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7.6 Improper Integrals ‘\Bﬁuﬂ‘ﬂ“’"“‘“

It is asswmed in the definition of the definite integral [ f’ f(x) dx that [a.b] is a finite interval and that
the limit that defines the integral exists; that is, the function f is integrable.

Owr main objective is to extend the concept of definite integrals for infinite intervals of integration
and for integrands with vertical asymptotes within the interval of integration. If a function f has a
vertical asymptote, then f is said to have an infinite discontinuity .

An integral over an infinite interval of integration or an integral with an infinite discontinuity will
be called an improper integral .

There are three types of improper integrals:

1. Improper integrals with imfinite intervals of ntegration. CWU\W'&( o )

]

. Improper integrals with infinite discontinuities in the interval of integration. .?‘

M2 )
3. Improper integrals with infinite discontinuities over infinite intervals of integration. ( +2

-

Example 7.20 Determine if each of the following integrals is improper. If so. specify its type.
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.6 egrals over infinite intervals :

Suppose we are inferested in the area A of the region that lies below the curve y = 1/2* and above

the interval [1. 400) on the x-axis. Let us begin by calculating the portion of the area that lies above

a finite interval [1.6]. where b > 1 is arbitrary. That area is lh % =1-— %
AV
b
F=c
S
‘aa ’
\ ? h 1
Area = LoE ST
Gl st

If we now allow b to increase so that b — +oc, then the portion of the area over the interval [1, 5] will

begin to fill out the area over the entire interval [1, +00). and hence we can reasonably define the area

A wnder y = 1/22 over the interval [1. +00) to be 4 = 1 JOO ‘IT‘ =g i | 1) ‘17’ = limpy 400 (1 — l%) =
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DeriNiTION The improper integral of f over the interval [a. +o0) is defined to be

/ flz)dr — lim f(a)de.
~ b= Jq B
o

The integral is said to converge if the limit exists and diverge if it does not.

CER

The improper integral of f over the interval (—oc. ] is defined to be

b
/ flz)dz — » i%gl - f(x)dr,

The integral is said to converge if the limit exists and diverge if it does not.

The improper integral of f over the interval (—oc. +0oc) is defined as

/ Fxjdr — / flo)ydr + / fla)dr

00 J—0
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Example 7.21 Compute ]}er l—l; dr. 3 B&‘ 'MP)OM q oy
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Ex unll 7.22 Compute [0 *cosx du. b 0' ____’

gmsxdx = Rm gcosxdx
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Example 7.23 Compute }1\ l’if;ji(l,:’. ; ,ik i@
b \ —
AP
(Laxgnc = fim | 20k g (no)
' : 24b j K oAx
X)
0 4 =&:‘m &h'L ]l u=dhx jdu=gdx
» Qim n _QWD (A0 ane= udu
VIt 2 /5 . % 1 C
— ~ I = Ah b3 )'L
= 4+ 00 AN +C
RN,
; g gﬂ;g dXx o\lv@rg.eS
\
; it -/ 3
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Example 7.25 Compute [>° — o
T X
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7.6.2 Integrals whose integrands have infinite discontinuities:

Let us consider the case where f is nonnegative on [a. b], so we can interpret the improper integral
rbopro . . . y T : < . <

|, f(x) dr as the area of the region. The problem of finding the area of this region is complicated by
the fact that it extends indefinitely in the positive y-direction. However, instead of trying to find the

entire area at once, we can proceed indirectly by calculating the portion of the area over the interval

[a. k], where @ < k < b, and then letting & approach b to fill out the area of the entire region.

[ AX) dy Ao / fx) dx
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Depintrion If f is continuous on the interval [a,b], except for an infinite discontinuity at

b, then the improper integral of f over the interval [a, b] is defined as

b

: k
f{.z')d;:ﬁiil‘;‘u /f{';,f'}a’;z;

of £l

The integral is said to converge if the indicated limit exists and diverse if it does not.

AP . . . . oo . 8 - . .
If f is continuous on the interval [a, b], except for an infinite discontinuity at @, then the

" <
improper integral of f over the interval [a, b is defined as ‘\,
- ‘ )
'
b b '
/ fHz)de — bhm / izt
Ia k—at JiL 4

The integral is said to converge if the indicated limit exists and diverge if it does not.
If f is continmous on the interval [a, b], except for an infinite discontinuity at a point ¢ in

(a.b), then the improper integral of f over the interval [a,b] is defined as

b mC b
/fg.,r,-)d.r:/ f{,z‘jd,z'-'-/ flx)dr,
>

where the two integrals on the right side are themselves improper. The improper integral

on the left side is said to converge if both terms on the right side converge and diverge if

either term on the right side diverges.
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Example 7.26 Compute f!-—t;* dzx. 13’0"0.“‘7 x - I : : }
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Example 7.27 Compute [

ﬁ — = O ; kz_ 3
g(& G YE,Z%‘! y ".:.')73

ox X o
=e f o TEO f o
B K2



2017-1 CALCULUS 206111 Sec 006 Monday 13 November 2017 Page 10

Improper Integral: Third type
prop g yp X’3 y 19)"'0“)“
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Additional Example f_3




