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4.2 Infinite Limits and Limits at Infinity
N, -
Infinite Limits @"\WUM

:
Let flz) = e Note that there does not exist a real number L that the values of
:Z;' —

f(z) approach as x approaches 1. The graph of the function f is

‘ﬁ'.t.,l

g V‘F"IR-—{Q

LR

bd 1

.
e g e e e e
g’

However, we can explore the behavior of f(z) for x near, but not equal to, 1 as the

following. = = =10 =l . fo
\‘C(O‘q) 04 -1 0.1 \C(ORQ\=OT&W' 0.0!

T 0.9 0.99 0.999

f@ | —\0 -|0o — 1000

without bound. We write

I e L O

z—1-

3 ‘ :-—L:
{(\.\\:F-T e

Z 1.1 1.01 1.001

i@ |  \0 100 Lo

In the above table, when z approaches 1 from the right, the value f(z) \“LWS

without bound. We write

T = X 00

z—1+

Note that the symbol oo and the symbol —oo are used to describe the behavior of f(x)

that increases and decreases without bound, respectively.
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Since both oo and —oo are NOT real numbers, both one-sided limits do not exist and

call these situations infinite limits. Also, we say that

lim does not exist.
r—=1 7 —

Infinite Limit

1. If f(z) increases without bound as z approaches a from the left, we write

lim f(z) = oo

r—a R

write

it flz) =00
z—at

3. We write lim f(z) = oo if
Tr—a

lim Flz) —ocoand hwm §(2) =00
z—a~ z—at 2
W

- :
4. If f(z) decreases without bound as z approaches a from the left, we write |- ﬁ mfm =

lim f(z) =—o0
T—a

5. If f(x) decreases without bound as z approaches a from right, we

write ‘ ‘i

li = — 7~
lim_ f(z) = —oc i %/
6. We write lim f(z) = —co if i
z—a [ )
|
lim f(z) = —oo0 and lim f(z) = —c0 '
T—ra~ z—at ‘
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Example 10. Find each limit.

| }':IE_.\;
= 5+ e
35 = y
=) £u e B :
e L X e e
ol gD 3. tim? — 008 ot i e
=0~ T =0T QX\gt T3+ — 3
) 2z oo & R
. = = = - = — QOBS he
2. lim = 400 e P o Tt
ample 11. Find each limit.
A\t ke ,
1. xli%l Ihzr= - Q0 4. xliréie Y 0 ) ¥ -3 “‘OO
,Qm € = ‘oo
X..b“'
+
2. 11%10%: e ,’,,&‘—‘-\-00 5. limes= X =30 , -)'E_)-oo
L =0~
‘00 5
,Qim_e, 0
X=-30
, - | . :
3. lim 53 = X-"o ) ':5';(4 =00 6. lime= = does met exist. 3
‘ X

)

}Zn = .0 IW/M‘ ’Xke
F(x\=€" o *e 5 |
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Infinite Limits and Vertical Asymptotes

The vertical line = a is a vertical asymptote for the graph of y = f(x) if

lim f(z) =400/ — o0 or lim f(z) = 400/ — 00

z—a~ z—a™t

Locating Vertical Asymptotes of Rational Functions

I fHz) = Zég is a rational function, d(c) = 0 and n(c) # 0, then the line

r = c is a vertical asymptote of the graph of f.

Finding the limit of the rational function f(z) = me) as z —c¢

d(x)

If d(c) = 0 and n(c) # 0, then lim f(z) does not exist or lim f(z) = 400/ — .

TG

Example 12. Find each limit.

2 BB - ()
Y e G e

X3 , 5= =% i, = a0
(;}:—\Q’—Hw x4 b 2 %
2 Jim g = €2 S T —24;(§+(;; ~E=)
xaft wo A e xaut, 25 2 v
IS g x-aq“,;‘;‘—’é‘

6 tm_ 2—%  _ does netexist

S

b=k~ {-'z,q?(
= X =-2% W vertiet a&wb‘e.

Rim TX_= =00 ) fim o~
| %<2 Ce-u)2) X2

Aim 21X = 4+ 0o |dees ot
»x-2Y (r-UNxA2) enist,
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2
wio fim X +%_ i Oo/-oo
2" ()(X+2)

= —00

<
30 Ri.\ Rty pl(G"/ —0o
xa- K-2)(x+)

-~ tCo




|

¥
- S -
-
Limits at Infinity mnpn oﬁu“ C)
L=

Let L be any real number.

1. If f(x) approaches L as x increases without bound, then we write

limf(x):L‘.‘“ TEan

2. If f(z) approaches L as z decreases without bound, then we write

write
5. If f(z) increases without bound as x decreases without bound, then we
write MT ‘
im f%) =10, 2
L—%—=00 |
:

6. If f(z) decreases without bound as z decreases without bound, then we

write
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Let k£ be any real number except 0 and n a positive real number.

1. lm k=Fk= lim k

T——00 00
2. lim —=0= lim —
z—sc0 TN T—y—00 LT

00 if k> 0,
3. hm ka™ —

T—>00

—o0 if k<0,
o0 if £ > 0,n is even,

—oo if k> 0,n is odd,
4 hin kg —
T —oo if k< 0,n even,

o0 if k<8 5 odd

Example 13. Find each limit.

T—00 I—0o0

1

2. lim 3= 3 6. lim 22° = =—0QO

T——00

i 3
3. lim — = @ 7 lim — 776 = —0C
T—00 T T—00
T 0 8 lim —7s8= — 00
T—>00 112 T T——00

Limits of Polynomial Functions at Infinity

I f(z) = and™ + Gp 12" 1+ ... + a1z + ay, G 70, n>1, then

Iim f(z) = limag,2” and lm flz)= Bm a,2"

”jo‘um‘u

Example 14. Find limits of the following functions. w e Aoz ‘&'” »
—00 + o }V
: : : b 9, 2
1. lim(22°+5) = ","QG 3. lim (—72% 4 225) = ,QaM O '\'z—‘)
T—00 T—00 X0
;r—il—noo< z° —5) Qo 4. 3}1_)11;10(7x + 22°] = W oo
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