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5.3.2 Properties of the Definite Integral

Theorem 5.3

(a) If a is in the domain of f , we define /

(b) If f is integrable on [a.b]. then we define

b a / T ‘QIIL
lr = — telde T
| [ f() s
Example 5.4

(a) fL (sinl — 2?)dx = O

U):) ( l—l r]z~—-S4 —x dx '-'-

Theorem 5.4 If f and g are integrable on [a.b] and if ¢ is a constant, then cf,

f =+ g. and fg are integrable on [a, b] and
(a) ‘/”(f (11-([7‘ )y
fbf ) + g(a (!1—[ fla (l'z+[ g(x)dr

(c) f”i) flx) — glx)dx = f flo)de — ff'y(m)(i,,z'

Example 5.5 Evaluate fo 3V1 — a?)dr

S(S—zFF)dx - Ssdx- yaﬂ:;*dx
B CRR e P

0

:S‘3(’}:) #




2017-1 CALCULUS 206111 Sec 006 Thursday 12 October 2017 Page 2

Theorem 5.5 If f is integrable on a closed interval containing the three points a. b,

and ¢, then

b e b
/f(.z')(l.r:/ Hzyhe4 | fla)yde
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Theorem 5.6

(a) If f is integrable on [a.b]

(b) If f and g are integrable

a1 @ for all z in

b
fleydr >0

7 Q

on [a,b] and\f(x) > g(x)

la.b], then

br all r in [(i. /)]. then




£00=X
an Taamla FO0) =f(x)

F(x)=§z+5 Ftx) = ¢ =fx)

£o0=s x
w FOO vl F ()= s X

F/tx) = cos x =)

F(x)=5in X+ C o C Pemwon
(orsiant )

““—'::"“\g5
=5 0= z
w1 FOO) e x) =x -
%
fLaFo) = .’_3(.. +C

~

% F(x) snvge ) \/\

7

/)



2017-1 CALCULUS 206111 Sec 006 . Thursday 12 October 2017 Page 4
W{\\ub
5.3.3 The Antiderivative Method for Finding Areas

DEFINITION A function @s called an antiderivative of a function f on a given open

interval if F'(.r) = f(x) for all x in the interval.

1 51 I o i S
For example, §1‘3. gx,’g + 1, g;r‘g — 3. §;1'3 — /2 are all antiderivatives of Fla = isinns
If f is a nonnegative continuous function on the interval [a, b], and if A(z) denotes the area under

the graph of f over the interval [a, ], where z is any point in the interval [a.b] (Figure 5.1.4), then
Al(z) = f(=) (5.2)

The following example confirms Formmula (5.2) in some cases where a formula for A(z) can be found
RO,

using elementary geometry.

YA Alx) ot Wb
Do 009 A
o xela,b]

Example 5.6 For each of the functions f, find the area A(x) between the graph of f and the interval

la,z], and find the derivative A’(x) of this area function.

Solution

PRI A7N4Y)
AR = (x-0)- 3
O A= 3K

O Lo (R 2760 < 4

(8) f{x)=3; a=0
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(b) f@x)=2+2; a=-2 Tl 52
Alx) = 1x G« 2x)
(x+2)
A (*) = %
Y
X)) =2 +% =x+L

Example 5.7 Use the antiderivative method to find the area under the graph of y = 22 over the

interval [—1,1].

Solution Y \!4532?

X VWt WAVl A va\n 2‘7 [‘l, x]
anpr € Pboa?

nsefleun ACX)=0 7

;s %
t‘ﬁw?b.n\cﬂuoa‘o: ﬁGSN“ 0=A (—-\) "'l) e C
.Acx)=>§“ 4 aoB At Rl 101 Asyw g:x‘ 3

A Ss X O =_J.+C

duunaiorms urluA VLS oS L-“ 154 )
Sz oY Wensarn ACH= (l)'5 58 e - C - .!
Sl % 2 3
TN Wik SR ASDIAL m@mm Riemann Syna

ﬁumw’\)uaa Kuao 3 1 uJ)KﬁL‘V‘a{u" h.h.
T S k(i ~§} b .+k)¢h)=§ 1 A) :§_+.3L W y=x*

FRBAN. Apmech wiver munifi s 922 3 Vo1 02 X
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5.4 The Indefinite Integral

Theorem 5.7 If F(x) is any antiderivative of f(&) on an open interval, then for
any constant C' the function F(a) + C is also an antiderivative on that interval.
Moreover, each antiderivative of f(r) on the interval can be expressed in the form

F(x)+ C by choosing the constant C' appropriately.

W T & audls £0x) Byieioonnn C dov

5.4.1 The Indefinite Integral
The process of finding antiderivatives is called antidifferentiation or integration. Thus, if

d

M (z)] = f(z) (5.3)

then integrating (or antidifferentiating) the function f(a) produces an antiderivative of the form

F(r)+ C. To emphasize this process, Equation (5.3) is recast using integral notation,
/f(,r)(/.l' = F(r)+C (5.4)

E}f FOO= {x%=1

fon-si X s R
o TR

wm (X _ dx en FOO ¥ F{:(K\l‘]

X—l

sl A e = e (0

; vl

wa FGOH F (&) = f(x)
_U{(x)dx F(x) *c:;




5.4.2 Integration Formulas

Differentiation Formula

Integration Formula

o
L () =0
2. %[km} 1
(B) k(@) = kf (@)
(D)L £ o@) = F@) £ 4@
d Y23 R o
5. E[’L Joa mgrt!

d , 4
6. %[lnlxu =

i i[e”] = eg”

die

8. i[a@] =a"Ina, a>0and a#1
dz

d
9. %{Sinx] = 608 &
10. —|cosz| = —si
= [cos x] sin

d
1L ?{tan z] = sec’ z

12. —|[cot ] = —cosec?x

- leot ]

13. —[secz| = secz tanz
dx

14. —[cosec x] = —cosec x cot =
dx

15. —[arcsin 2] :

5. —[arcsinz] = ———
dz' /1 — 22

16. —[arctanz] =
dx gy 1422

e i
1 %[husecmﬂ = tane

d
18. %Dnismxl] = cobz

i, fods =0

2. [kdz =kz+C

) ks (@)de = k] fa)d

@f [f(z) £ g(@)]dz = [ f(z)dz + [ g(z)dx

n+1

x
5 | 2%dxz =
5. J o B

+C, n# -1
1

6. [ =dz=Injej4- O
z

7. [efdz=e"+C
: a”®

8. [a*dxr=—+C, a>0anda#1

Ina

9. fcoszdr =sinz +C

10. [sinzdr = —cosz +C

11. [sec? zdx =tanz + C

12. [ cosec’zdz = —cotz + C

13. [secztanzdr =secz + C

14. [ cosec z cot xzdx = —cosecz + C
’:‘ ! e
15 | B inz +C An
. [ —=dz = arcsinz
V1—2?

18, f

!‘ﬁ [tanzdx = In|secz| + C

dx = arctanz + C
14 2 e

‘181 Jcotzdr =In|sinz|+ C

=

105

First Semester 2017
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Example 5.8

(a) [(2° —=Te+4)de = fx"dx -—f?xdx +f4dx
= l‘::'-+C-n)— 4(12,»0 )+(¢x +Cy )
= 3 +Ce
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X X
() f(” + 2%)dx = Q +-?——- + C #
® %
®

() [(4sinz +2cosx)dx = = 4‘C05 X + ZS”. X 2 C- #

32 . 2ovesin X —206gctan X + C #'

(f) f(m 1+‘g'2){
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5.5 Integration by Substitution

Theorem 5.8 Let u be a function of = and f be a function of u. Then

/[f(u)]du e /[f(i{(.)'))l[’(.l’)](l.i‘.

Example 5.9 Evaluate [(2x+ 1)! 00y
~

m-! » "Sm wsm'mwn)"méhj nd

jL———— S’( Lol | &
laot\ u(tl)n\u:n 1 Hokm ﬂdmumm)s’\umsouh 10s¢)

Wume gumd“ 7 differentiod

100 U= 2x+ "
o)
100 du =1 = 21
bk SZX‘\") & - w Su u Zm +C.

|Ol

-,g(om)""’dx =) s ¢ F=

o1

Example 5.10 Evaluate f 3
ax”



6’(\5% W=2x+| du =2dx = dx:%d“

/

. Y(fol)wodx = S\u‘w(_’ll)du = _Z',S'umdu

10
N
T 10! +C

lo|
_Y () 4 #
—'Z

10\

-
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