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Limits of Rational Rrnctions at Infinity
.^ / .-\

if f (r) : ':y is a rationai function clefined bv' d(,)

n(r') : a,n:r:n * t.t,,r, 1r7L-1 + . . . + a1,r: { r1g,

d(*) : ttrrx:* | bvvv-1r,'-' + . . . * btr * bo,

rvherre a,,b* f 0, then

t' t r' l!'' l'lt tl"'J"lirri/(.rt iiur-alrtl iirrr l(r\: lirrr
J'- *' ' .r.- t |t,,,,r"' ./' . .'" .t . x ll,,,.l''t'

Exampie 15. Find limits of the foiloiving ration:il ftrnctions.

)- | X!)./ T,,f.iim -

, +oo6r - 8

J.r I .t' 5r3 2:r:2 + 1l. lirrr 3. lirir,.+-:{ 2t:t1 - 5 ,,-+-- 3r -l- 5

(eq.{ nr:sr V}

Limits of Rational Functions at Inflrrity and Horizontal Asymptotes

of Rational Functions

Florn the ratronal tuntti,rrr /(.i', : '+"] above, u,hele n is thc clcgree of n(r)
r/1'r')

zind nz is tlic rlegree of r1(.r).

1. If rri, ) n. then 
,,lgrg.f t.,,1 : ,Irl_./ir) : 0, and thc linc lJ : 0 (tlie r

i-rxis) is a liorizontal :rsvurirtote cif /(::).
2. If rrt,: rr, then,151l(r) : .Irl,-..f{ ,, - *,. arll the liuc v: fr i, n

holizorrtal asyrriptote of ./(.r:).

3. If rn ( rr. then each limit r,i11 be lc or -rc,. depencling o11 771.n.n,,. arrd

b,,,. ancl f (r) docs rrot har.e a horizontal ast.mptoto.
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Example 16. Finrl each limii.

1_:- lirn 1og, r a +@

rim r"(7;) H.I; \--0

ft" h(+xt: tu

r.\t jinr ir'rt I

rr lr l

Isx ,

f'trx

,1T' '" = Q

z-" {f)^=,tI*
Y=e*

^{ -<*'

= .6loq.x =-so
I xro+ - .-,' ,l^I*"-,,=MV1 e,e{Yf"';n -;

=.'^..$^ 
f* =e:. X-afP

g- b{'= *oo

ffi-;fr=*..
iirrr liri !, , ,- = f1nU+ltg?

f(r)=&(x) =r flq)*{,, (q 
1

Continuity

A fnrtctiort / is continuous at tire point r : cL if f sirtisfies tire following 3

plopelties.

t. l{") exists 2. lim/(z) exists 3 
},:ll f 1.t\ -.f (tL)

If one or lnore of tlie thlee clrnclitions :rbove faiis, then the {unction / ls

discontinuous al J:: rr..

r lJ i lrt',t :lt r r i

li I t i' tti,l .l.l rlrt',-i

,t iir r..,. ,1...:1,'r .r,'r
i,r I ) I t- i')r,l rl,'i lt.i.'.1
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Example 17. Gir"eri the gnrph of a furrctiorr f t") as the follornring figure, aL which

poiut is /(r) discontinr-rous? Explain why? jr /(r) continuous?

) frr) $
.0"{fr} ilJtr
I\ll

...f l"Uart ]t' x!r 3

t(s; lr
fruY

i.ft^Sht * fi:l
:[x,dalrz5n*trrt {

{'il
t(r) bl$

j.f 1J.loilo,i x=I

xet
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Jg*EfftI* frt = f(a;

Example 18. Let f (r) be a function. Determine if /(r) is continuous at the given

point.

. :x2_:r_, {}g; R-tal
1. Ilr): at r:2

dr) LtJ'h "'t tJ'i'do'il x = 2'

ok

f i irrto
2. f (r\ -- I '1:" at r :0J \*/ \

Ir irr:o
[l {[o) : I

til &". {xr + .ft* f/rr =+oa? n.xqo i*- ) rln

**f"'=to, l"o2 f{.\-r, aL 1: Iu. J\.ut- 
_

l(xt : roo S$hili "
-'.f ls{oilal x =o

(z) -ti" x14 
= h {,r*X{*rl =

tl) ftz)=8g *XIZ *-L
llrore,nrh tt ) =8) trto

<#f -r

;f{rym.

F, - [t ) r-,,o tt lf(-l)=-l{rl=t-t ', x<o @rh,f"}:-l
tll ft. ffx1= -r=fl-t)

r-'r-l 
-'. t cortl S, rr=

Example 19. I'ind the value of k so that the function .f(

f "*S'(r) f(z) =k
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