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5"10 Marginal Analysis

Let C(r) be the total cost of producing i, items. \&i: cali C'(r) the marginal cost

fnncrtion. C'(r) represents the instantaneous rate of change of tota.l cost with respect

to the nurnber of items produced. Similar statements can be rt'ade for total revenue

functions and total profit functions.

If r is the number of units of a product plocluced in some tirne interr,al, then

total cos1, : C(r)

marginal cost : C'(r)

total revenue : E(r)

marginal revenue : R'(x)

totai proflt : P(r) : E(r) - C(*)

marginal profit : P'(r) : R'(z) * C'{i}

Rernark: C(r) represents the total cost of producirrg r itenrs, not the cost of producirrg

a single itern. To firrcl the cost of prociucing a sirrgle item, u'e use tire ciiffererrce of tncr

successir.e values of C(r) :

Totai cost of proclucing r * 1 iterns : C(r + i)

Total cost of prodr-icing r iterns : C'(r)

Extrct cost of producirig the (r + 1)"r itenr : Ctr + 1) - C(r)

Example 5.10.1. A compauv nranufactules fuel tzrnks for ca,rs. The total rveekly r:ost

(irr dollars) of producing r tanks is given frv Cl(r) - 10,00U + 90r * 0.05.12.

I (?l)
1. Find the marginal cost function.

Ct^) =Qo -o.tx
2. Firrci the rriarginal cost at, a prorluction level of 500 tanks per u'eek and irrterpret

the lesults.

T1 ctsoo) =qo- o.t(Eoo)
-_ctg_ Eo = 

qO

fuirnst iot 5oo ;r&ru-'r
fr ury.nrHi m laileri ilo'x ilnrr r{o dolhrlhrh



l lltCGor)-Cloo)Ccrlolo'wo+t0x{'osxz
3. Find the exact cost of producins the 501st it**. 6 6r') =QO -O.lX
C(sor)@r&r)' : 4q,6q,qr f
g65oo) =F,ootQo(:o) 

*ios(nof: +'z;* f
C [Sol) - c(5001 ? t Q.?f -v2,FO- iq 9t *

&o)ng
cr($E 6rt - c(x)

-'. c'(so&r+o {
ark: lrtcrements and dilTerentiais #iliIreip us undelstand the rc.iationship betu-cen

ma.rginal cost and the cost of a single iLern. If C(r) is anv total cost frurr:tiorr, theri

c'{r) C{r+Ar)-C(r)

C'(r) ;3 C(r + t) - C(r). (Ar: 1)

It can lre seen th:rt the marginal cr-ist C/{z:) ri,pproximates C(r + 1) - C(r) , t}re exa,ct

cosi ol Jrlorluring tlre ("r + 1)" itern.

Marginal cost and exact cost

If C(r) is the total cost of producing r items, then the marginal cost function

approximates the exact cost of producing the (r + 1)'t iterns:

C'{r);: C(r + 1) * C(r:)

Similar statements can he nrade lbl tcital r'evenue f!.rnctions anci total prr-rfit

furrctions.

c''4
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l Example 5.L8.2. The total cost and the total re!-enue (in Tha,i Balrt) of making and

sr:iling r cups of iced coffee in 1 <ia-v are given bU 9:1.000 -t- 6:r: - frr' ur,,t

R(r) :-10.r-{. 0(r<45r). Cgif.

6p"' 1. Find the marginal cost function

cr(rl= 6- hf
2. Find the profit function and the rnarginal profit function.

?(xl --P.(r) -cCx)

=ffiil - [?uo:r"-,**')
= -[ooO+?4X -#

Trrrl = 1Q -$x
3. Find the rrer,rginal profit at, tr :200. Then explain these quantities.

-,,.r-

?r(zoo) =ltt- ftt'oo)
=1Q- "rG =-l

t$aisutriltfud Z0o tlo) trritdr SrJrmar&q,&t n g1.rndff1

4. Approxirnate the profit of selling the 101.-t cup of iced coffee.

?(ror) -r(uo@,(m)

=7*_t+a1r
501

=!q-l! =16

rnrrr,hilu l\"ri tol i',Js tJfenng lg mh
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5.11 Indeterminate Forms

L'Hopital s Rule nlwrlp'dfi1fl .
'cI

Let f and g be elifftlrentiable on arr open interral (a. b) containirrg c. Supposc that

|gi/(r) :0 and lr1ne(r) :0, or that lirrr f (..x): *m arrl l,gis(") : *oo.

(In other u'ords. it* H is in intieterminatc forrn of t-r-p" 3 or 
= 

.) Then

iirr, /(') -- li,r 
I'I L' t 

.*-. g(r) ,-. g,(s:)

'r r. f'(.r)il linr ffi t'xisls. is >o rx' is -oo.

Note that L Hopital s Rule remaitrs vaiid if the symbol r -+ c is replace(1 evelvu,here it
occlus lr,'ith one of the folior,ving s_vmbols:

^-2 n

-:n e 
-.)

ril6

r -+ c+,fi -+ c*,r'-| oo and f -) -oo

Example 5.11.1. Find the following lirnits (if exists).

(.) m # htn*n &* d-e -- ?, {,* x- I =

$Ifr -t" eY -- hi^$t(d-e\ =,h'rrql X-l (qt 
$C 

_ l) ^{l

uT

0

ox
? =Q*

,o gg.[l* =+oa , A? xL= t.o

a-1; kS,&d.*rl\o 1i
=o, *g N-Lo-o

,[r,
fz

x -t+a-(.-z -- $n
*"fl-

I$rnn !r., X14

x+2 = Z-lz {

I
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(d) u*,,,_r, * *il:-tr ( zx i 3,)
r+oo ;rr - [ X.ip ?X"

drr$rit*j-,tt" 
h = 0

.-s-f"
x{o

(") lim {
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5.LZ Implicit Differentiation

Clonsicler the follorving equations inr.olving two rariables r ancl y.

r'g'1 .rtl : .t'* g *5
.l ,r'+ !l- : 'h-t:g

\4,'e say that above erluations ciefine functions g implicitly as a function of .z.

Implicit Differentiation

To find the derir,atir-e g irnpiicitlr-. u,e rliffererrtiate botir sicles of tire equatiori

urith respect to r anrl cotrsicler g als a lunction of r.

Example 5.L2.t. Gir.err ,.r2 a ys2 - 5 .

1. Finri I ^t (2. 1) ancl (-2, 1).
d.t 135,

tDtif+ ir"'rrr

@**o 0t(+

fitf-tl =il(t)

zx+z$S--o

2u& = -?,ll
J dil.

{I =*IdM Zut
.J

G -?.=
o,t) 

e 
I

't.

''deld*t

=-X
*

4
,l

.-t I!+

k1,,,,,

o_6ffi*,,

- -(-L) - .,- T-L

#



l 2. Find the equations of the tarrgent lines to the graph of the ecluation at the points

(2, 1) .

l-'l :i:;ll:,)
t

rt (-1 r) rr-l = ") 
(x{e\

Exanrple 5.L2.2. Use irriplicit tlii{ererrtiation to finr-1 # n"

fH-r*1) *S,' *$.*g-z z#
*s#l-z=fo

z
=-?X t

1. x7y + singr : 11

*.,frtsrr i) = $-(rr1

=0

=O

2. enY -2r:u*L

$rr* -zr,) ={tg+r)

[X *"i) 
+u'rfl

x]{q + orq{tg-g
(t'+b'91H.

-L =*fgr

"+,-#V

IH {q =*
d0c

L-
xe^5 -l

'#+eJ
-P

&f -dl{
dD, d0(

i rarrI dq"

*?tv


