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6"2 Volurnes by slicing; Disks ancl \&'ashers
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T1r,l,'.'is rr situiiill'r'i'sr1lt firl tloss st.('ljr)r]-c 1-)(,rjl{,,llrii('lrlillr to tJrt i7-irxis.

Theurr-.r:t {i.rn (Volume fbrmula) Lt'i 5 }ir: a sriliri hounlk,r1 lrr' lt'o piri'iiikrl 1thul's

1-rel1.rr.ur1irulil'to tirc,rT-rrxis;it 17: r,';.itirl !,! : tit. If. lh'*,'ix.]r r7 in it... dl. tlio r.ltoss-

sr.'t'liottal:ltex ilf ,! irr:r:1.retrc1ir.'nlll tu thr,,r7-irxis 1s r-li.i;). liren thl r.r.rirrmt,of flrr: solirl

is

,, : 
.l ,,'" 

1{ u}rru . (6 1)

sorid of revorution dflrri-$lf6$Ct fnfl,r1LfOt/ ltotl

Eahtan axlJ I ltnuut't..

@Fffi
? r rlSrn dfrr@rrD]fi4 r{rf^ r' n

Y=rI' mruYuuu\ou x

-l 
Url.o'orflJft/:T'

x dsTtil$;#.l,x)nil/udic6
LT wjl=ffili^

y=ry tlou
trtvtf )
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to the J(-axis

Page 3

Problerrr: l-rt f lrt t'otilittituus ir1Ir1 illrtnrlgirtir-t,t.rIr iir. irl ^ riuii lt,t fr ire lhc Ir,-gii,rL

lhtrt is l;ortnrierl illrult'lrt'rt: /i.r'). lrrkiri-lrv t1rt,,.i'-ir-tis. r'rrrl ou the sirles lrv tirr,,

linr,'s .i' ,= ri rl11rl t : lt. Fiitri ihi' t'ohrrue of tlti.' sii1it1 ol levohitirin llrrrl i: es,111,,1',11i,11

lrr- it,r'olr'iirg tlic lr,3iotr 1i iilrotrt tlu, I-;r.ti:.

rr((x[1]'a4-')
K=l

FlI iliis l)r1t l)( )\i,,. t]tirr litl t l r,>: :r.'r'tiot..t r.ri t. irr, suljr L

l,,,tltt ./ i- :, , it, rll;rl rlisk,ri t;rrLjrts f1,r'). Titr,,:rlt,ri of tlri:

-'L(.r') : z,[/(.r)12._--

v : [" t1l-r)]24E (r;.5)

Becanse the cross sectioirs nre disk ,n*o";. ,r$n#*,io* of this formula is r:allecl the method,

of di,sks.

( disk lhethd L
Q1u1u,luufiu ' /

\\"r, r:air si.lh'+: lhi: irroi;lerl lrr slil'irig.

tiilieu pet'iretLtlil'ttlirt' tt,, tlx:,\-ii.tis ;rt t1rt,

rrg,iotr is

Thrt.. ir'(.)l..r.l 1,, :l llit,r'olnurt,i.ii lltl solirl i:

ldr({0<t

#I,.ff r,,,
trf\m,luf .
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over the intervnl [1, 3] is revolved about the p-axis.

h(x) =r ( gxt-
3

V= frr b^fdx
t3

=qT f *" d^

I

--qot{r:
=QIr [?_+l
=;nL*l=?srr

!q-r^f.1n,fd. rjfmorswahru oaa.r fiff.M r
U'rJ,f,s.n V-'1Or'

#!

V= tnru

fkl=W*rbulrotr x

\.hu."t"*rf"*.

ftr ffnr*trcn( rounrTfi nI
(tno -Ydt r ;uil L r;tl)
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\bltnrre bv lVashers l)erl)errrlir:ular to tire -\'-axis

Plr-ibletn: Lt'r / rrrrl r; lrt'l'orrljtutoils:rr)(1 1t(iiul(:,girlj\-e,ll frr./rl .:ritr1 >rtplrrise lliirt

.l(.i ) > q(.i') iirf ir11 .r'ltt tlu., jirtrt't'rr1 irr.1.,i. Lef f irr,,tlrt,rt,,,qir-irr that is lrliruiileii nlrrir-r,

irr- t7 f(.r'). irt'Lru- lrt't7 - g(..r'). irtrrl ott fiit'sir1t,,s lrr th.r,iirie:.r':1r i.lu{l .1'-- lt.

R irliuttl t1tt, -\'-rrrls.

l(.r) : "[/txl]' - a-[s(x)]'?

"f(x)
s(r)

\lie can soh'e this probleur bv siicing. For this pnq)ose. observe that the closs section of the solit{

taken perpendiculi-r,r to the X-tlxis tlt the point r: is the annultlr or "x'ashel'-siraped". region with inner

raditrs g(r) and outer rnriins f (::). The area of this region is

.1{.,')-; f (.r ),i ;irll.r ),r -; (ili.,'),' fli ,i.')

TLrts. l't'irtrt i' .i) fhi't-olt1lrLt.,r.ri firr,'olir1 i-

li'
t - | .l Lt'-: .tt,'_- },/., ,i,ti,

Page 5
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Exaruple 6.7 Find the voltrnle of the solir,l thirt is obtniued wiren tlle region hetu.eeu tire graphs oi

ttrre equrrtirxls i/ : f:r' rrnci ,U : tr over the intenai [0.200] is revoh'eri *hout the {-rrxis.

dx
uo

\r=,fry]i. ffJ'3
0-

=rftx- #7d^
o

=F[:*I-

{(qooo)

y"

3{

b? t" $'r*. 1rr

h.4 T Fu'
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Volurne by Disks and \Mashers pe:

y 6rHTfrlii,T"ff:;". T,fftffii"dsi ftun0.ft y,
{^

Ulsks Washers

I

1 - | -,i .1t-tl , l;*/,-,.

- -t' t -111,1 ,tt'tllli,l\

(0./,}

L

\ / -t,i ,'
I

(6.8)

= ;r [lt'{.r')
r rl.l tlrrr.r )j -.rl't.r')

"T : lr'(.1')

-lt'
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Fir,i t]rr'\'irltttrl nf'tlr, -rli,l ,i,'tr('tilli'ri .,t'iir.tL Ijir '1i,,:,jiitr i,tjr'1,:r,,1 lr\'.:'-

illl{ll/:.-} i: t.t'1r't'rl :r}r,ilt l1rt.} -iiris.
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Fitr,irlrt'i'llr1t1)r'r,j'tirr.':rilirllllrr'l rrIi'rLttiilr; riLt,:r,ilurit,trr'lr.r'i,, 't l,r , l.', \ , l

ll il iilt(l //: I i. lr'tl]ir'r1 rtlrutlf iltr')'-irri:.

a W lf hragher- h^efttod

y=. rhrf-t"?Y
ol

= r f[-gt*iq]-tldt
01

-* rI f ,O 
**+9'* t)d3

=t[g't+9'*:Y]J

= rL+ +t-{ #
,tt h otr X

@ n@fudfl du''Jo

:,{n, r:,
,..x=g+2
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It is possible to use the rnethod of ciisks nrd the method of tashers to fiiid the voliune of a solitl

of revolutioir r,vhose axis of rer.oitition is a line other thirn one of the coordinate nxes. Iusteird of

tleyeloping .'l tle\( foruulla for each situatioir. u'e s'ill alrpeal to Formulil,s (6.:3) and (6.-1) ancl integrate

an apllropria,te cross-sectionirl area to find tire r.oiurne"

Exaurple 6.10 Find the r.olurne of the solid tirat is ohtailed when the region betrreen the culr,'e

lJ: t:* 1 i:lnrl ]l:0 ol'er the interval [0.2] is rotilte(l al:onl tlie line U: *1.

*V:i;l* t&r*rrnrr

9Ef=o er'$..^od

il, tl,** tr=o atuJ

A(xr;T((x+z) io,')
V = Info+")a4] dx

0
L

=Tf(xfui++)-l)dx
Os

= !| f{x"* 
4x+3)dx

=rH- + +?x1:

,[ry]*,J =-_ rr[S rI


