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Integration

5.1 An Overview of the Area Problem

Given a function f that is continuous and nonnegative on an interval [a, b], find the

area between the graph of f and the interval [a,b] on the z-axis (Figure 5.1).

il

Archimedes’ method of exhaustion
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Let y = f(x) be a function over the interval [a, b]. We consider the

rectangle method for computing the area A under the curve f(x) on
the interval [a, b].

N

That is, if A denotes the exact area under the curve and A,, denotes the approximation to A using n

rectangles, then

A—ilm A

n—oo

AV
f(x) =[x
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DEFINITION 5.1 (Area Under a Curve) If the function f is continuous on [a,b] and if

f(x) >0 for all x in [a, b], then the area A under the curve y = f(x) over the interval [a, ]
is defined by

Y

A= lim 3 flas
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It is probably e e how we do this with an example. So let’s determine the area between
flzl= m [—1,1]. In rds, we want to deter of the shaded r 1 below.
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Example 5.1

3 i.’j
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5.2.2 Properties of Sumns
n
Theorem 5.1 E C = V\C
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(B 3 et =6 3 5 n
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(b) 2oon(ak +br) = 35y ar + Xk b K=\
n
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e

Table 5.1 below shows the result of evaluating (5.1) on a computer for some increasinely larce
o SO o

values of n. These computations suggest that the exact area is close to

10 100 1,000 10,000
0.66666663

n 6
A, 1 0.7 1 0.68 | 0.6668 | 0.666668

Table 5.1: estimation of area
So, increasing the munber of rectangles improves the accuracy of the estimation as we would guess.
Later in this chapter we will show that

lim A, =
n—oo

Lol o
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5.2.5 Net Signed Area

If f is continuous and attains both positive and negative values on [a, 8], then the limit

no longer represents the area between the cwrve y = f(x) and the interval [a,b] on the x-axis; rather,
it represents a difference of areas -— the area of the region that is above the interval [a. 5] and below
the curve y = f(x) minus the area of the region that is below the interval la.b] and above the curve

y = f{x). We call this the net signed area.

6

2 N / A

a < b
\ 2

(a) (D)

For example. in Figure 5.5, the net signed area between the curve y = f() and the interval [a, b] is

iy

(Al + AIIT) — AIT = [ area above [a,b]] — [ area below [a, b]]

DEFINITION 5.2 (Net Signed Area) If the function f is continuous on [a,b], then the net

signed area A between y = f(x) and the interval [a, b] is defined by

A= hm ‘ Z flrp Az
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Definite Integral

x ; A ! = o*\'\'\
b p= Hx X V=1x
» M——)
a b %ot - bh=Xuy
X(&); \ J
) [q,b] DN s

A partition of the interval [a, b] is a collection of pmms
B0 4 B L E L e Bl Ty = b
that divides [a, b] into n subintervals of lengths

The partition is said to be regular provided the subintervals all have the same length

By

Az = Ap = =

1
| < AXI r|<——AXq—>|< AX-% >| < AX4——>|
0 3 5 9 6
2 2 2
max Ax, = Ax; = R
o R
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If we are to generalize Definition 5.2.4 so that it allows for nunecual subinterval widths, we must
replace the constant length Az by the variable length Axj.. When this is done the sum
n

f(xr)Ax is replaced by Z Flag j Az
fe=1 k=1

We also need to replace the expression noo by an expression that guarantees ns that the lengths of all

subintervals approach zero. We will use the expression max Az, — 0 for this purpose.

DEFINITION A function f is said to be integrable on a finite closed interval [a. b] if the limit

max Az —0

im Y f(at)Ax
k1

exists and does not depend on the choice of partitions or on the choice of the points + in
the subintervals. When this is the case we denote the limit by the symbol

Lppe bt o imegomt

b Z fler)Azy.
k—1

max Ar,—0

{O\wff imt - : e i .

which is called the definite integral of f from a to b. The munbers a and b are called the

lower limit of integration and the upper limit of integration , respectively, and f(r)

is called the integrand .
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Theorem 5.2 If a function f is continnous on an interval [a. b], then f is integrable
.

on [a.b]. and the net signed area A between the graph of f and the interval [a. ] is

b
A:/ flz)dz.

Example 5.2 Use the areas shown in the figure to find

]j )dx (b) [y f(x)dx ) [C f(x)de fa;‘ )dx

Solution

= o

= -100
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Example 5.3 Sketch the region whose area is represented by the definite integral, and evaluate the

integral using an appropriate formula from geometry.

(a) /1 *ode . '(:(X) =2




