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Formal Definition of limit

Let f be a real-valued function defined on D € R. Let a be a limit
point of D and let L be a real number

lim f(x) = L if and only if d-¢

X—a

for every € > 0, thereis § > 0 such that for all x € D,
ifO0<|x—c|<éd,then|f(x)—L| <e.

~J/

Theorem (The uniqueness of limit)

The limit of a function is unique if it exists.
b



Qim Z—mn :k
¥,
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1.2 Computing Limits

1.2.1 Some Basic Limits

THEOREM 1.1 Let a and & be real numbers.

. : : o
(a)lim k =k (hilimz = a (¢) lim — =— (d) im — =4
=0 =a pos— T 30t T

Example 7 If f(:

(x) = k is a constant function, then the values of f(x) remain fixed at k as x varies,

which explains why lim & = & for all value of a. For example,

T

O - lim 4= ll'
T——D
: im4 = lf
x—0
Xy

] i 4
—a -“—v a { lrlglll:”) += Q‘
| IS

Figure 1.9: Graph of f(z) =4

Example 8 If f(z) = x , then the values of f(x) always equals to x varies, which explains why
lim x = a for all value of a. For example,
Tr—ri

Solution.

Vs o= ()
ma- 3

x,  tm o= =00
I x =T

AT

W

Figure 1.10: Graph of f(x)

—= I
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THEOREM 1.2 Let a be a real number, and suppose that

im fle) =1, and lim glz) = Lo,

% oy 7 £ T—=70
That is, the limits exist and have values L and Lo, respectively, Then:

(a) lim[f(x)+ g(x)] = lim f(z) + lim g(x) = L1 + Lo

il o r— T—+a

(b) lim|f(x)—g(x)] = lim f(x) — lim g(x) = Ly — Lo

J

(c) limlflaigly)] = (}im }‘(1)) (ﬁm f;(ﬂ:')) = L1 Ls
L0 l )L(ii—?r)ll r—2a
N i j e i
(d) lim Hj) - - provided Ly # 0
z—a () lim g(.r) 5
: . e : - S e : : o
(e) ]E}I vV x) = ;;/}11_}(1( f(x) = ¥/ Ly, provided Ly > 0 if n is even.

Moreover. these statements are also true for the one-sided limits as ¥ — a~ oras r — a™.

THEOREM 1.3 For any polynomial

and any real number a.

lim p(x)=co+cra+ .-+ c,a” = pla).
T—2>0
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1.2.2 Limits of Polynomials and Rational Functions as » — «

Example 9 Find hlu(z = 3z 4+ B).
Solution. Xim (X 3K .‘.) ) = X‘m\ x —yaﬂl (3X) +£m
2 %32 _ X932 X2
— f m X —3fim X+ ﬁm
X1 £

- 9*6+S

_ 3

Example 10 Find

9 3—u
l s - .. :
(h) lﬁ?‘~(1~3;(1-+1) ) ‘}‘Uﬁ’('—))('+”
- +

Faart === " (3%)
&
_--|T.\.-\-*Q a ¥ v+ (;(1.”
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Limits of Rational Functions 1)
g\

as o+ — a when lim f(r)

Page 5

=0 = lim g(z)

T—Q F—r0
Example 11 Find .
ple 11 Fiod ,, 0 \&fmdcbem
e — 10 + 25 3r—0 22 —5x+6
(a) lim —m——— (h) hm = - () lm ——7p——r0. -
=5 r—5 =2 2 —p—2 r—=3 32 —6x+9 O ]
Solution.

(@) ﬂm X |0H’2‘5 ﬁm/&/ﬂ( X ) ﬁ mx=3 =0

35 x<s

"‘52- X’l X’

KR =T+ ) %92 X+l

(cy K X K46 < fim S-)C) _ i X2
R TR I N

=
() ﬂlm x4 A_l"" M 9 |

im..l.

:%_1 N
¥ ﬂln_ X-2

——-:.—OO
x93 X-

= +00
D xast X-

- YA

THEOREM 1.4 Let

. optr)
flr) = i
be a rational function. and let a be any real number.
(a) If gla) # 0. then lim f(x) = f(a).
(b) If gla) =0 but pla) # 0, then lim f(a

=74,

does not exist.
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Limits Involving Radicals

Y L Q290
Example 12 Find 111-31 \/"._4 %)u’q-te g7l
Solution. L"\ x q’ &+z 2"‘ (x-q)a_x-.'.z)
AR K G

= B Lerfik+2)

A4 X=l
=Am x+2

XY

- 4

i e - ({K)l-(z)"

A% {Xx-L N K -
= Jin (JZ/Z)(J“ X +2)
s
= fm xy2 =4

P L

s

Page 6
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Limits of Piecewise-Defined Functions

Example 13 Let

Find
(a) lim f(x) (b) Lm f(r) (¢) lim f(r).

T——3 r—0" T2

Solution.

\
\ T~
i -
i



(a) fim ) — fim f0 =fm 2_ - -

=3 B Y X435 X13
- Qum Fe V=, x> <(3)" = ¢
X3 VB
EM 1 ‘])Nﬂ
x-:-;
(b) 1"'\ -RK) - Rim X =
%0

(Q X‘"‘ 'f()() —) I\M ) = flm =4

L S YA
}mﬂx) "QM bx = Y
X' %2
Qim fo =4 #

X2
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AV

y=Hx)_—

A\l

\rewovatle (tf‘.)scon‘\'hui*a

AV

\ 7= (%

Y

(0)

nfinite dnscon{)hmfg,
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\ A

)W\p dlscontmul}'j

Y =

(d)

Yehamb'e discontinu "8’
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DEFINITION A function f is said to be continuous at v = ¢ provided the following
conditions are satisfied:

1. f(c) is defined.

«

A\

r2. lim f(z) exists.
22

g lim f(x) = f(c).

[y

Example 14 Determine whether the following functions are continuous at x = 2.

2 2
f(l> — — . g((r) — X == 4 fi(l) _ =9

O {& ymaiile Tl - £ Bedorlonn X = 2
@ W q(ﬂ =2

“th
R

() Lim %’ = fm % =t = fim ZDKH2)_ 4

L=2 XST X-2 %92 (x-2)

) g1F fm k)

XN

qu«bdms X=2

(3 (0 h(2) =4 )
(@ fim h = fim X% = Y

£32 X2 k-2

() kil = fim htx)

Xl 1

® h o"ollil));' x=z
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Continuity in Avoplications

P i
A\;’ (Voltage) y (Amount of inventory)
.«-\r\_;\r\r\f\/\,li
I
i ——
I
5 & ty

t,
Line Cut/ .

1.3.1 Continuity on an Interval

We say a function f is continuous from the left at c if

i
q-\,d

lim f(x) = f(c)

T—C

and is continuous from the right at c if

m Fla)= f{e)

z—ct

following conditions are satisfied:

1. f is continuous on (a.b).

2. f is continuous from the right at a. T =

3. f is continuous from the left at b.




