2, it follows in each case that

the £BOC =twica the 2 BAC, Q.E.D.

A

O\ €N
E

Fig.3. Fig.4.

Obs. If the arc BEC, on which the angles stand, is a semi-
circumference, as in Fig. 3, the ~BOC at the centre is a
straight angle ; and if the arc BEC 1s greater than a semi-
circumference, as in Fig. 4, the £ BOC at the centre is reflex.
But the proof for Fig. 1 applies without change to both these
cases, shewing that whether the given arc is greater than,
equal to, or less than a semi-circumference,

the £ BOC ={wice the - BAC, on the same arc BEC,

DEFINITIONS

A segment of a circle is the figure hounded
by a chord and one of the two arcs into which
the chord divides the circumference.

Rote. The chord of a segment is sometimes called -
its base. Teee

An zngle in a segment is one formed by two
straight lines drawn from any point in the arc
of the segment to the extremities of its chord.

We have seen in Theorem 32 that a circle may be drawn
through any three points not in a straight line. But it is
only under certain conditions that a circle can be drawn
through more than three points.

Dermvarion. If four or more points are so placed that a
circle may be drawn through them, they are seid to be

coneyclic.




TaeoreEM 39, [Emclid ITI. 21]
Angles in the same segment of a circle are equal.

Fig.2.

Let BAC, BDC bs angles in the same segment BADC of &
cirele, whose centre is O.

It is required to prove that the L BAC =the £ BDC.
Join BO, OC.

Proof. Because the £BOC is at the centre, and the £ BAC
ab the 8, standing on the same arc BC,

;. the £BOC =twice the L BAGC. Theor. 38.

Similarly the 2 BOC=twice the £BDC.
;. the 2BAC =the £BDC. Q.E.D.

Nore. The given segment may be greater than a semicircle as in
Fig. 1, or less than a semicircls as in Fig. 2 1 in the latter case the angle
BOC will be reflex. But by wvirtue of the extension of Theorem 38,
given on the preceding page, the above proof appliea egually to both

CoxvERSE oF THEOREM 30

Equal angles standing on the same base, and on the same side of iL.
k}t:::d‘ﬂm.r verlices on an arc of o circle, of which the given base is the
e

Let BAC, BDC be two equal anglea stending on
the same base BC, and on the same side of it. o

It is reguired fo prove that A and D lie on an arc
of a circle having BCG as ils chord,

Let ABC be the vircle which passes thromgh
the three pointa A, B, C; and suppose it euts BD B c
or BD produced at the point E.

Join EC.

Proof. Then the ZBAC=the £ BEC in the same segment.
But, by hypothesis, the £ BAC =the 2 BDC ;
.. the Z BEC =the £ BDC ;
which iz impossible anless E eoincides with D ;
.. the circle through B, A, C must pass $hrough D.

Corortary. The locus of the verfices of irinngles drawn on the same
side of & given base, and with equal verlical angles, is an are of a circle.




TeroreEM 40, [Euchd III. 22)]

The opposite angles of any quadrilateral inscribed in a circle
are Logether equal to two right angles.

Let ARCD be a quadrilateral inscribed in the OABC.,
It is requived to proved that
(i) the 28 ADC, nBC fogether =two vi. angles.
(ii) the L% BAD, BCD together —two rt. angles.
Suppose O is in the centre of the circle,
Join QA, OC,

Proof. Since the 2 ADC at the (¢ =half the L AOC at the -

centre, gtanding on the same arc ABC ;

and the 2 ABC at the Oc® =half the reflex L AOC at the ceutre,
gtanding on the game arec ADC ;

.. The 2% ADC, ABC together = half the sum of the 2 AOC and
the reflex LACC,

But these angles malke up four rt. angles.
.. the 25 ADC, ABC together —two rt. angles.

Bimilarly the 3 BAD, BCD together =two rt. anglee.
Q.E.D.

Nore. The resulta of Theorems 39 and 40 should be cerefully
compared,

From Thegrem 39 we learn that angles in the seme segment are
equal.

From Theorem 40 we learn that angles in conjugate segmenta are
supplementary.

DerniTION. A quadrilateral is called cyelic when a circle
can be drawn through its four vertices.

CoONVERSE oF THEOREM 40

If & pair of oppoesiie angles of o quadrilateral are supplementary, its
verfices are concyelic,

Let ABCD bs a quadrilateral in which the
opposite angles at B and D are supplementary,

It is required to prove that the poinis A, B, C, D
are concyclic.

Let ABC be the circle which passes through
the three pointa A, B, G; and suppose it cuta AD B C
or AD produced in the point E.

Join EC.

Proof. Then since ABCE 8 a cyolic quadrilateral,
.. the 4 AEC is the supplement of the < ABC.

But, by hypothesis, the £ ADC is the supplement of the 2 ABC
S the £ AEC =the £ ADG;

which is impossible unless E coineides with D.

.. the eirels which passes through A, B, C must pass through D :
that is, A, B, C, D are concyelic, Q.E.D.




TaeorEM 41. [Euclid III. 31]

The angle tn a semi-circle s o right angle,

Let ADB be a circle of which AB is a diameter and O the
centre ; and let C be any point on the semi-circumference ACB.

It is required to prove that the L ACB is @ vi. angle.

1st Proof, The .ACB at the c® is half the straight angle
AOR 2§ the centre, standing on the same arc ADB ;

and a straight angle=two rt. angles:

.. the LACB is a tt. angle. Q.ED,
Znd Proof. Join OC.
Then beeause OA=0C,
;. the £0CA=the LOAC. Theor. 5.

And hecause OB =0C,
;. the £ 0OCB =the LOBC.
. the whole ZACB =the ~0AC +the LOBC.

But the three angles of the AACB together =two rt. angles ;
.. the LACB=one-half of two rb. angles
=one rt. angle. Q.E.D.

_ CoroLrary. Theanglein a segment greater than a semi-circle
tsgoule; andtheangleinasegmentlessthan g semi-circleisobtuse.

ZaV
v

The 2 ACB at the ©°e is half the 2 AOR at the centrs, on the
same are ADB,

Y
(i) If the segment ACB is greater than a semi-circle, then
ADB 13 & minor ato ;

.. the £ AOB is less than two rb. angles ;

.. the L ACB is less than one b, angle.
] (i) If' the segment ACB is less than a semi-cirele, then ADB
is & major arc;

.. the 2 AOB ie greater than two rt. angles;

.. the £ ACB iz greater than one rt. angle.




TeEorEM 42, [Euclid III, 26}

In equal cireles, arcs which sublend equal values, either at the
centres or af the circumferences, are equal.

K

Let ABC, DEF be equal circles, and let the £ BGC =the LEHF
at the centres ; and consequently

the L BAC =the LEDF at the O%s,  Theor, 38,
It us required to prove that the arc BKC =the are ELF.

Proof. Apply the ©ABC to the ODEF, so that the centre G
fallz on the centre H, and GB falls along HE.

Then hecause the £ BGC =the LEHMF,
. GC will {all along HF. '

And because the circlez have equal radii, B will fall on E,
and C on F, and the circumferences of the circles will coineide
entirely,

.', the are BKC must coineide with the are ELF ;
.. the arc BKC =the arc ELF. QED,

CoroLLaRY. In equal circles sectors which have equal angles

are equal.

Obs. It ig clear that any theorem relating to arcs, angles,
and chords in equal circles must also be true in the same circle.

TarEoREM 43. [Euelid III. 27]

In equal circles angles, etther af the cenires or ot the circum-~
ferences, which siand on equal arcs ave equal,

Let ABC, DEF be equal circles ;
and let the arc BKC =the arc ELF,

It is required lo prove that
the LBGGC =the LEHF at the centres ; _
also the L BAC =the LEDF at the OCes,

Proof. Apply the ©ABC to the ODEF, so that the centre G
falls on the centre H, and GB falls along HE.

Then because the circles have equal radii,

*, B falls on E, and the two Oc®8 coincide entirely.
And, by hypothesis, the arc BKC =the arc ELF.
.. Cialls on F, and consequently GC on HF ;

.'. the LBGC =the £EHF.

And since the 2 BAC at the O¢® = half the 2 BGC at the centre ;

and likewise the £ EDF = half the 2 EHF ;
.. the LBAC =the LEDF. Q.E.D.




 Tueozewm 44. [Euclid IIL 28]

In equal circles, arcs which are cul off by equal chords are equal,
the major arc equal to the major arc, and the minor to the minor.

=~}
' . '

Let ABC, DEF be equal circles whoss centres are G and H;
and let the chord BC =the chord EF.

It i8 required to prove thal
the major arc BAC =the major arc EDF,
and the minor are BKC =lhe minor are ELF,

Join BG, GC, EH, HF.

Proof, In the A®BGC, EHF,
BG =EH, being radii of equal circles,
beca

GC =HE, for the same reason,
and BC =EF, by bypothesis ;
;. the LBGC=the LEHF; Pheor. 7.
. the arc BKC=the arc ELF; Theor. 42,

and these are the minor ares,

- But the whole 0% ABKG =the whole Oc® DELF ;

.. the remaining arc BAC =the remaining arc EDF :
and these are the major arcs. Q.B.D,

TerorEM 45. [Huclid III. 29]
In equal circles chords which out off equal arcs are equal.

i

Let ABC, DEF be equal circles whose centres are G and H ;
and let the arc BKC =the arc ELF.

Ii 15 requirved to prove that the chord BC =the chord EF,
Join RG, EH.

Proof. Apply the @ABC to the ODEF, so that G falls on H
and GB along HE.

Then because the circles have equal radii,
*. B fzalls on E, and the (%®9 coincide entirely.

And because the arc BKC =the arc ELF,

.. Cfalls on F.
.". the chord BC coincides with the chord EF ;
.. the chord BC =the chord EF, Q.B.D.




TEEOREM 46

The tangent ot any point of a cirele is perpfmdiculdr fo the
radius drawn to the point of contact.

P @ T
Let PT be a tangent at the point P to a circle whose centre
is O.
It 18 required to prove that PT 4s perpendicular to the radius OP.

Proof. Take any point Q in PT, and join OQ.
Then since PT is a tangent, every point in it except P is
outside the circle,
.. 0Q is greater than the radius OP.
And this is true for every point Q in PT;
.'. OP is the shortest distance from Q@ to PT.

Hence OP iz perp. te PT. Theor. 12, Cor. 1.
Q.E.D.

CororLLarY 1. Since there can be only one perpendicular
to OF at the point P, it follows that one and only one tangeni
can be drawn lo a circle at a given point on the circumference.

Cororrary 2. Since there can be only one perpendicular
to PT at the point P, it follows that the perpendicular to a
tangent at iis point of contact passes through the centre.

CoroLrARY 3. Bince there can be only one perpendicular

from O to the line P, it follows that the radius drown perpen-
dicular to the tangent passes through the point of contuct,

TreorEM 46. [By the Method of Limits]

The tangent at any point of a circle is perpendicular to the
radius drawn to the pount of conlact.

Q

Fig.1. Fig.z.
Let P be a point on a circle whose centre is O.
It i8 required to prove that the tangent at P is perpendicular o
the radius OP.

Let RQPT (Fig. 1) be a secant cutting the circle at Q and P.
Join 0Q, OP.

Proof. Because OP =00,
;. the L0QP =the ~OPQ ;
.. the supplements of theze angles are equal ;
that is, the 20QR =the LOPT,
and this is true however near Q is to P,
Now let the secant QP be turned about the point P so that

Q continually approaches and finally coincides with P ; then
in the ultimate position,

(1) the secant RT b_ecomes the tangent at P,} Fic. 2
(il) OQ comncides with OP ; 8 %

and therefore the equal 93 OQR, OPT become adjacent,
., OP is perp. to RT. Q.E.D.

Nomt. The method of proof emgployed here is known aa the Method
of Limits,




Tororem 47

Two tangen te can be drawn fo o circle from an external poini.

Let PQR be a circle whose centre 18 O, and let T be an
external point.

It s required to prove that there can be two tangents drawn to
the circle from T,

Join OT, and let TSC be the circle on OT as diameter.

This circle will cut the ©OPQR in two points, since T is
without, and O is within, the OPQR. Let P and @ be these

points.
Join TP, T@ ; OP, 0G.

Proof. Now each of the 8 TPO, TQO, being in a semi-
circle, is a rt. angle ;
& TP, TQ are perp. to the radii OP, OQ reapectively.

.. TP, TQ are tangents at P and @. Theor. 46,
Q.E.D.

Cororrary. The two tangents to a circle from an external
povnt are equal, and subtend equal angles ol the centre.

For in the A® TPO, TQO,

the 28 TPQ, TQO are right angles
because< the hypotenuse TO is common,
and OP=0Q, being radii ;
S TP=TA,
and the 2 TOP=the 4 TOQ. Theor. 18,

TreEorEM 48

If two circles iouch ome another, the cenires and the point of
conlact are in ene straight line.

T

Let two circles whose centres are O and Q touch at the
point P,
1t 25 required to prove thet O, P, and Q are in one straight line,
Join OP, QP.

Proof, BSince the given circles touch at P, they have a
common tangent at that point. Page 173.

Suppose PT to touch both circles at P.

Then since OP and QP are radii drawn to the point of

contact;,
.. OP and QP are both perp. to PT;

.. OP and QP are in one st. line. Theor. 2.
That is, the points O, P, and @ are in one &t. line. Q.E.D.

ComorLariEs. (i) If two evrcles touch externally the distance
Detaween their centres is equal o the sum of thesr radis.

(i) If wwo cireles touch internally the distance between their
cenlres 15 equal to the difference of their radss.




TeeEorEM 49, [Euclid IIT, 32]

The angles made by o tangent to a circle with a chord drawn

from the point of contact are respectively equal to the angles in
the alternale segments of the circle.

A

E B F

Let EF touch the CABC at B, and let BD be a chord drawn
from B, the point of contact.

It is required to prove that
(1) the LFBD =the angle in the alfernate segment BAD ;
(ii} the LEBD —=the angle in the aliernate segment BCD.

Let BA be the diameter through B, and C any point in the
arc of the segment which does not contain A,

Join AD, DC, CB.

Proof. Becanse the ADB in a semicircle ig s rt. angle,
', the L8 DBA, BAD together =a rb. angle.
But since EBF is g tangent, and BA a diamster,
.. the 2FBA is a 1t. angle.
.. the LFBA =the .2 DBA, BAD together.
Take away the common £DBA,
then the 2FBD =the £ BAD, which iz in the alternate segment.
Again because ABCD is a cyclic quadrilateral,
. the 2BCD =the supplement of the £ BAD
=the sapplement of the LFBD
=the LEBD;
*. the LEBD =the . BCD, which is in the alternate segment.
Q.E.D,

Taeorem 50, [Buclid IT, 1]

If of two straight lines, one is divided into any number of
parts, the rectangle contained by the lwo lines s equal to the sum
of the rectangles contained by the undivided line and the several
parts of the divided line.

A X Y B

a & [

K & & &
D E f C

Let AB and K be the two given st. lines, and let AB be
divided into any number of parte AX, XY, YB, which contain
respectively @, b, and ¢ units of length ; so that AB contains
@+ b +c units.

Let the line K contain % unite of length.

It is required to prove that
the rect. AB, K=rect. AX, K-+rtecht. XY, K+ract. YB, K;
namely thet
(o+b+e)k= ak + bk + ck.
Construction. Draw AD perp. to AB and equal to K,
Through D draw DC parl to AB,
Through X, ¥, B draw XE, YF, BC par! to AD.

Proof, The fig. AC=the fig. AE +the fig. XF +the fig. YC;
and of these, by construetion,

fig, AG =rect. AB, K; and contains (@ +b -+ ¢}k units of area ;

fig. AE =rect. AX, K ; and contains ek units of area ;
fig. XF =rect. XY, K; ....... . bk
fig. YC =rect. YB, K ; S S

Hence
the Tect. AB, K =teot. AX, K +rect. XY, K+Tect. YB, K;
oI, (a+b+clk= ak  + b+ ck.
Q.E.D.




* CoroLLaRIES. [Bauclid IT. 2 and 3]
Two gpecial cases of this Theorem deserve attention,

. (i} When AB is divided only at one point X, and when the
undivided line AD is equal to AB.

A X B

D E C
Then the sq. on AB =the rect. AB, AX +the rect. AB, XE.
That is,
The square on the given line is equal to the sum of the vect-

angles contasned by the whole line and each of the segments.
Or thus ;

AB:=AB.AB
=AB(AX + XB)
=AB.AX4-AB . XB.
(ii) When AB is divided at ome point X, and when the
undivided line AD is equal to one segment AX.

A X B

D E c
Then the rect. AB, AX =the sq. on AX +the rect. AX, XB.
That is,
The rectangle contained by the whole line and one segment is
equal to the square on that segment with the rectangle contained

by the two segments.
Or thus :

AB | AX = (AX + ¥B)AX
=AX2+ AX . XB,

Taeorem 51. [Eunchd II. 4]

If a straight lLine is divided internally at any point, the square
on the given line is equal to the sum of the squares on the two seg-
ments together with tuwice the rectangle contained by the segmends.

A _a X&B

6| (a7 |fab}|a

E = D
8| («b) j(6)|6
D a Fa&ao

Let AB be the given st. line divided internally at X ; and let
the segments AX, XB contain e and b units of length respectively.

Then AB is the sum of the segments AX, XB, and therefore
contains ¢ + b units.

It is required to prove that
AB2=AX24+ XB%+2AX , XB;
namely that
(e +0fF=a* + B* +  2ab.

Construction. On AB describe a square ABCD. Yrom AD
cut off AE equal to AX, or &. Then ED=XB=>b. Through E
and X draw EH, XF par! respectively to AB, AD and meeting
at G.

Proof, Then the fig. AC =the figs. AG, GC + the figs. EF, XH.

And of these, by construction,
fig, AC is the sq. on AB, and contains (& + b)* units of area;

fig. AG=sq. on AX, and contains «® units of area ;

fig. GC=58q. 0B XB, .cccvivianins B rrviiiiiennns 3
fig. EF =rect. EG, ED
=Tect AX, XB ivviiiinree @0 criiirirrreeenee 3
fig. XH =rect. GX, XB
=rech. AX, XB ..oooiinnnn B o rreriiriirrreiiee &
Hence AB?=AX? 4 XB? - 2AX . XB ;
that is, {a+bP=a® + B2 + 2ab.

Q.E.D.




TeEoRrEM 52. [Euclid I1. 7]

If a siraight line is divided externally ot any point, the square
on the given line is equal to the sum of the squares on the two
segments dirainished by fwice the veclangle contained by the
Segments.

5 s

B H &

Let, AB be the given st. line divided externally at X ; and let
the segments AX, XB contain ¢ and & wnits of length re-
spectively.

Then AB is the difference of the segments AX, XB, and
therefore contains ¢ — b units.

It is required to prove that
AB?=AX2+XB2-2AX.XB;
namely that  (6-b)°= a® + B* — 2ab.

Construction. On AX describe a square AXGE. From AE
cut off AD equal to AB, or a—b, Then ED=XB=b. Through
D and B draw DF, BH parl respectively to AX, AE, meeting
at C.

Proof. Then the fig. AC = the figs. AG, CG — the figs. EF, XH.
And of these, by construction,
fig. AC is the sq. on AB, and contains (& — )% unite of area ;
fig. AG=sq. on AX, and contains e? units of area ;

fig. CG=8q. 0B XB, ...ccicceernres oo, ;
fig. EF =rect. EG, ED
=rect, AX, XB ..ccourrreenen 5 ieerireenreres :
fig. XH =rect. GX, XB
=rect, AX, XB .civeeenrrnann L J .
Hence AB% =AX2 +XB? - 2AX . XB;
that is, (@a—0)f= a® + B® — 2gb.

Q.E.D,

Taeorem 53. [Euclid IL. & and 6]

The difference of the squares on two straight lines is equal to
the reclangle contained by their sum and difference.

At—-oc--a-C__u-vB
* 2 b

i|a

5 a
G ) F

R :

= i

¥ !

E H B

Let the given lines AB, AC be placed in the same st. line,
and let them contain & and b units of length respectively.

It is vequired to prove that
AB? — ACZ=(AB + AC)AB - AC};
namely that at — ¥ =(a+d)la-0).

Construction. On AB and AC draw the squares ABDE,
ACFG ; and produce CF to meet ED at H.

Then GE =CB =¢ — b units.

Proof. Now AB?— ACE =the sq. AD — the sq. AF
=the rect. CD + the rect. GH
=DB.BC +GF.GE
=AB.CB +AC.CB
—(AB +AC)CB
= (AB + AC) (AB — AC}).
That is,
a-br={a+b){a-b).
Q.E.D.




ComorLary. If a straight line is bisected, and also divided
{internally or externally) into twe unequal segments, the rectangle
contained by these segments is equal fo the difference of the squares
on half the line and on the line between the poinis of section.

A X Y B A X B_Y

Fig'. 1. Fl.g. 2.

That is, if AB is bisected at X and also divided at Y, inter-
pally in Fig. 1, and externally in Fig. 2, then
in Fig. 1, AY.YB=AXE—XY?;~
in Fig. 2, AY . YB=XY? — AX%
Tor in the first case, AY.YB=(AX+XV){XB-XY)
= (AX + XY){(AX ~ XY)
=pAX2 = XY
The second. case may be similarly proved.

TeEoREM 54. [Euclid II. 12]

. In_an obtuse-angled triangle, the square on the side subtend-
tng the obtuse angle is equal to the sum of the squares on the
swdes contoining the obtuse angle together with twice the

reclangle contained by one of those sides and the projection of
the other side upon .

B C D

Let ABC be a triangle obbuse-angled at C; and let AD be
drawn perp. to BC produced, so that CD is the projection of
the side CA on BC. [See Def. p. 63.]

It ¢5 required lo prove that
AB% =B(? +CA? +2BC . CD,

Proof. Because BD 13 the sum of the lines BC, CD,
‘. BD?=BC*+CD2+2BC.CD, Theor. 51,
To each of these equals add DA2,
Then BD® 4+ DA*=BC? + (CD2 + DA?) +3BC. CD.
But BD? + DA®=AB*
and CD? + DA% =CA2
Hence ABZ=BCZ .- CAR4-2BC.COD,

}, for the LD is arh, 2.

Q.E.IL




Teeorem 55. [Buclid II. 13]

In every triongle the square on the side sublending an acuie
angle is equal to the sum of the squares on the sides conigining that
angle diminished by twice the rectangle contained by one of
those sides and the projection of the other side upon <.

/I\\ﬁ[\
B Db ¢ D B c

Fig, 1. Fig. 2.

Let ABC be a triangle in which the £C is acute ; and leb
AD be drawn perp. to BC, or BC produced ; so that CD is the
projection of the side CA on BC.

It is required to prove that
AB®=BC*+CA®-2BC .CD,

Proof, Since in both figures BD is the difference of the
lines BC, CD,
.. BDZ=BC?*+CD? -2BC.CD. Theor. b2.

To each of these equals add DA,

Then BD®+ DA2=BGE + (CD? + DAZ) — 2BC . CD. ......{)
But BD2 + DA® = AB?
and CD2 4+ DAZ=CAZ[’

Hence AB?=BC?+CAZ—2BC . CD.

for the 4D isa 1t £.

Q.E.D.

BuMMasRY oF THEoREMS 29, 54 and 55

(i) If the 2 ACB is obtuse,

AB? =BC 4+ CA% 1+ 2BC . CD. Theor, B4,
(i) If the - ACB is « right angle,
AB? = BC? + CAZ, Theor. 29.
(i) Tf the 2 ACB is geule,
AB%*=BC?+CA%-.2BC.CD. Theor. 65,

Observe thet in (ii), when the < ACB is right, AD coincides
with AC, so that CD (the projection of CA) vanishes ;

henee, in thig case, 28C.C0D =10,

Thus the three resultzs may be collected in a single
enunciation :

The square on o side of o triangle s greater than, equal to, or
Ress than the sum of the squares on the other sides, according as the
angle contayred by those sides 1s obtuse, a right angle, or acule ;
the difference in cases of tnequality being twice the restangle con-
tained by one of the two sides and the projection on it of the other,




THEoREM 56

I'n any triangle the sum of the squares on lwo sides is equal to
twice the square on half the third side together with twice the
square on the median which bisects the third side.

A

B X D G

Let ABC be a triangle, and AX the median which biseeta
the base BC.

It is required to prove that
AB? + AC? = 2BX? + 2AX2.

Draw AD perp. to BC ; and consider the case in which AB
and AC are unequal, and AD falls within the triangle.

Then of the 2B AXB, AXC, one is obtuse, and the other
acute. Let the £ AXB be obtuse.

Then from the AAXB,

ABZ=BX2 1+ AX2 4+ 9BX. XD, Theor. B4,
And from the AAXC,
AC2=XC? + AXE - 2XC ., XD, Theor. BB,

Adding these results, and remembering that XC=BX,
we have

AB? + AG2 = 2BX? + 2AX2,
Q.E.D.

Nore.—The proof may easily he adapted to the case in which the
perpendicular AD falls outside the triangle.

TeroreM 57. {Euchd HI. 35}

If two chords of a circle cut at @ point within if, the rectangles
contarned by their segments are equal,

In the QABC, let AB, CD be chords cutting al the internal
point X,

It i3 required to prove that
the vect, AX, XB =the rect. CX, XD.

Let O be the centre, and r the radius, of the given circle.

Supposing OF drawn perp. to the chord AB, and therefore
bigecting it.
Join OA, OX,
Proof. The rect. AX, XB = {AE + EX)(EB - EX)
={AE +EX}(AE —EX)

= AE% —EX? Theor. 53.
=(AEZ + OE?) ~ {EX® + OE?}
= 72 - OXxt,

gince the 29 at E are rt, L8,
Similarly it may be shewn that
the rect. CX, XD =92 — QX2
.. the rect. AX, XB=the reet. CX, XD,
¢.E.D.

CoroLLARY. FEach rectangle is equal o the square on half
the chord which is bisected at the given point X.




TreorEM 58. [Euclid ITI. 36]

If two chords of a circle, when produced, cut ut ¢ point outside
i, the rectangles contained by their segments are equal. And
each rectangle is equal to the square on the tangent from the
point of intersection.

T

9]

A £ B X
G ]
In the ©ABC, let AB, CD be chords cutting, when produced,

at the external point X ; and let XT be a tangent drawn from
that point,

1t vs required to prove that
the rect. AX, XB =the rect. CX, XD =the 3q. on XT.
Let O be the centre, and r the radius of the given circle.

Suppose OE drawn perp. to the chord AB, and therefore
bisecting it
Join OA, OX, OT,

Proof. The rect. AX, XB =(EX + AE)(EX ~ EB)
=(EX + AE)(EX — AE)

=EX?% - AE2 Theor. 53,
=(EX® +OE?) - (AE? + QE®)
= OX* - 2, since

the 28 at E are rt. <8
Similarly it may be shewn that
the rect. CX, XD =0X% —#%.
And since the radins OT is perp. to the tangent XT,

JSoOXTR=0CE -2, Theor. 29.
.'. the rect. AX, XB =the rect. CX, XD =the sq. on XT,
Q.E.D,

Terorem 59, [Euclid TIL. 37]

If from a point outside a circle two siraight lines are drawn, one
of which cuts the circle, and the other meets it ; and if the rectangle
contained by the whole line which cuts the circle and the part of #
outside the circle is equal to the square on the line which meels
the circle, then the line which meets the circle 8 ¢ langent to 4.

(D)G

A\_/B X

From X a point outside the OABC, let two straight lines
XA, XC be drawn, of which XA cuts the circle at A and B, and
XC meets it at C;

and let the rect. XA . XB =the 5q. on XC.
Tt 43 required to prove thal XC touches the circle at C,

Proof. Suppose XC meets the circle again at D ;
then XA . X8 =XC. XD. Theor. 58,
But by hypothesis, XA . XB=XC?;
s XC.XD =XC2;
. XD =XC.
Hence XC cannot meet the eircle again unless the points of
gection coincide ;
that is, XC 1 a tangent to the circle,
Q.E.D.

Nore on TemoreMS 57, 58

Remembering that the segmenta inte which the chord AB is divided
at X, internally in Theorem 57, and externally in Theorem &8, are
in each case AX, XB, we may include both Theorems in a single
enunciation.

If any number of chords of a cirele are drowm through o given point
within of withou! a circle, the reclangles contnined by the segments of the
chords are equal.




TeEorEM 60. [Huclid VI 2]

A siraight line drawn parallel to one side of a iriangle cuts the
other two sides, or those sides produced, proportionally.

Fig.1 ' ~ Fig.a
In the AABCG, let XY, drawn par? to the side BC, cut AB, AC
at X and Y, internally in Fig. 1, externally in Fig. 2.
It 45 vequired to prove in both cases that

AX 1 XB =AY YC.

Proof. Suppose X divides AB in the ratio m:#; that is,
guppose AX:XB=m:n;
so that, if AX is divided into m equal parts, then XB may be
divided into n such equal parts,

Through the points of division in AX, XB. let parallels be

drawn to BC. .
~ Then these parallels divide the segments AY, YC into parts
which are all equal ; Theor. 22.

and of these equal parts AY contains m,
and YC contains # ;

hence AY . YC=m: n.
' S, AX:XB=AY:YOC. .
Q.E.D,

Conversely, if a line cuis two sides of a triangle proportionally,
15 parallel to the third side.

Y,
%
c c
A
A X B A B %
Hig.1. Fig.z.

Conversely, let XY cutb the sides AB, AC proportionally, so that
AX I XB =AY : YC.
It is requeved to prove that XY is paraflel to BC.

Let XP be drawn through X par! to BG, to mect AC in P.
Then AP 1PC=AX:XB;
but, by hypothesiz, AY : YC=AX:XB,

Thus AC is cut, internally in Fig. 1, and externally in Fig, 2
1n the same ratio at P and Y.

Hence P coincides with ¥, and consequently XP with XY,
Theor. V1. p. 202,
That is, XY is par! to BRC.
Q.E.D,

CoroLLary. If XY in parallel to BC, then
AX AB =AY ; AC.
For, taking Fig. 1, it may be shewn that
] AX AB=m . m+n;
and hence, by Theorem 22, that
AY tAC=m 1 m+n.
J AKX AB =AY AC
Conversely, if AX 1 AB =AY : AC,
it may be proved as above that XY is parl to BC.




TaeoreM 61, [Euclid VI. 3 and A]

If the vertical angle of a triangle is bisected internally or exter-
natly, the bisector divides the base internally o exiernally inio
segmens which have the same ratio as the other sides of thetriangle.

Conversely, ¢f the base is divided internally or externally i?:ato
gegients proportional fo the other sides of the triangle, the line
joining the point of section to the verten bisects the vertical angle
internally or ewternally.

E B

a

B X ¢ B C X
Fig.1. Fig.a.

Tn the AABC, let AX bisect the £ BAC, internally in Fig. 1,
and externally in Fig. 2; that is, in the latter case, let AX
hizect the exterior £ B'AC.

It 1s required to prove in both cases that
BX ;: XC=BA : AC.

Let CE be drawn through C par! to XA to meet BA (produced,
if necessary) at E. In Fig. 1 let a point B’ be taken in AB.

Proof. Because XA and CE are part,
.., in both Figs., the £ B'AX =the inf. opp. £AEC,
Also, by hypothesis,
the 2 B'AX=the £ XAC
=the alt. £ACE.
;. the £ AEC =the £ ACE :
S, AC=AE.

Agsin, because XA iz par! to CE, a side of the ABCE,
S, in both Figs., BX:XC=BA:AE;
that is, BX : XC =BA : AC.
Q.E.D.

Conversely, let BC be divided internally (Fig. 1) or exter-
nally (Fig. 2) at X, 8o that BX : XC=BA : AC.

It is required to prove that the L B'AX =the £ XAC,

Proof. Far, with the same construction as befors,
because XA is par! to CE, a side of the ABCE,
S BX i XC=BA: AE.

But, by hypothesis, BX:XC=BA:AC;
.. BATAC=BA:AE;

.. AC=AE.
., the LAEC=the L ACE

=the alt. £ XAC
And in both Figs.,

the ext. 2 B’AX=the int, opp. £LAEC;

.. the £ B'AX =the £ XAC.
Q.E.D.

DEFINITION

When a finite straight line is divided internally and exter-
nally into segments which have the same ratio, it is said to
be cut harmonically.

Hence the following Corollary to Theorem 61.

The base of a triangle is divided harmonically by the internal
and external bisectors of the vertical angle :

for in each case the segments of the base are in the ratio of
the other sides of the triangle




Tesorem 62. [Euclid VI. 4]

If two triangles are equiangular lo one another, their corre-
sponding sides are proportional,

A
G D

N

B H ¢C E F

Let the A8 ABC, DEF have the »5 A and B respectively equal
to the ~8 D and E ; and consequently the £ C equal to the £ F.

It 15 required to prove that
AB:DE=BC:EF=CA:FD,

Proof. Apply the ADEF to the AABC, so that E falls on
B, and EF along BC ,
then since the LE=the £B, ED will fall along BA.

Let G and H be the points at which D and F fall respectively;
so that GBH represents the ADEF in its new position,

Now, by hypothesis, the 2D =the £A;

that is, the ext. ~BGH =the int. opp. LBAC;
.. GH is par! to AC.

Hence BA:BG=BEC:!BH; Theor, 60, Cor,
that is, AB:DE=BC:EF,

Similarly, by applying the ADEF to the AABG, so that F
falls on C, and FE, FD along CB, CA, it may be shewn that

BC: EF=CA : FD.
Hence finally, AB:DE=BC:EF=CA:;FD, Q.E.D,

Taroren 63. [BEuclid VI. 5]

If two triangles have their sides proportional when taken in
order, the triangles are equiangular to one another, and those
angles are equal which are opposiie to corresponding sides.

A D

B c G
In the ABABC, DEF, let
AB:DE=BC:EF=CA:FD.

It 15 required to prove that the ASABG, DEF are equiangular
fo one another.

At E in FE make the 2FEG equal to the 2B;
and at Fin EF make the LEFG equal to the 2C.
.. the remaining £ EGF =the remaining £ A.

Proof. Since the ASABC, GEF are equiangular to ome
another,

;. AB:GE=BC:EF. Theor. 62.
But, by hypothesis,  AB:DE=BC:EF;
.. AB:GE=AB ; DE,
.. GE=DE,
Similarly GF =DF.
Then in the A8 GEF, DEF,
GE =DE,
hecause{ GF =DF,
and EF is common ;
.. the triangles are identically equal; Theor. 7.
.\, the £ DEF =the 2 QEF
=the £B;
and the - DFE =the 2 GFE
=the G,
., the remaining LD =the remaining 4 A ;
that is,  the ADEF is equiangular to the AABC. Q.E.D.




TaroreEM 64. [Euclid VI. €]

If two triangles have one angle of the one equal to one angle of
the other, and the sides about the equal angles proportionals, the
tricngles are similar.

B c E

In the A® ABC, DEF, let the £A=the 2D,
and let AB: DE=AC: DF,
It is required to prove that the A ABC, DEF are sinvlar.

Proof, Apply the ADEF to the AABC, so that D falls on A,
and DE along AB;
then because the £ EDF =the BAC, DF must fall along AC.

Let G and H be the points at which E and F fall respectively ;
g0 that AGH represents the ADEF in its new position.

Now, by hypothesis, AB: DE=AC : DF;
that is, AB:AG=AGC: AH;
hence GH is par! to BC.  Theor. 60, Cor,
.. the ext. £AGH, namely the ~E, =the int. opp. LABC;
and the sxt. £AHG, namely the LF,=the int. opp. LACE.
Hence the A® ABC, DEF arc cquiangular to one another,

so that their corresponding sides are proportional ; Zheor. 62.

that ig, the A5 ABC, DEF are similar.
G E.D,

* TrREOREM 65, [Euclid VI. 7]

If two trivngles have one angle of the one equal to one angle of
the other, and the sides about another angle wn one proportional
to the corresponding sides of the other, then the third angles are
either equal or supplementary ; and in the former case the
triangles are similar.

A
e
B C E F E F’ F
Fig.1. Fig,=, Fig.3.

In the A5 ABC, DEF, let the 2 B=the LE : and let the sides
about the 2% A and D be proportional,
namely AB : DE =AC : DF,
1t s required to prove that
either the LC=the +F, [ag in Figs. 1 and 21;
or  the LC=the supplement of the L F. [Figs. 1 and 3.]
Proof. (i} lf the L A=the ~D, [Figs. 1 and 2],

then the £ C=the F Theor. 18,
and the A® are equiangular, aud therefore similar.

(i) Butif the 2 A is not equal to the ~EDF [Figs. 1 and 3]
let the «EDF' =the A,
Then the 4% ABC, DEF are equiangular to one another ;
, AB ! DE=AC: DF",
But by hypothesis, AB : DE=AC : DF ;
. AC:DF' =AC : DF,

.. DFf=DF,
.. the 2 DFF' =the - DF'F.
But the - C =the L DF'E Proved.

=the supplement of the L DFF

=the supplement of the «DFE,
Q.E.D.




Tarorzm 66. [Huclid VI, 8]

In & right-angled triangle, if @ perpendioular ie drawn from
the right angle io the hypotenuse, the triengles on each side of @
are sumlar fo the whole triangle and fo one another,

A
A
B b G

Let BAC be a triangle right-angled at A, and let AD he
drawn perp. to BC,

It ¢s vequired to prove thot the A% BDA, ADC are similar io the
ABAC and to one another.

In the A® BDA, BAC,
the L BDA= the £ BAC, being rt. angles,
and the 2B is common to both ;
. the remaining 2 BAD —the remaining 2BCA; Theor. 16.
hence the ABCA ig equiangular to the ABAC;
.. their corresponding sides are proportional ;
.. the A% BDA, BAC are similar.

In the same way it may be proved that the As ADC, BAC
aTe similar.

Hence the A% BDA, ADC, having their angles severally equal
to those of the ABAC, are equiangular to one another ;

.. they are similar.

Q.82.D.
Cororrawz. (i) Because the A% DBA, DAG are similar,
s, DB:DA=DA:DGC;
that is, DA is & mean proportional between DB and DC :

and DA*=DRB.DC.
(i1} Becanse the A= BCA, BAD are similar,
.. BC:BA=BA:BD;
hence BAR =BC.BD.
(iii} Because the A2 CBA, CAD are similar,
S CB:CA=CA:CD;
hence CAE=CB.CD.

THEOREM 67
Similar polygons can be divided into the same number of
simalar iriamgles ; and the lines joining corvesponding vertices
in each figure are proportional.
2]

H

A B F G
Let ABCDE, FGHKL be similar polygons, the vertex A cor-
responding to the vertex F, B to G, and so on. Let AC, AD
be joined, and also FH, FK.

It 45 required to prove that
(i) the A8 ABC, FGH are similar ; g also the A8 ACD, FHK,
and the A% ADE, FKL,
(i1) AB:FG=AC : FH=AD :FK.
Proof, {i) Since the polygons are similar,
the £ABC =the £FGH,
and AB;FG=BC:CH;
. the ABABC, FGH are similar, Theor. 64,
;. the BCA=the LGHF;
but because the polygons are similar,
the £BCD =the LGHK;
', the ~ACD =the LFHK.
Also AC : FH=BC : GH, for the A® ABC, FGH are similar,
=0CD : HK, for the polygons are similar.
That is, the sides abeut the equal ~® ACD, FHK are pro-
portional,
;. the A% AGD, FHK are similar. Theor, 64,
In the same way the A% ADE, FKL are similar,
(ii) And AB : FG=AGC : FH, from the similar A5 ABC, FGH ;
=AD : FK, from the similar A% CAD, HFK,
Q.E.D.




Nors. In the last Theorem the polygons
have been divided into similar trisngles by
lines drawn from a pair of corresponding vertices.
But this restriction is not necessary.

For take any point O in the polygon ABCDE,
gnd join it 1o each of the vertices.

In the polygon FGHKL, make the - GFQY
equal to the £ BAQ,

and make the £ FGO’ equal to the 2 ABD,
Join Q' to each vertex of the polygon FGHKL.

We leave g8 un exercige to the student the
proof that the two polygons are thus divided
into the same number of similar triangles,

. >§%

[}

u

TaeorEM 68

Any two similar rectilineal figures may be so placed that the
lines gotnng corresponding vertices are concurrent.

Fig.1

Let ABCD, A'B'C'D’ be aimilar figures.

Then since the - B'=the B, the figures can be 8o placed
that A'B’, B'C" are respectively par! to AB, BC, It follows,
since the figures are equiangular to one another, that C'D’
is par! to CD, and DA’ parl to DA,

It is required to provethat when corresponding sides of the given
Jrgures are parallel, then AR, BB', CC’, DD’ are concurrent.

Join AA’, and divide it externally at S in the ratio AB : A'B".

Join 8B and SB": it will be shewn that 8B and 8B’ are in
one straight line.

Proof. In the A® SAB, SA'B’, since AB and A'8’ are parl,

;. the £ SAB==the £ 8A'B’;

and, by construction, SA : SA'=AB : A'B';

.. the A¥SAB, SA'B are equiangular to one another; Theor, 64.

;. the L ASB=the L A'SB’",

Hence SB, 8B’ are in the same st, line ;
that iz, BB’ passes through the fixed point 8.

Similarly cC’ and DD’ may be shewn to pass through 8.
That 18, AA’, BB’, CC’, DD’ are concurrent. Q.E.D.
Norte. Observe that the joining lines AA", BB’, CC’, DD’ are all

divided externally at 8 in the ratio of any pair of corresponding sides
of the given figures.




Nore. In placing the given figures so that A'B’, B'C’ are respectively
parallel to AB, BC, two cases arise :

{it A'B’ and AB may have the same sense, as in Figa. 1 and 2;
() A'B" and AB..rorvrririnnns opposite senses, as in the Fig, below.

B

o D
In the latter case it follows also that C'D’ is parl o CD, and D’A’
par' to DA, and it may be proved as before that AA’, BB', CC', DD’ are
concurrent ; but hers § divides AA" infernally in the ratio of corre-
gponding sides, and the position of the figures is fransverse,
In each case the point S is called a centre of similarity, or homothetic
centre ; and similar figures so placed are said to be homothetic.

Trezorem 69. [Buclid VI. 33]

In equal circles, angles, whether of the centres or ctroum-
Jerences, have the same ratio as the ares on which they stand.

F

Let ABE, ODF be equal circles ; and let the £8 AGB, CHD &b
the centres, and the & AEB, CFD at the (0e8, stand on the
arcs AB, CD,

It is required to prove that
(i} the £ AGB : the £ CHD =the are AB : the arc CD ;
(i1) the L AED ; the £CFD =the arc AB : the arc OD.
Proof., Suppose the arc AB: the arc CD=m:n;

go that, if the arc AB is divided into m equal parts, then the
arc CD may be divided inte # suck equal parts.

In each circle let radii be drawn to the peints of division of
the arcs AB, GD.

Then the 48 AGB, CHD, in equal circles, are divided inte
angles which stand on equal arcs, and are therefore all equal.

And of thess equal angles the £ AGB contains m,
and the 2 CHD contsine # ;
., the LAGB:the £LCHD =m: %,
Hence the LAGE:the LCHD =the arc AB : the arc CD.
-And since the £AEB =one half of the £AGB; Theor, 38.
and the CFD =one half of the 2CHD ;
.. the LAEB : the LCFD =the arc AB : the arc CD,
Q.E.D.
CorOLLARY. Sinoce in equal eircles, seclors which have equal

angles are equal [Theor, 42, Cor.], it may be proved as above
that the sector AGB : the sector CHD =ihe arc AB : the arc CD,




TeroremM 70. [Euelid VI, 1]

The areas of trigngles of equal altitude are to one another as
thetr bases.

B c E F

Let ABC, DEF be two triangles of equal altitude, standing
on the bases BC, EF,

1t is requared to prove thet
the AABC : the ADEF =BG : EF,

Proof. Let the triangles be placed so that the hases BC,
EF are in the same st. line, and the triangles on the same side
of the line.

Join AD ; then AD is par! to BF. Def. 2, p. 99,

Suppose the base BC : the base EF=m . n;
so that, if BC is divided into m equal parts, then EF may be
divided into # such equal parts.

In each triangle let st. lines be drawn from the vertex to
the points of division in the bases BC, EF.

Then the A® ABC, DEF are divided into triangles which
stand on equal bases, and have the same aititude, and are
therefore all equal.

And of these equal A8, the AABC contains m ;
and the ADEF sontains #.

.. the AABC : the ADEF=m: n.

Henes the AABC :the ADEF=BC : EF.
Q.E.D.

CoroLLary. The areas of pavallelograms of equal altitude
are to one another as their bases.

For let DB, EG be par®s of the same D CH G
altitude, standing on the bases AB, EF.

Join AG, HF,
Then
since the par™ DB =twice the ACAR;
and the par® EG =twice the AHEF: A B E F
*, the par® DB : the par™ EG =the 4CAB : the AHEF

= AB : EF.

ALTERNATIVE ProOF oF THEOREM TO
Let p represent the altitude of cach of the A® ABC, DEF,
Then the area of the AABC =1. base xaltitude =4 . BC x p ;
and the area of the ADEF= .....cocciiineee, =1.EF xp.
AABC 1.BCxp BC

" ADEF L.EF xp EF




TarorEM TL

If two triangles have one angle of the one equal to one angle of
the other, their areas are propertional fo the reclangles contained
by the sides about the equal angles.

A
D
2
k) ﬁ'
B G G [ H F

In the A8 ABC, DEF, let the 4% at B and E be sequal.

It 45 required to prove that
the AABC : the ADEF =AB.BC : DE.EF.

Let AG and DH be drawn perp. to BC, EF respectively, and
denote the lengths of these perp® by p and p'.

Proof, The AABC=4BC.p; and the ADEF=4EF.p’
- DABG BOP (i)
ADEF  EF.p
But since the - B =the £ E, and the .G=the £H,
., the AS ABG, DEH are equiangular to one another; Theor. 16.

oEpm e e (i) Theor. 62.

Substituting for I% in (i),
AABC BC.AB
ADEF EF.DE’
or the AABC ; the ADEF=AB.BC : DE.EF.

G.E.Ih

Cororrary. Similarly 1t may be shewn thet patallelograms
having one angle of the one equal to one angle of the other are
proportional to the rectangles contatned by the sides about the

egual angles,

TaeorEM 72. [Eueclid VI. 19]

The areas of simalar triangles are proportional lo the squares
on corresponding sides.
A

2

B G c E H F
Let ABC, DEF be similar triangles, in which BC and EF are
corresponding sides,
It 4s required to prove that
the AABG : the ADEF =BC?: EF?,
Let AG and DH be drawn perp. to BC, EF respectively ; and
denote these perp® by p and .

Proof. The AABC=1BC.p; and the ADEF=1EF.3 .
AABC BC.p

L ADEF:EF.p’ rvreneneniaceannasnaan{l)
But since the £ B =the 4F, from the similar A5 ABC, DEF,
and the £G=the £H, being right angles ;
., the A% ABG, DEH are equiangular to one another; Theor. 16,
' p  AB

N F =DE Theor. 62,

BC -
=Ep from the similar A% ABC, DEF,

Bubatituting forf}, in (1),

AABC BC.BC BC?
ADEF  EF,EF EF2’
or, the AABRC : the ADEF =B(C? : EFZ,

Q.E.D,




TeeorEM 73, [Euclid VI. 20]
The areas of similar polygons are proportional to the squares
on corresponding sides,
D

H

A B F G
Let ABCDE, FGHKL be similar pelygong, and let AB, FG be
corresponding sides.

It ¢s required lo prove that
the polygon ABCDE : the polygon FGHKL. = AB? : FG®,
Join AC, AD, FH, FK.

Proof. Then the A® ABC, FGH are similar ; Theor. 67.
also the A8 ACD, FHK are similar ;
and the A® ADE, FKL are gimilar.
;. the AABC :the AFGH = AC?® : FH® Theor 72,
=the AACD : the AFHK,

Similarly,
the AACD : the AFHK=  AD% : FK?
=the AADE : the AFKL.
LABC AACD  AADE
Hence

AFGH  AFHK  AFKL

And in this series of equal ratios, the sum of the ante-
cedents is to the sum of the consequents as each antecedent

is to ite consequent ; Theor. V. p. 201,
.'. the fig. ABCDE : the fig. FGHKL =the AABC : the AFGH
= AB* : FGh
Q.E.D.

CororrLary 1. Let @, b, ¢ represent three lines in pro-
portion, so that

e B )

: and consequently 52 =gqe.

s /o

it & ¢

Now suppose similar figures P and @ to be drawn on @ and
b as corresponding sides,
Fig. P &® & @
th o i
on Fig.Q ¥ ae ¢
Hence of three straight lines are proporitonals, and any similar
Jigures are drawn on the first and second as corresponding sides, then
the fig. on the first : the fig. on the second =¢he first : the third.

K
L
Cororrary 3. Let /\ "\
A B c D

AB: CD=EF:GH;
and let similar figures KAB, L.CD M

be similarly described on A8, CD, N

and also let similar figures MF,

NH be similarly described on /\ /\
E F G H

EF, GH.

5

AB EF | AB* EF?
GO GH ' " CDE GHE
But the fig. KAB : the fig. LCD =AB?: CD?; Theor. 73.
and the fig. MF:the fiz. NH =EF2: GHZ
.. the fig, KAB : the fig. LCD =the fig. MF : the fig. NH.

Hence if four stratght lines are proportional, and a patr of
stmalar recislineal figures ave similarly described on the first and
second, and also a pair on the third and fourth, these figures are
proportional.

Then since




Treorem T4, [Euclid VI, 317

In @ right-angled triangle, any rectilineal figure described on
the hypotenuse is equal 1o the swm of the two similar and similarly
described figures on the sides containing the right angle.

R A

Q
B (o]
7
Let ABC be a right-angled triangle of which BC is the

hypotennse ; and let P, Q, R be similar and similarly described
ficures on BC, CA, AB respectively.

It is required to prove that
the fig. R +the fig. @ =the fig. P.

Proof. Since AB and BC ars corresponding sides of the
similar figs. R and P,

. B? .
ii—};=;—cz ......... iy Theor. 13,
fig. AC? .
In like manncr, ffi—QP =ogE ... (1)

Adding the equal ratios on each side in (1} and (ii)
fig. R +fig. @ AB?+AC?
fig. P BCE
But ABI 4+ ACE=BC?; Theor. 29,
. the fig. R-+the fig. @ =the fig. P. Q.1.D,

CoROLLARY., The area of a circle drawn on the hypotenuse
of & right-ungled triangle as dinmeter is equal to the sum of the
circles stmilarly drawn on the other sides.

TaeoreM 75. [EBuclid II1. 35 and 36}

If any two chords of a circle cut one another internally or
externally, the rectangle contained by the segments of one is equal
to the rectangle contained by the segments of the other.

c
D
D
Fivx Fig.z

Tn the OABQC, let the chords AB, CD cub one another at X,
internally in Fig. 1, and externally in Fig. 2.
It is required to prove in both cases that
the rect. XA, XB=the rect. XC, XD.
Join AD, BC.
Proof, In the A® AXD, CXB,
the L AXD =the .OXB, being opp. vert. 45 in Fig, 1, and the
same angle in Fig. 2;
and the 2 A=the £C, being 5 at the O¢¢, standing on the
game arc BD ;
.. the remaining angles are equal ;  Theor. 16.
hence the A® AXD, CXB are equiangular,
. XA XD
*tXC XB’
Jo XA XB=XC XD :

that is, the rect, XA, XB=the rect. XC, XD.
Q.E.D.




Cororrary. If from an external point a secant end a langent
are drawn to @ circle, the rectangle contained by the whole secant and
the part of it outside the circle vs equal io the square on the tangent.

C
T

A\_/a X
Let XBA be a secant, and XT a tangent drawn to the
OABC from the point X.
It is required {0 prove that XA.XB=XT2,
Let XDC be a second secant
then XA, XB=XC. XD, Theor. 75. Fig. 2.
and this is true for all positions of the line XDC.

Now let XDC turn about X away from the centre, so that

the points C and D continually approach ome another snd
ultimately coincide at T ;

then XDC becomes the tangent XT,
and XC.XD becomes XT.XT, or XT%,
S, Wtimately, XA . XB = XT3,

* TomoreEm 76

1If the vertical angle of a triangle is bisected by a straight line
which cuts the base, the rectangle contained by the sides of the
treangle is equal to the rectangle contained by the segments of the

base, logether with the square on the straight line which bisects
the angle.

N2
Let ABC be a triangle, having the BAC bisected by AD.
It is required to prove that

the recf. AB, AG =the rectf. BD, DC +the sq. on AD.

SBuppose a circle circumscribed about the AABC; and let
AD be produced to meet the Oce at E.

Join EC.
Proof, Then in the A3 BAD, EAC,
because the - BAD =the LEAC,
and the £ ABD =the £ AEC in the same segment |
", the remaining + BDA =the remaining +ECA;
that 1s, the A% BAD, EAC are equiangular to one another;

B

_ g _ %. Theor. 62.
Hence AB.AC=AE . AD
={AD +DE)AD
=AD? 4 AD . DE.
But AD .DE=BD.DC; Theor. T5.
.. the rect. AB, AC =the rect. BD, DC +the sq. on AD,
Q.E.D,
EXERCISE

If the vertical angle BAC is bisected externally by AD, shew that
AB.AC=BD.DGC-AD"




THEEOREM T7
If from the vertical angle of a triangle a straight line is drawn
perpendionlar to the base, the rectangle contained by the sides of
theiriangle is equal to the reciangle coniained by the perpendicular
and the deameler of the clrcum-cirdle,

In the AABC, let AD be the perp. from A to the base BO;
and let AE be a diameter of the circum-circle.

It is required to prove thal
the rect. AB, AC =the rect. AE, AD.
Join EC.
Proof. Then in the A8 BAD, EAC,
the rt. angle BDA=the rt. angle, ECA, in the semicircle ECA,
and the £ ABD=the £ AEC, in the same segment ;

.. the remaining /2 BAD =the remaining 2 EAC;
that is, the 45 BAD, EAC are equiangular to onc another.

AB AD
S IET RS Theor. 62,
Hence AB.AC=AE.AD,;
or the rect. AB, AC=the rect. AE, AD.
Q.E.D.

Nore. Let «, b, ¢ denote the sides of the A ABC, R its circum-radius
and p the perp. AD.
Then since AE.AD=AB.AC,
25 . p:f ;
6
S R= %
ahe  mbe

=Sap =i

TaeEcrEM 78. [Ptolemy’s Theorem]

The reciangle contained by the diagonals of o quadrilateral
tnseribed in a circle is equal to the sum of the two reclangles
contained by e opposite sides.

Let ABCD be a guadrilateral inseribed in a eircle, and let
AC, BD be its diagonals.

It i required to prove that
the rect. AC, BD =the rect. AB, CD +the rect. BO, DA.

Make the 2 DAE equal to the LBAC;
to each add the LEAC,
then the 2DAC=the LEAB.

Proof, Then in the AR EAB, DAC,
the LEAB=the £DAG,
and the £ ABE=the £ ACD in the same segment ;
.. the ASEAB, DAC are equiangular to one another; Theor, 16,

BA BE
" GA= oD’ Theor. 62,
hence AB.CD=AC.BE. ........ocvrmrrrnrennana(i)

Again in the A8 DAE, CAB,
the £ DAE =the £ CAR,
and the 4 ADE =the £ACB, in the same segment ;
.. the AS DAE, CAB are equiangular to one another ;

DA DE,
** CA CB’
hence BC.DA=AC.DE ......... vrennean (i)

Adding the equal rectangles on each side in (i) and (ii)
AB.CD4BC.DA=AC.BE+AC.DE
~AC (BE + DE)
=AC.BD.
Q.B.D.




