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Limits of Rational Functions at Infinity

i flw)= i) is a rational function defined by

(2) = Bp®™ + G2 L ... @iz Gy,

d(Z) = bpx™ + b1 2™t + ...+ bz + by,

where a,, b,, # 0, then

T s

T . QX . Lo B
lim f(z) = lim —/— and lim f(z) = lim —
T—00 T—00 bmgjm T——00 T——00 bmg;'m

Example 15. Find limits of the following rational functions.

i 472 — ¢ Bp®— 202 11
1. lim ‘ : ot ieu - e e el
0067 — 8 e e

(G:\Ll nspne &)

Limits of Rational Functions at Infinity and Horizontal Asymptotes

of Rational Functions

n(z)

From the rational function f(z) = @)
=

above, where n is the degree of n(x)
and m is the degree of d(x),
1. If m > n, then }Elalof(r) — IEIPOO]‘(I) = (), and the line y = 0 (the z
axis) is a horizon;cal asymptote of f(x).

a : =
2 and the ine y — - = s &

m m

2. Bm=mn, then lim f{x) = hm flz) =
T—rCQO T——00
horizontal asymptote of f(x).
3. If m < n, then each limit will be co or —oo, depending on m, n, a,, and

b, and f(z) does not have a horizontal asymptote.
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Example 16. Find each limi.
1 hm log3x = 400

£ Ny
‘ ({1 P) X‘ﬁﬁ'

< X
W, hm In(7z) K. \/ =0

==%.3 Continui

anaioldo)

| }hme = QIM (e 2) —,QM (-L) 5. hH(l)g%ﬁm“_ ﬁm (g—_)sx
Jre"e0

p
b
=
[N

e
8
i

Om 9'-(")’1(\ =tw

ey .
= bl
A~

& Tl i) re?

F0-I(x) = Kal=h (w)

Continuity

properties.

1. f(a) exists

discontinuous at r = a.

A function f is continuous at the point z = a if f satisfies the following 3

2. lim}f(:z:) exists 3. lim f(z) = fla)

If one or more of the three conditions above fails, then the function f is

T—ra

fix
A
& i
A4——af
vaesn
;‘F_
S |
/ |
o ol VS b
1 | LI, | 1 () 1] ¥ 1] ] T - \
3 r D e — s
:/‘. i i
;z‘{ -
N

(A) lim flv)= 4
fi2)y=4

2(2) is not defined

(B) lim g(x) = 4 (C)y lim A(x) does not exist

x0
A0y is not defined
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Example 17. Given the graph of a function f(z) as the following figure, at which

) continuous?

F( 3) &

point is f(z) discontinuous? Explain why?

VA

o |,

/ L B ey &
x->%
. Jim €€

C)E-:l} fnf) & éac %3 1(65)

x =1 .‘.% Xon x=G
HOR™N
* Flvadenx=1
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Example 18. Let f(z) be a function. Determine if f(z) is continuous at the given

point. K 'D - k = {Z'l(

1. fle) = at =2

‘F(‘L) By - 5 Yoot X = 2

; 1
2 Jleiemg gt =0
1 itz =i

) ‘F(D) =1

(.Z) XQ:S {(X‘ — Q'\M 'F{‘() = }I g’m () = = 400 WJ\‘W\ )
R‘M {(ﬂ) =) 29 '(: 1&040“(/"\ x =0

e )V-)O

at —w—

) -, x70 ()= - : a'}w*
)= ,x<o @ fin =0 —

("))Qinq)(\"l’f(ﬂ)t ‘ %
=] {CMH‘X"“ {”324 if 2

Example 19. Find the value of k£ so that the function f(z)=4¢ % 2

fol S ey kK
(2 R\m -4 jl..._((&'z-)(xm ,Qm(xw_) lf’

-TL ¥'7~ )"'?'L M

) ) = Ri_;n =

18

k Wr—=2

Y1
Wovamh (1) =) USo\k Yy
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