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THE TANGENT LINE PROBLEM Given a function f and a point P(zg,yo) on the graph of f,

find an equation of the line that is tangent to the graph of f at P. (Figure 1.1)
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Figure 1.1: A picture of tangent line at point P
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Example 1 Find an equation for the tangent line to the parabola y = 22 + 1 at the point P(1.2).
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approaches a”.

sufficiently close to a (but not equal to a), then we write

e fle) — L

T-—a

Livirs If the value of f(x) can be made as close as we like to L by taking values of =

which is read “the limit of f(z) as = approaches a is L7, or “f(z) approaches L as x

Example 2 Use numerical evidence to make a conjecture about the value of Bm}

T2

Solution.
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ONE-SIDED LimiTs If the value of ]‘(;) can be made as close as we like to L by taking

alues of x sufficiently close to a (but greater than ). then we write

i flz) =L

r—at

(“the limit of f(x) as x approaches a from the right is L™ or “f(x) approaches L as x
approaches a from the right”.)
and if the value of f{.r) can be made as close as we like to L by taking values of . sufficiently

close to a (but less than a). then we write

m fte)— 1L
" pre 4 § B

(“the limit of f(x) as x approaches a from the left is L” or “f(x) approaches L as x

approaches a from the left”.)

THE RELATIONSHIP BETWEEN ONE-SIDED AND TwoO-SIDED LIMITS The two-sided limit
of a function f(r) exists at & = a if and only if both of the one-sided limits exist at ¢ and

have the same value: that is.

m f{xrj=1L iiand only if i (e} L b flo)

r—a r—a~ T—aT
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X ‘)X>/O
{-x - x<0

5 ; £r 3
Example 3 Explain why lim i——i does not exist.
L=y

¥ ;x7/0-(‘,|X\=

Solution.
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Example 4 For the functions in Figure 1.3, find the one-sided and two-sided limits at = a if they

exist.

Solution.

N
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3~~——7f@~f<>

x+ 'F(a )"H»’M
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Qm ﬂ*) JQ m flx)" ﬂim*-é&) =1

) RIR
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;(%-:\o ﬂ;.:vf}‘\a“&\ a’ﬂ A‘fl‘) =3 &;-F(o = 3

Example 5 Forjgafunctions in Figure 1.4, hnd the one-sided and two-sided limits at = = a if they

exist.

Solution.
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Infinite Limits
T a—1]1a—01]a—0.01]a—0.001 | a—0.0001 a
e -10 -100 -1000 -10,000
1
y—= g
&x m@., Q. . 9
;“_|G > im -F()() = =00
! _o ; Decreases X‘-’a’-
_1 ! without
EI Y bound
1 a a—+0.0001 | a4+0.001 | a+001 |a+01|a+1
- 10,000 1000 100 10 1
Increases
without %
bound | 1
1 r— a
Z6-
T

S fp =40

A0

L £6) =00

X9




2017-1 CALCULUS 206111 Sec 006 Monday 7 August 2017 Page 8

INFINITE LiMITS The expressions

lim f(x)=+4oocand lim f(z)=+4oc

I—a E—aT
denote that f(r) increases without bound as = approaches a from the left and from the

right. respectively. If both are true. then we write

lim f(x) = +oc.

LT—20

Similarly. the expressions

lim f(z)=—ocand lim f(x)=—o¢

r—ra— T—+at
denote that f(x) decreases without bound as & approaches a from the left and from the

right. respectively. If both are true. then we write

lim f(x) = —oc.

T—rit
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Example 6 For the functions in Figure 1.7, describe the limits at = = « in appropriate limit notation.

Solution. ﬁn ‘F(“) — 4+ Qin 'F(\() =40

‘jzi’“ fto = " &:f(w =40
G ) =W Lo f) =40
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&
1.1.3  Vertical Asymptotes \5“8"(\\)““ 3'!)“

If the graph of f(x) either rises or falls without bound, squeezing closer and closer to the vertical
line z = @ as x approaches « from the side indicated in the limit, we call the line # = a vertical
asymptote of the curve y = f(x).

Figure 1.8 illustrates geometrically what happen when any of the following situations occur:

~ : : " 3 ! A

¥ y y

—“+~
N R T I

lim, .- f(z) =40 lim, ..+ f(2) = +o00 lim, ,,- f(z) = —o0 bEm, o+ (%) — =00

Figure 1.8: Examples of vertical asymptotes
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- - n
lim sin (—) =iy
x—0 X

, T (x) = sin (&
. = f(x) = sin (%)
x==1 = sin(£m) =0
y==01 107 sin(£10m) = 0
y==+001 +100x sm(=100m) =0
x==0.001 +10007 sin(+1000m) = 0

x==0.0001 =10.000m

sin(=£10.000m) =

0
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