
n,n
[-n

= l=Sr-ft*r
x-U

{(xl = LGa ftq.{rrl
X'U t

li"
X:0

rl(:0
O DoPrai,, vo rl'if-t

.Qx) =fi h =Lo,*l

-) 5fr D nlnnrr-tvofinTq{o 
^,Ssnt[l

rn n,$'tn'JnJ'1'{rouia 
uiail*' 

I,^fi'l do $*fr')K-te

0ro nl,no,lA rl, I rvrrV0 r[: r t 
"ial 

r

' $nfta do t'n tGt
(Jq x-ao

s) CHELK DUNN



+{rurutir L {adr

,0" {f*l =+oo
x{CI,

, ,a---

Iiq

,ftrl&l = 'o
x3q

,[i* tr.l : *ot
xJq'

,[^ t(r) 1it'h

!,^ftg =*o
xjd
,0" {r*l = -qP
X*-

,_

'O,auirfrutrurd"' [13
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Formal Definition of limit

Let / be a real-valued function defined on
point of D and let I be a real number

lim f (x) - L if and only if
x1a.

for eve ry €

if 0< lx-

D c IR. Let a be a limit

there is d > 0 such that for all x

6, then l/ U) - Ll ( E.

C D,

Page 1

Theorem {The uniqueness of limit}

The Iimit of a function is unique if it exists.
i\ihrr.



,ti,n6e-ffn=k ft^O'afld= x
K*
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1,.2 Cornputing Lirnits

1.2.1 Sonre Basic Lirnirs

Thursday 10 August 2017 Page 2

',t, r ,'Lr'lr/lti{l l l,r,t,,,rLlrull,,,t-.
.ttiirlli Ll l' : I ilrlillt' .t : (t 1r I iiru =: \. 1,1) ilrr - -t\

t._!t t._-ti .r,+it_ .l- 1.+tt_ .1.

t
+

4

liru,r :
,r'--il

litri.i' :

linr ,l'
.r'-' 1(llr

Exarrrple 7ll .i(r')

n hich expiains r,r.h3,

: ft is e constant futction,

lirn k : k for all value of a.
:r-+0,

then the values of J(r) remain fixed at /c as r varies,

For example,

litti 1 -
.t *-r

liiu *:
,-ll

litr =l -.,,* ] i

Figure 1.9: Graph of f(:r) : 4

Example I if /(,r) : ;r : then the ralues of /(r;) ahvavs eriuals to r va,ries, rvhich explaiir,s N,liv

lim r : a, for all r,alue of n. For exarnple,
,1" +rI

Solut'ion.

3

{oo

I,^x =T
Figrrri' 1.1ii: illrirlr r,l .fr,t") - t' A9T
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:.,

.- Lr'1 r; lrl ir t,,,ri rLtiirrl)1 'J " itll{i .*nj)l lri:r, tlt;lt

iirri./t ,'l : L1 irliti iilttrTi.r'! - L:
j+t| i 

-tl

ii't 1lrl,r 1.'li ,t- \ jl lir - \,"It. l)1'1)\1,i,',1 Ii .,',' 1,ii rr i. {'\i'n.

]i,,ti',)\r'1 . f ltr'-,' :1 ;rli'tLtr'tils rli';tl.sr; ltttl iii lltl lltr'-:],1,,t1 1]ltiif! itr ,t - tt

i]:

1]lri 7;i.t l -r \t -- t'il, -' 
. - - (,,{t" : 1,1rtt.
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Example 1.{} Finrl

('r) litrl .r*i)
+

Saluti,on. *e

Thursday 10 August 2017 Page 4

1.2.2 Limits of Potrynomials and Rational Functions as .r'-+ /r

Exarnrle I Fintl ]3l(.,'t - ii,i'* a).

sar*tion. ,ft, f*11I +t) = ,f, Xt-.[, (fX) +lm
[€ 

- 'r 
it-az a X-fl l(la

= ,ft,,l 
l'39,o x t $fI-rz 'ie:- 

'(-lz

--g -1(z)+s
: t+6 t5
:?

,,-
ilr) lirr ---i 

- ''\ / .';i; (,' - 5)(.r'l 1)

+

.),,
lirrr '' ''
.r--+i (.i'- 5)(.r'+ 1)

(.,)

-'qte
5

ft^
I;9t

=-Q0
3{

- -(,-x)

; .9,^. 3-x ]irYd,
{-s ft+)k+tt'(x-:)

(xt t)



=*;W=*rxr=o
(bl ,ft' =.f,, -{fr =l;^,({fg-tle(+l ) x-r2.

=.ftr@=.fro
r rr,9,?16 -\l xe)

Page 5

fo.-
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Limits of Rational Functions

Exarnple L1 tr'intl

Thursday 10 August 2017

./(.)
ffi "= 

)'-+ u when liur /(r') - 0: 1r:rr 1;t r )

,t

hilr - illilrrr' i. -l .tl-., ]
liur*ll 'r'2 - 6.r: a 9'

(")

Solution.

(a) 0n xlror*z:
t(-f5 --- I-l

?x-6
{tz

Co fimxrj

f-X-z
xlsx+o

--r4-xt-6x+q

1 =2= tt

T4i+-x-h&_Fi+oo

,.1JJiJnr

r,r , L,,t

, y ti, .t'i
li.r'i : ..-

t1\.t.:

lrl it t;ttl,rtt;tl tritiitirit:, rr]-ti] l,'I rr lrr,;rtrl t'r';r1 jru.rrrl,i't.

iiil ll t|q I- []" rlii,n litrr .fr ,'l: {lrri.

il,) li rllrti : {) littl 1,irr I - [), rlir,ti lilr .!"\.,'l ,lli,s rlr,f r,.\i.t.

0
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Limits trnvolving Radicals
-,1

Exarnple 12 Firi<l liur ,--i..r)1 V.t', - I

Thursday 10 August 2017

qrilnfqte : {r1a

,[r x-rt -E*"= nq B+l$+zlr{r6[^m.-r$,461Je
= .ftt*+ rt

=.,ftn fit2

--f,,^

^iq

t(',ll

=I.
^rq

= l. &-a(l*t2)

-

gifr
fitz =$

effi+z)

-

iXJ+-

x -rtl

=. G+z
=t

$,* W
x,J\ {-x -z

('l^)Lrrt'
.{r -2

Page 6
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Linrit s of Pieret.ise-Ilefirrerl
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!'uttctions

Page 7

Lt't

t?
-j

.) 
-.-- '_) ':-. ,c

,'@

.)
,) 13;ll +

:T2 l

6-

Fincl

(") 
.lirn, /(:r) (h) 19; /(;r) |95 rt'')

(c)

.f(;r:) :

-5



(ql ft*trl -r.0, flxl =-@
A--1

= ftr,l
Xn4-

\=0o
r+f

2
x+3

xz
I-r-1

-t ,t, ffrx-eC

tb) lint^r = ,0"
x{o

tct /i, {rl -}xq2
= tt^

(fl"-

=.ftm
x-rat

xz =+

6-x = Lf

.'.,0" t.f - lt
xtz

,'. ft^{&r U'hl
x+.3

x2=O
x+0

l, flx)
xaz-

1".fir)
t-rf

=F3lz = q



\ 
|h{orrlor
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Continuity

Thursday 10 August 2017 Page 8

[orrotqtle Hh,f.nit3 j*r a,#ltir,r

(c)

infinite dixon{i'nitP r?hotqbt disconfnu;V
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/(r) :
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Exarnple 14 Detelr ritLi' rt'lri'l]ti.'t tiii.' li,] l,rtt-il,t irtrtltir)n> iill t lrrlilllr)lt: irt .r'- j.

(,t-) {,:- I

,r i J, l .1 j 
ttt. _J _,

t r J/ -i 
I

|.r ] [i

:t:12

--)

0 ftr)#n]olHl'hlru f dr{o^rrri f,= 2

ou)
[z)

tr)

q (z) -*l
i, fil(-rL

=ftt
fia'L

g(d+,ft' 9ft1

-'. gIJt.tJ X=2

(rt
(z)

h(z) =f
Ii. h(rl
l(az

=.,CIr 
*g =I-rz X-Z

[t" htxt
X-r?.

:. h oirrtlo'i X=L

: .1 lrrrrltiul I

colrIif ir..,lt:\ ilj {' .;tti-ijlrl.

1. fi, l i. rllfirrt,ii,

l. Lrrr /',',ti-lr.

.l li,.r:lrt, i.','.

I. irr, 1,t lr iri,', I I I1,,, l.,lllu irt,:'

b)



I g&)
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Ccntinuitv in Arrlrlications

1.3.1" Continuity on an Interval

W'e say a function f is contirluous fram the left a,t c if

lin: /(r) : /(c)
r-+c

ancl is eontinuous frorn th.e right at c if

Page 10

,lS" f trl 
: 

"f 
(.).

y (Amount of inventory)

Line cuty' lg


