
0
@

ld#{r- [,ft;5
|"

q.vrffi't fru f=**1' 
-' r

x-ai ffi, I
fr" ,ffo=q g gcxl =-2

{ltfllau

:(aO
qcuatltr lrn

xa0
(zl x,'r

xqo

ft,a
X.l2-

X.x2i
rl0^ff^f =-

ftrl=L
ff,t

400+lJ-L,-r--.

{e}'g6D

tr!=0
x+l

qru
bu

II
-r-

2.

ltffir3*dgrx
r]=@{f,sr"Jffi-

? tkn-f+f$,ear
-- Lrf+{(-zr)
3B-l=? tt

(z) ltnff l =4
'lj.Iarl/afv
-:--+

X-rya

+ r +(4){z)= 3



4.2 Infinite Limits and Limits at Infinity

rnfinite Limits ffiona,If,fr
1

Let f (.:L'): - 
- . llote tiiat there rloes not exist a real numl;er I th:it the I'aluers of

.l -I
l(:i:) approach as ,r approziches 1. Tire graph of thc firnction ./ is

?.f =R- ttl

Horver.el. \1-e can explole the beharrior of /("r) fol r near, but rrot equal to. 1as the

lu]lon'irrg' {(on1 = *'. = - of 
;to 

l[o,qq) =*r-=- -]- = - too
\\v"' ,.qq-l o'ol

r no 0.99 0.999

f(") -t0 - loo - l0oo

In tiie above table, when u approaches 1 fi'om the lef}, the value .f(r)
without bound. \\'e u.rite

lim /(rJ :.:.*
fr..r- I = t.--{o r-r-
Ttt.\ \ " r.t-t o' (

r 1.1 1.01 1.0i)1

f(t\ ro loo Ioo
In the above table, rvhen , approaches 1 from the right. the ralue /(,r) LYkffi5*$
u,'ithout tround. \\fu wrlte

,lri..ftr) 
:.*.#...

Note that the symt-rol m and the symbol -cc are nsecl to describe tiie behavior of /(r)
tlrat increases and decreases without bound, respectivelv.

B arrctt f Zi egler/By-leen College trIathemntics 12e 8



Since l;oth cc and *cx-, arc NOT leal riumbers, both orie-sidcd linrlts clo not exist and

r;al1 thcsr: situatiorrs infinite lirrrits. Also, u,e sar. rhat

1

liirr dt,e: Ilr )l c-\ ist .r-1 ;1;. .*'l

t ='ho

;6ffa=rr
,[,^ f 6.,t

xrc['

!i,6.f/x)
F-J0\t

[ir{rnr
X-iR

!;*
-- -@

o*,lil

(;^f(xi

616,?*.{ir

Infinite Lirnit

1. If ./(:r) irrcleases u,ithout irciuncl as :tr ilpproaches o fionr. tho ieft

lim /(r) : oq

2. It J @) i.ncreasr:s vr,ithout

lvrite

bouncl as r approaches a from

we rvritc.

n
he right, w-e

lim /(r) : m
-r+o, I

3. \Ye s,rite li* /(") : cc if

rq /(r) : cc arid 
.J17* l{") : oo

ffam

a. $ f {r)d"ecreases w-ithout bound as r approaches o fffitn"

l,!
-T;-_,.I

t
i
I

e*

n froml

write

we

ieft. lr,e
I

,linr /(r) 
:-x

5. If f {x) decreases without bonnd as r approaches

write

6. We r,vrite lry /(r) :

lirrr /(-') - -x
,T-+OT

-cc if

right,
,

+
,
t

el
t
Ilim

r-+il-
j(;r') : -:c apci frrl /(.2) : -1c,

B arnelt, f Ziegler/Bvleerr College Nlathernatics 1 2e
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Example 10. Find c:rcli lirnit.

1

i. iitrr l: -UOr-+0- fi

2. 1ir, 1 :
:r -+0* tL

5. li* 2r : *@
r-+Z+ tr - 3

3. lim1 : doei. ryrtz-+.u,1: €Kft

+a,0 4.
2r

."i;', s--oo 6. !i* l; : des "o*i-r-t.-3 e1t\St.

il.BTPle 
11' Find each limit'

1. lim lnr : 
- OO

z -+0-f

*oo

4. hme*: Y*Ot
e-+O*

.'. .ftrr. Sx-6,r

5. hm e* : X'+f
t-+O-

.L

"' "Qi'- 
g*

x-ro

,* { +'oo

= too

, *r-oo
=0

2.

#&,

3. [m 5*:
z-+0-

-'. ,[i,t
{.|o-

I-lo-,*-)-oo
g'* =o

f(rt =d

6. bme* :
z-+0

tat'd
dutrot exi:t.

,ft^-e
x+o'

--L

="1 
\

.li^ e'

hmlo*: x-io+,{*+ga

B al nett f Zie gler i B -vleen Cl olie ge \,{ :rt hern :rt i c s 1
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Infinite Limits and Vertical Asymptotes

Ttie vertictrl liue .r: {L is zr r:elticrrl asr.nrpt<-rte fbr the grap}r of y: /(;ir) if

,1il1./(r) 
: +xl - cc or lirql(i:) : *cnl - x

Locating Vertical Asymptotes of R.ational Functions
r(.r)Il l(.r) : ;- is a ration:il firnction, r/(c) : 0 ancl n(,,) * 0" therr the line:" rL\t )

;tr -- (-: is a r.ertica,i asr.niptote itf the graph of .f.

Finding the limit of the rational function .f (t) :1(') *, r -+ (.:

l l.rJ

It cl(t:):0:rtrd n,(c:) 10. theri lirn/(r) docs not exist or lirrr/("r) : *cc/- cc.

Example 12. Firirl each limit.

-)1. lirn--:
/ .l \')r'.3 (,1' - ,J) -

2-kz
{r-$(r+2)
l- 4 -oo,I{

I4. 1im
x--+4-

X-r 4-X-+f , *3- -&)

(J:Jb+@
2. 11=--1-: Glr_+Ji\[ _ J)"

x-r3+riB++u'

Hit-) +P

x-rQ-. -L- -1 Ix+u 2-

; ,ri!(,-re+zl @.]
x{d';!4 +E
xtq+ ,'*A d *'
6. ri^ , 2 

, ,* .: do6 toteriri .i'++(r-g(r+z)

f(*l -

J ISI,L,: @

-7-
--|4(x-1' Df =R-11

X=3 rttr v€rtim0' atCo'te

Baruett f Ziegier/Byleen College \,Iathematics 1 2e 11
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flrl=

\.(-fH)

1+f(n =-r, -.xLt
lo') ,

= -QO

l(t++ rilre/-oo

}(o* ttq.,t.
{z2r-2 Y

*s,*fu
-- +E

U. t/-o.

L*t&,
7-@

uto li",
xiz-

Ulo {i',
xq-f fi-e)(xtz )

= *Oo

ts?l

5:t{

i-- -Z 1
rilu\. F','



oo +oo

a
I

Limits at rnrinit, ffiOdO[Uf
&

Let L be any real number.

1. It f {r) approaches .L as r

jgi /(") : L?

2. If f(t) approaches I as :r dccreases urit,hont bouncl. v",e u.I'ite

,!P- /(")
t>D? ?? - t -

we
r)
J. If /(r) incleases r,r,ithout bonnd as r

rn,r'ite

bound,

I

j1i /(") == oc'
*oo

a. Il f (:r) decreases withont

rvritc

i:ronnci as "r irrcreases withor-i bound, then r,ve

k?.
:i

linr J(:'l :--x. *cr ? **Fl
J..1 , 

**i
rt. If f (t:) increases n'ithout

rvlite

bourrd as :r decreasers u.ithorit bound, then we

+6t
,ItL /(') : oo'

6. If /(z) decreases rvithout bound as ;r: clecreases r,vithout bound. then r,rr:

u,rite

lim "f(r) : --.r-+-co 
_E J

Barnr-'tt, f Ziegler/Byleen Colir:ge N{athernatics 1 2e 12
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Let k be anv real number except 0 and n tr positlve real number.

1. lim k:k: lirn k
,r-+-oo if-+oc

2. iir,, I:o: rir, !
x:-+.Ji :l:rt r + rx fh

(
tx ilA'>U.

:J. linr k.r" -- {.i){ I

[->c it'tr <0.

{* ifA>0.nisei'eu.
I

4. *Itlkr' : { 
-- if A' > o' rr is odd'

| -- if A' < 0. n cveri.
I
I

Ix if'/,'<().nutltl.

Example 13. Find eac'h lirlit.

+
3

1 ,1r1+ 
:

2' ,.I'l- 3 :
1:1. Iinr

;i] }-r ,Jl l

1tI ,).1. lili ,*:
.rr-),trc :1:' X

j13z'u : * 0o

*\*r-!*u : -oQ
ri-. z-6- *OO
11ral I L

r-+co

iim -7r': -0O

--@ + oc

;g(-zru *2rb) = h

5,

il.

7.

8.

D

:0

Example 14. F ind limits of the foliowiirg functions.
'$rr..

U

,J.

4.

1.

2.

iinr ('l.r'; + i-r)
,l'- !

.f1i (225 - s)

= *oo

=--.@

*'f* -?)
3-OD.r4 (716 +Zrl= +G

1

Limits of Polynomial Functions at Infinity

Il JQ):(,Ln:[tt +atL y1-]t-7 +... + qrt+oo. cLrf 0" n, ] 1. tlierr

,,i5r.1/{., 
) : ,1ittt,t,,-r-" 

attd 
,_}ini /(r) : ,,{1, .l,,,,ir".
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