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Chapter 4 Limits and Continuity

4.1 Introduction to Limits

The limit of f(z) at z =c¢

7=~

Lt flo) = =

. Note that the function f is not defined when z = 2. The graph

&

of the function f is

N
y

However, we can explore the behavior of f(z) for z near, but not equal to, 2 as the

following.
5 1.9 1.99 1.999

In the above table, when z is close to, but less than, 2, the value f(x) is close to 4 .

2.1

201

2.001

&.1

&Gol

&.00|

In the above table, when z is close to, but greater than, 2, the value f(x) is close to
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The limit from the left or the left-handed limit of f(z) as z approaches ¢ from

gy

The limit from the right or the right-handed limit of f(z) as z approaches ¢

Ilg@f(z)

To find one-sided limits when x is close to ¢, we only consider the value f(z) when x

the left is denoted by

from the right is denoted by

is near ¢ without considering the value of f(z) at ¢. In fact, ¢ doesn’t need to be

in the domain of f!

Limit
E Bm flo)= L = lim+ f(z), we call L the limit of a function f as =z
T—cT T—+C

approaches c , denoted by

lim f{z) =L,

z—C

where L is a real number. Otherwise, we say that the limit does not exist.

Example 1. Let f(z) =2%. Find lim f(z)=..... Lr ...... and lim f(z)= Lf ...........

T2~ 321

L]

Does lim f(x) exist? Explain. \IQS ST Xim F()() :Ll- /Q;M*‘m!)
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x ;%20 Is| [

e f \»?,\: (-2 = , -2 o

>
Example 2. Let Fin filz) = -l ...... andiw(x) = 1 ...............

‘F(X)-; {1 Y '.uQ’i:“F(&) c \

=] ;%<0 fim %) does net @asT becawse
: : . X
Does alc% : (a:)‘\emst? Explain. ﬁ"}. F(K) - __l #1 - gg*“fX)
X0

Example 3. Given the graph of the function f(z), find each limit.

Pl
—=
= N

0 3? %; 2
1. lim f(z) = q' 3. lim f(x) :does'mf exist
z—3 T ﬂ‘y“.' IP?‘U
2. lim f(z) = 2 i Y=

Does hrr:l}) f(z) exist? Explain.
z—
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Limits: An Algebraic Approach

Properties of Limits

Let f and g be two functions, and assume thdt lim f(z) = L n
T—rC : » :

., | wheredg M and c are real numbers. Then 51 ? "
”, .;,_\iﬁ,’«."f" Vo \
L i}gé k =k for any constant k 4
\ AL -‘f - Q
2. limlx &= ¢
T—>
3'@f (z) + g(x)] = lim f(2) + limg(z) = L+ M
&=2C T—C

4. imlk - f(z)] =k -limf(x) = k- L for any constant k
E—c

T—C

5. lim[f(z) - g(x)] = imf(z) - img(z) =L - M

15 L
I = Z2=¢ =— ifM
g xl—lﬁg(qz) limg(z) M A
o

7. lim {/f(x)="/limf(z) = VL (If niseven, L > 0.)

_T—cC e
"%

_ 8 lim[f(x)]" = [limf(z)]", where n is a positive integer.
T—C T—>C

Each property above is also valid if x — ¢ is replaced everywhere by either

T—scorT e,

Example 4. Find each limit.

1. lim(3z +5) ?—f"’ fim 3% t8m S

k92 x-§
= 3&;‘ X *;Q.'?Lg

LA o
il e e b
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Example 5. Given the graphs of functions f(z) and g(x) as the following figures.

Find each limit(if exist). If the limit does not exist, explain.

X !
ﬂ“) 4 g(x)
Y ? 2 /V‘\?
7 iR 5 5 g4
11 - /]
ocprl degi 3 v =
o L4 | L
AR BISE
TR 14 e B =
=D 19 3 12 4
&= |

gim 96‘) =9
~\90‘) =%# 4. lim [f( &m Qx) -

Rn({(x (1] = ion W 1 ondi0) =24
2. lim[af(z)] ﬁﬂ' ‘f(x) =71 5 hm M 4&:\-\-‘_“{&

fow TOPGISA X Yfim £ ”R_g“ ’9(" 'Z Bim 900 'Uaﬁr
‘-"é"""j}é ».2@’.@ o > 2L e o] Y

3. lim[f()] 6. lim[f(z) + ‘x-n
g Yl 0 gt —\lm - &'%}z‘ . ) B
i x)
&:\l {:(K) ‘ bkquf Qm FC‘)-z:h RimE6x) st-‘rl B

S5 M |
Limits of Polynomial Functlons |

Let ¢ be a real number and f(z) a polynomial function defined by
o) = 62" +tuarx™ 4 ... 4 aux +ag,
where ag, a1, ..., a, are real numbers. Then

b fleck = fle)

T—C
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Example 6. Find each limit.

1wt =40

T——5

Example 7. Find each limit.

224+ 3R fz <5

L f(z)= '
3 — Wil 5
?luehise,-d fonctio w
(a) lm f(x 'kﬂ
il X5

=2(5)43 =13
(b) lim ( f:c)-gﬂ , (%42
-:.-(S)H?. =3

T if z<0
AR TR

2. flz)= 2 #0<g<?
B e e
8 —x L=
s

(a) lim f(z .ﬁn =0

z—0~
R

(b) lim f(z ,z..x =0

z—0*t
am—

(c) hmf -0 MIA;‘)

0) does net exst.

\ 2
9 ig%(mz—4x+3)=(4)~“(4%3
= FE

2

(c) hm f d(ﬂﬁ not exl S"-
(ecause 2«»\ =13 -#7-=— i £

xX=3%5"

@ £(5) does wot east

(e) lim f(z gﬁm x - q'

T2~
S,

(f) lim f(a —Rh X =6

z—2+
P o

(2) hm f dDe§ wot exist
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Limits of Rational Functions

Let c be a real number and f(z) a rational function defined by f(x) = ngi

where n(z) and d(z) are polynomial functions.

1. If d(c) # 0, then
tim (2) = £(0) = 5. }{

sowvhlawy e
2. Hdle) =0 and nle) =10 (6 Indeterminate Form |, we have to sim-

plify f(z) by canceling out any common factors of n(z) and d(x) and
then find the limit.
The case when d(c) = 0 and n(c) # 0 will be discussed in Section 4.2.

Example 8. Find each limit.

E—

i 525 + 4 & W(X) o 2 + 8 nly)
a:lig T —3 &d(x‘) . zi{{lél 2 4+ —12 d-cK'

d2H0 ;) fim SX 4 —.9(31‘;'_ d(-4)=0, n4)=0
e i TR T N
= -4 =3 ) x5 K-3

2 1imx2—_4 =l g

d@=0, n(p) =0
e AT 2)
f-:'}. X-1 —&q'z M &PO ( (09 y

=fim (Xe)
X7 [
= W1 = 4’ :

Example 9. Find each limit.

-,, R
1. ime* =@ 3. lmhz = Qo g

z—3 z—5

2 i = é% 4 lmn(6r) = a1
e = () (L)

D.r"(oi"q
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