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5.10 Marginal Analysis

Let C(z) be the total cost of producing z items. We call C’(z) the marginal cost
function. C’(z) represents the instantaneous rate of change of total cost with respect
to the number of items produced. Similar statements can be made for total revenue

functions and total profit functions.

If z is the number of units of a product produced in some time interval, then
total cost =Cfx)
marginal cost = ('{x)
total revenue = RB(x)
marginal revenue = R/(x)
total profit = Pz} =z} — C{z)
marginal profit = Pz} = R{z)— C'lz)

Remark: C(z) represents the total cost of producing x items, not the cost of producing
a single item. To find the cost of producing a single item, we use the difference of two

successive values of C(z):

Total cost of producing x + 1 items =C(z+1)
Total cost of producing z items =G{z)

Exact cost of producing the (x + 1)¥ item = C(z+1) — C(zx)

Example 5.10.1. A company manufactures fuel tanks for cars. The total weekly cost
(in dollars) of producing z tanks is given by C(z) = 10, 000 + 90z — 0.0ga,f).
‘ ' : Les

1. Find the marginal cost function. .

- Clx) =80 -0% *

2. Find the marginal cost at a production level of 500 tanks per week and interpret

the results.

g1 C (5001 =90 0.1(s00)
=qO-%0 =40

A AU 500 Greiogivw
oiuq«mm‘nm:\i\muawinﬁ W dollar/ tamk
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het Elon-toe) O 10,000 + 90X -C/.0SX"

3. Find the exact cost of producing the 501st 1tem C (}') -90 -0 ‘x

C(s01) = 10000 +acipi} 0. oo’ L}‘Z(,;q 95— §
C (500) =loom+qo(sw) +0 o§(900) 42 s
¢ (sol)- C(>°°) Ll—'z 53,95 -4 B 3245 $

\':aoc"'z‘ C (&)r-‘. . Ax)"C(K) B C'(SDO‘)-‘:‘Q-D ﬂ ’

emark: Increments and differentials will help us understand the relationship between
marginal cost and the cost of a single item. If C(x) is any total cost function, then
C(z + Az) — C(z)

Az
C'(z) = C(z+1)—C(x). (Ax =1)

) ==

It can be seen that the marginal cost C’(z) approximates C(x + 1) — C(x), the exact

cost of producing the (z + 1) item.

Marginal cost and exact cost

If C(x) is the total cost of producing z items, then the marginal cost function

approximates the exact cost of producing the (z + 1) items:

C'(z)=C(z+1)—C(x)

Similar statements can be made for total revenue functions and total profit

functions.

.l



Example 5.10.2. The total cost and the total revenue (in Thai Baht) of making and

1
selling = cups of iced coffee in 1 day are given by C’(:E) = 10001 62 — mm and

2
R(z) =40z — —,  0<z < 450. Tost

1. Find the marginal cost function

c'tn= 6- é—a(

2. Find the profit function and the marginal profit function. ¢\

P00 =R6-C0A . -
4&*) (looo+6>< -.-é;x) ——

N P.Ly
( i 00 (
V'R = M-2X

3. Find the marginal profit at = = 200. Then explain these quantities.

P 2o0) = 3t - %(-)(200\

=3- 36 =-2
Bowarmmltdul 200 1@y Qadch &l sRORDUGN & vanjyrpy

4. Approximate the profit of selling the 1015 cup of iced coffee.

P Ctot) - PCoolZX C1oo)
=%- ﬂ-aeo)

= - —16
mu\l\ﬁt_ wm ol fals LITANU 16 vn
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5.11 Indeterminate Forms

[ -4
L’Hopital s Rule “3«,;{8\)0'\'\(‘ é
Let f and g be differentiable on an open interval (a,b) containing c¢. Suppose that

lim f(z) =0 and lim g($) =0, or that lim f(z) = +o0 and limg(z) =
T—>C e T—Fe

(In other words, hm i E )) is in indeterminate form of type § or 2.) Then

0

i@ @)
@) e g(a)

(@)

z—c 9(@)

exists, is 0o or is —oo.

Note that L Hopital s Rule remains valid if the symbol z — ¢ is replaced everywhere it

occurs with one of the following symbols:

e, g, 2300 and T —o0

Example 5.11.1. Find the following limits (if exists).

g,,ng\e’e o Lim -l-o

A

Ve e“-e Q, &(@x -e) = .
‘\]e\ &?I-)—(_-T l(q‘\“ deii Xt-)\ o -Q#

(a) hm
z—1 1 —

_mz o Jim hx =4 ﬁ"' x = o

Z-300 TP X0
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H A ot
" +3:c+8L Qh (QX""B)

(d) lim ———

P N b X"lw 3x
L\-\op
h i .0 &
R-300 Qx
M‘\a}'
e) lim L M =
(© Jim 2 il ‘gx‘ v, #

5.12 Implicit Differentiation

Consider the following equations involving two variables z and .

2P +zy = z4+y+5
% + 92 =  Joxy

We say that above equations define functions y implicitly as a function of z.

=

Implicit Differentiation
To find the derivative y implicitly, we differentiate both sides of the equation

with respect to = and consider y as a function of z.

Example 5.12.1. Given z? 4+ ¢y?=5.

1. Find Z—z at (2,1) and (-2, 1)

DO sacon g.*u"w *) =d 4
@\hua es Q,X*QB@ =()
(Dnasusun QY - 2%

i o
5& = olq 1]




2. Find the equations of the tangent lines to the graph of the equation at the points
e y-y, =m0=x)
Y- l —a-2)
&30 Y-l =(2lx

d
Example 5.12.2. Use implicit differentiation to find - for
i
1. Ly+siny=11

A (Xyrsiny = 4 () A2 =g (g
("%’* \9%’)) 43&9«.,) = 0 exyg((xg-z - dy
)ég_i_g £ +053é. =0 {Q"‘J[‘xéhgg\]_z S

y . & 9(x 1-2= d‘t

X3d‘4 +Cb'>qd'1 - ;::1“'9

d. Lo -3xzca
g

3 2%
(x +(bsq)%‘;|( ==y

- ( 0\% -2—@, Y
g el ﬁﬂ
lo\n( X 4005 U_ 1olq

_ xexa-\
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