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Revision: Definition of Derivative

First Approach

Figure 2.1: The slope of the tangent line as a limit of slopes of secant lines
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Figure 2.2: The slope of the tangent line as a limit of slopes of secant lines
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Example 7 Find the derivative with respect to @ of f(a

£x) = fim Rmm f60

h20

& [(xm —(x+h)| (x-x)
R ;().;uk‘sxh’&h X—JVXM
’ln-'n = th
-—x‘m 3)(.;3)(»\"'“"1
hqo

$n) = -
n ou\mamm x=1 fg -0 |f-0-0
| £ty =2 £ =

flo) = 6
filo) ==

(% h?= ol axh + P

Figure 2.3: Graph of f and f’ in Example 7

If we graph f and f’ together as in Figure 2.3, we can see the relationship between them. Since
f'(x) is the slope of the tangent line to the graph of y = f(x) at z, it follows that f’ is positive,
negative, and zero where the tangent line has positive slope, has negative slope, and is horizontal,

respectively.
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Example 8 (a) Prove that f(x) = || is not differentiable at & = 0 by considering the limit.

X where x%0

fx) =x| £x) = { v whae X<O
o £xh)-f(r)
E("’W&"&‘ h }

kY
- :'_":\ X =0 o -1
CORIO% ngﬁ 0*‘?\-{@’ N

«fm;m‘aﬁvﬁf“‘\’?i;‘“"’"
5(,, m.m-f(o) x\m —(u+l.\ 0 - _)

X"\ ‘Q(O*\'\\‘-RO) le (O'\'h)' = 1

(h) Find a formula for f/(:r).

h-ao k o' h
- Q f(oah fo) 1Ay
h=0

£'(0) ‘\a\\w

)
£(x) =\x] 15 wt differentioble at X=0,

1 Where X 20
f'(x)={_. Whee X <O
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wulle
2.2.2 Differentiability “\ﬂl‘\ﬂ“ U

DEFINITION A function f is differentiable at 1y if the limit

- v
Y flagth) - f(xg) =) QJO‘\ u”d“"ﬁ

- hsp h

FRED)

exists. If f is differentiable at each point of the open interval (a.b), then we say that it is
differentiable on (a.b) , and similarly for open intervals of the form (a.+00), (—00.b),

and (—oo.+00). In the last case, we say that f is differentiable everywhere .

Figure 2.4 illustrates two common ways in which a function that is continuous at xg is not differentiable

at xp. Since the slopes of the secant lines have different limits from the left and from the right.

Corner point Point of vertical tangency

Figure 2.4: Continuous at xg but not differentiable at xg

%.
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A function which is continuous everywhere
differentiable nowhere: \Ne;nrstrass functlon ([860)
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where 0 < a < 1, b is a positive odd integer, and

3
ab > 1+—2"T[.

Karl Weierstrass, "Uber continuirliche Functionen eines reellen A Arguments, die
fur keinen Werth des letzeren einen bestimmten Differentialquotienten
besitzen," (On continuous functions of a real argument which possess a definite
derivative for no value of the argument) in: Kéniglich Preussichen Akademie der
Wissenschaften, Mathematische Werke von Karl Weierstrass (Berlin, Germany:
Mavyer & Mueller, 1895), vol. 2, pages 71-74.
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The relationship Between Differentiability and Continuity
- r ) d
My on Ko —

THEOREM 2.1 If a function f is differentiable at xg. th(*u'f is continuous at ay.

P ¥

Note that the converse of the theorem above is false, since continuous does not imply differentiable.

. IF £ is NoT Gribmows &1 X,
then £ is [_\_I_Q_T aifrerevrtiable &t Xo

y=Hx =2 iy

When the independent variable is . the derivative is comumonly denoted by ,

2.2.3 Other Derivative Notations

d . ”
[f ()] or 2.f(z)]

f(x) or s
dr*

In the case where the dependent variable is y = f(x), the derivative is also denoted by

o (!1
g/ or g;’ () or 2
dx

With the above notations, the value of the derivative at a point xg can be expressed as

-:::«
=

or y (o) or

-~
—~

f'(x0) or —[f(x)] or D, [f(x)] i.,r:,ro
.1
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Derivative as the rate of change

Rectilinear Motions
The position coordinate of a particle in rectilinear motion at time t is s = f(t). The average velocity
of the particle over a time interval [tg. g+ h] for i > 0 is

change in position  f(to + h) — f(to)

Vaye = : =
time elapsed h

Example 4 Suppose that s = f(t) = 1 4+ 5t — 2¢2 is the position function of a particle, where s is in

meters and 7 is in seconds. Find the average velocities of the particle over the time intervals (a) [0. 2]

-ax b
iy =|+§f—@_2& -_5)"'*2 y o>

and (h) [2, 3].
a—

\?QWmﬂi \ﬂ'oci’ry In [oz] £(2) - {(o) y= q(x—hH

1=0

g

- ('-HO-%) -1

2
= | m/S

\?aw{oqe VQ(OCTfj \n [‘l ;53 3 ‘[’(3)‘“[:(2)
s 3-2

= (+15-18)= (+10-3)
T s
1 (& 'ﬁ) = 2-3 _ _gwms

—-— ST

\
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Taking the limit of v, as h — 0, we get instantancous velocity vj,. of the particle at time #.

Voot 1 f(fg + /3) = f(zc{)) i
h—0 h

Example 5 Consider particle in Example 4, where
: e a2
s = f(t) =14 5t — 2t°.

The position of the particle at time # = 2 s is s = 3 m. Find the instantaneous velocity of the particle

\ &I F(Z-I-"\)"F(Z)

h~0 n
- fon (52 -z(z-M'] 3

e [Hmsh 2(4@4")] 3
e

- o D) -rsl -2h" - 3]
h

at thme t = 2 s,

vlnsi (

hao
=-3 ms

fmﬁo'\u"""“"“’a&ﬂ

,-F({') ﬁuﬁmtu\ms‘wha lld?
S DSV anais? (9(1)

o m&,,ﬁuvnomuﬁ) (0.6h)
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- o



