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7.5 Integrating rational functions by partial fractions

Recall that a rational function is a function that can be written as a quotient of two polynomi-

: Plz ] - >
als. Assume that f(r) = QE ; is a rational function, where P(r) and Q(x) are polynomials, If
T

deg P(x) < deg Q(x), then f(x) is said ‘m. If deg P(r) > deg Q(x). then f(x) is said to be

improper .

: : , : ; . ; - T
We now find the form of partial fraction decomposition of a proper rational function f(x) = Wi

x
Elementary algebra tells us that Q(x) has only two types of irreducible factors which are of degree
1 or degree 2. Therefore, the partial fraction decomposition of f(x) can be determined by using the

following rules. Linear factor and Quadratic factor rules.

Linear factor rule: For each factor of the form (ax + b)", the partial fraction decomposition contains

the following sum of m partial fractions:
fll :12 44111
: = e O e
ar+b  (az+ b) (ax + b)

Cset QO =(x-0) (-8 = - (X-n) ;5 ai#a; , ¥

,Y_Q:). = @ ‘l’v@'\'@{,... RA L

A NG MY
wn AL b A

4 N
se & QK= (x-q)C x-a,) . .. - (x-a,) T uh =09 Q, nhey

where Ay (7=1.2..., m) are constants.

po A B

= (xa)? -0 - (x-a’
F(") :m Aa L As 1-\—.’.‘.".9.
7o) 1] lx-2) &2 x2P

Ay Pl gh A A
w2 (-0 W o) ()

3
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o
o & e

|

(ase U5 aoum &3 Ters hu_
X An 4 e, by
= (x ’ﬁx +x+2f ) -‘L /() (<3t

46‘54 . A3x+34_\

Koex+2  (Kexa2)t )
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Example 7.14 Emhmte/ = =

4 r—2

dx o3 1 = A B
g (x+D (%) WZ Xt h=2. X+2 x—\

0 P()‘):: A E 5 "OQ)
m) w, (X+1) (x4

ﬁu 6 Aoty (X4 (1)
L = Al-1) +B&R+2)
W‘L = Ax-A+Bx+ 2B
Ox+ @ = (A4B) x +(-A+28B)
Wi @), A+B=0 -
“Aas =4 2)

030 2B = %-75"3

aame BISPTR ROl

=5+ 6ol

Aff i

= -1 fnlxsal +l£nlx Mse o

s (\Q .
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Integrating improper rational functions

SID%I T P R

Example 7.19 Evaluate / (.
24w —2
The integrand can be expressed as
RO x)
321 4+ 323 — b2+ 2 - 1 a .
‘ =B+ + —
2 Lp =2 (‘ )T;I)—f—.i‘-—?.

and hence

2t 4+ 32 Bt Lz -1 5 1 : (T T
L T f e e g a gR
; : J 2t 3 T+

242 —2
Clie R
Kex=2 | 5¢ +3x 3 —Cx +%X |
% T
+))( 29X’ 36K
Xi+X—l
X tX=2
+1

m

R0 = AAN3 ¥ RS + 1D
y 5 > 5
Z st (73X +n(x+x—l) + .1
X 3R -SX K-

"r ;P-fxﬂ-»!- 3+ — '
E J(}‘ix—‘L @X (K X~ \)&%
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Example 7.15 Evaluate / — :

dz.
. (~?‘+1)(,1'—‘2‘2

TR
, (-
@‘kg (,‘%} @‘?{U a
: 73 s on ke Alx-2) + A (X+N(x-2) + Ay (x+1)

ox -MH < A,(xq‘.lfxwwptl(xl_x-z} + Ay (%))

L R N
DEDHE - (AP +(4+A,—Ag:§2)§“+CLLA‘+A3+2&)

A A =2 0
yh Axhy <=3 O
47, - Lt © it 0

v

= A
=4 = =4
3 ¥ =1 D%,
k S B0
- x+w o 1 _z_
Bl 3"2’ §x+(+x-7_ e

oo Ny
1= t i = S (Rj:\* x= (&-ﬂ‘) ;
5 rﬁzr_&l:;)_zw 9\4(4:.)("2
— Qnlcet [+l x-2| 4=

AA =R
- * +
=2(drdu =2 +e
Sl - = 1.~ -2 _+cC
fa{xt0) -2) = e
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Quadratic factor rule : For cach factor of the form (ax® + br + ¢)" with b? — dac < 0,

the partial fraction decomposition contains the following sum of m partial fractions:

Az 4 By , Asw + Do ‘ Az + By, ; S
= i - 5+ ..k = —=, where 4;. B; (i=1,2...., 1) are constants.
ar? +br+ ¢ (ax? + br + ¢)” (ax= + br + ¢) :

322 42 —2
Example 7.16 Evaluate / , : . },, — d.
] @-DE2+1)

L g Y

O x% 1) (k=) X% |

acax-2 = AN+ (Bxsc) (x-1)
axX+x-2 = ACHA+BX Bx+x-C
;x”+3<;7_ = (A=+B) xt+ (-B+Ox + (4 <)

by

Ath = 3 -0
pic=1 ©
A -C':-Z"@
2A=2 <A= 1
,'_CT—B,&:Q‘

= ’5X1+x-2 = Dol e ?nl‘.%_:?-
-0 &+ A=l r

s X +3 e
ysxwz ”"‘S('il??*(zx+n ))o\x__,sw

ANLHD)
@ faoo TEATZ]
\A‘-i Xl-:i 7%_' dnC" MX) G

d?;_;i = g_&du ) =fn It | 2 I‘{z*'.\ .
x| ‘l'\\“\* , Ldochmr 2 #
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Example 7.17 Evaluate /

i ag) Y+ &

r—+4
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Example 7.18 Evaluate / = 5 di.
v | 7 i

3 =0 A= ’3-_:0 )
W X=4¢x _ AX+B CX+D (C=-5)0=0
1)E K= Y &R
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Example 7.17 Evaluate / T

2@
\ o415
WO RS X T T XEG
X+ = Ax (Cpa) 4 B (X +U) + (Cx+D ) »
Kotd 2y 4h
pRYL AU,

o 1
U= x +k
>tk dx oly=2xdx%K
- X4 4 4
o ' Ji2R % & 4.
- Sx;k(:ttw) b= T 2) X5 i
=1 J—dU+§iS dx
- Loy
4 . =l B \ul+L+ rcm( jte
= . - [ .
JJ{LRM\X‘ L(_( ’QMIX.H‘”“—ZQKSH ()> }L.zowl\(-wr\ ’V'LO\VC“VV\'\(K\'{'C
=L~ L~ %[ - Loveton (X )4 ¢ .

—dx
Example 7.18 Evaluate / —_—
(z?

—I—l)
N x2—4x _ Ax+B CX-fD
(X%N* K+ | (;\ e
. »(‘Esu)( = (Ax—fB)(xH) + Cx+D
NS = A Axa BAy Cx+D
1RO, AV, o
i ) B :O
A + C =4 =) C=-
D =0
2
‘ o = \(~% “57\ ——d "[101
SW B S(W ><+|) L 5 -
7 X o J = — aR
N [T J,zﬂﬂi 2
e
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