
ft*) -- x1 t h=lR

y-L

ft,)2fu --5
I -L

{(z) = lgn ,'r

n(xl= x1q -J n(t) --o

d&) = X-2- =id.(z)=

)[r.*zr

{&)= X:q D6=fP- trl frrt

f(rt
ftz)

\ (x-t)
.t

fh) = Ctt+u)

t6q Hnt<z

-- (r)Ls = -3
:[zFt = 0

t'rr, *Sf&,+.<-

.ool

rrrrX *+Z

,et f(rt = +
x{z-
,t. f(n -- tt
xa2t

,ft, ftx) = |(+

ql
?Jar

(exi* )

'1|ffit:;



Chapter 4 Lirnits and Continuity

4.1 Introduction to Limits

The limit of 
"f 

(.r) at .r: c

,.2 r

Let /(.r) : : . \-ote tliat tiie function ./ is not defirierl lvhr:rr r : ). The graph

of thr: furicticrri f is

Horvever. v,ie can explcrre ther beharvior of .f(r) for jrj ncar. but not equal to, 2 :rs the

fol1ou,ing.

L 1.9 1.99 1.999

.f (*) j. rl 3.ot? , qq?

In the aborre table, u,hen r is close to, but less than, 2, tlie ralue /(r) is close to

* 2.7 2.01 2.001

/(r) +. I 4ot 4,oo I

In-the above table. when ;r is ck-rse to, brrt greater tiran, 2. tlie vahie /(:r) is close to

k
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The limit from the left or the left-handed limit of f (r') as ii, approaches c lrom

the left is denoted by

j@t"r

The limit from the riSht or the right-handed limit of f (r) as r approaches c

from the right is denoted by

W{")
To fincl one-sicied lirnits n'hen .r' is ckrse to c. r-c onlr, consicler the raluc /(r) ri,hen ,r,

is near rr nitirout corsiclering tlie r-riluc of /(.r) at r:. In fact. c doesn't need to lie

in the clornain of / I

Limit

f{ jlt: J"Q') : | - :,11I'l:r)^ n-e ctrll I the limit of a function f as r
approaches {r t denoted l-rv

,fr11/t.r,) 
: r.

rvhcre I is a rea,l mnnber. Otlierwise. we sal' that the liruit cloes not exist.

Example 1. Let f (r): 12. Find _lim /(r) : :rncl lirn /(r) : {t
r +2+

Does ]5; /(r) exist? trxp1ain. )gf lw:t li",
X.rf

B a rnett f Zieglerr / B1'leen Co1le ge \,1:rtirernatics 1 2e
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x?ol=n-lbl ffi'r l*af(*r;11 '-:, # ru,*r,I^,=l

Do"*F6i\""ist? Explain ^ft^ fro ={ *t ={q*frrr,(ruf
Example 3. Given the graph of the function f t*), find each limit.

2
d.

4.

1.

2.

,\t /('') :
.,h'.1*.f 

(') :

linr /1,r') existl

+
2_

Explain.

rim j {.r, : do?: -rrot gxist
Irhldr lelu

/(3) : 3

Does

B ar uett f Ziegier/Bvleen Colleg-e \,Iathernatics 1 2e
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Limits: An Algebraic Approach

Prnperties of Limits

Let f and g be two functions, and assume th

wnerffi and c are real numbers. Then

1: 1iffi: k for any consbant k

. s#E
2.'Llrrlnk c

3.,!r&{/(r) +g(r)] :lin/(i:) -Llim.g(r:) - L*tr[
(.-.l) '!- 'i*'

4. irrriik /(r,)l : A h:r/t ,r): A .L for anv corista.t ir

5. linri/(r) g(r)l : ]91/(r) ]111r(r) 
: L.)I

n ,. Ie) lim/("r)
O. lllll : 

-

" .;i g(r) iimg(r)
t,

-1r it)tl0

7. lirrr i,ffU): i//i*l/(r,, : ',r/T ([f ir is everr. I ] 0.)
,-r.Y', v,

8. luni/(r)1" : ifg-r./(r)1". u,here n is a posrtir-e irrteger.

Each propertl. 2[61.s is also r.alicl if r -+ c ts I'eplaced even xrltele ]ry either

:1: -+ C,- OT t: -+ C:* .

limf(r):1 Iirn.rT(:i:) : M

W.+

r .[t" x

x-t-l
=-ltr-

I

t ft,,t 5x-t
lirn 9lrt
5=ll

Example 4. Find

1. hn1(3r + 5)

limit.

,ti., 9x
,r+z

each

??.1

i*a X
)r-?

3(2)

+

+

u lt<-All I

3. Iim n
t->-1v | )

= {**

B arnet,t f Ziegler/Bvleen Coliege Nlathematics 12e
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fti,. gC*) =2
1 l,sirfr =+*lrrCrt =fr# 4 .ry\,tr@+g(*)t$"*l =X

.'.ligtr rrc,fffigr,*
z !yirzr(r), 

't*g{}l 
=

9(,rl --z\ kn {rr 1rl.}
,41pt=l-lro*:frl*rr^frr'llur

s" fflr=1 
I:.$qTrrr k_""Er. 

ft*
)il.e.u -- t LH ;:;__z*rft.fri'', 

.& trr.He., I arr

Example 5. Given the graphs of functions /(") and g(r) as the foilou,irig figures.

Find each limit(if exist). If the limit does not exist, explain.

l{x)

I
I

"4

5 t,
a

g(x)

?)
r, ,/

)

=e*l

Let c be a real number and ./(:r) a polvnomial function defined by

.f (.t) -- ct,rt''' a {Lrr-1.TrL ' + . . . * a1r } r-r.0,

rvhere (rg. (11 , . . , an, are t'ea1 riumbers. Tlieri

Ba,rnettf Ziegler/Bvieen College \Iathernatics 12e

x

'l qt

li*/(r) : f {").



Example 6. Find each limit.

1. lirn 10 ; i0
r-+*5

Example 7. Fincl each liurit.

z 
1yn(,' - 4r *s)= (4):4(4 )+

?

(") |gi/(r) d*t not edst
be*ose lSY",= 

t3+**lf"
(d) /(5) d@r nut e}ar+ .

3+
( z*+s if'r<51. f(.r\: { 

-
?.;;;*-tffi.:-i; v

ia; iirrr fr ,,=rtir-
x-a5

--2(r)+3 = l3

\u, ,.1* r-,,,--*t, (-X+Z)

---(51+lz = +

2. f (.r'):
{ ifr<0

--trz if o< r{2
8-r 1fr>2

xe(u) Lrlr.lr r:i=ftA Xg- r{-

Iim /(r)=fti Xa
=9l. rif

(e) _lim I(r)=&.

- 
X.fZ-

=Q

=O

=t
rrJ .,,,1,r_Ir,zliq- 8-X --6

-- ,.f?+

(") !s1f td = O *t\ /aI" do€> hDt O{r+(e) tg1/(,r)

(.1) ftol do01 rnot e)ti,l. ,n,El -,' =12)t--t

(b)
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Limits of Rational Functions

Let cbe a real number anci /(r) a rational function cieflned ty /(r) : :l']r1(r)'
u,'here n(r) and d(r) are polynomial functions.

i. tf d(r) I 0. then

]r1i/(r) 
:f(c):ffi H

i. (\ ninruH*trti o \
2. lt rt(c\:0 arrd rr(r') :0 {Y In"determinate Foryr ). u'o have to sim-

plify /(r) b). canceling out anlr conlmon factors of rt(r') and d(r) and

then find the }irrit.

The case when d(r):0 and '"(r) * 0 u,,ill be discussed in Section4.2.

Example 8. Find each limit.

1. h*5rt + 4* h(rt
r4z n -: e'dCr 1

dtzHoi l,n Ef*3. -_Ej!4rl-rz X-7} Z4
= -+t

!

.1 ,: ,'r - i (r h(xt
Z. IIIII 

-

;jzr_2 a_dft1
db--o, n(fl =o

.a 1. r 2r-r- x €r tCry
J' 

r"-'-'o t. r' - r - nLaCul
d(+)=% n(-t*)=o

.(,n, C*l.ra *.-L=ffi
=.&q (xr ?- )

--*itz = 4

= [e-tr* <t r'

.,tirr z(Xv+r 
=x-r-q A*F{f6 -? )

Example 9. Find each limit.
1!-

1. lim e' = 0'
r-+3

z 1'@-= t, 4. limln(6r) = .0tr l2

g-lt

.&"
,(+-t

-L
+

?
X-3

=Iq 5
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