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DEerFINITION An initial-value problem is a differential equation with itial conditions
(conditions that solutions of the differential equation needs to meet. conditions on values of
solutions). A particular solution of a differential equation is a solution of the equation
that satisfies the initial conditions. That is. a particular solution will not contain arbitrary

constants.

Example 8.3 The second-order differential equation

has a general solution

Y = ¢y CoST + cosinr ‘

where ¢y and ¢o are constants (Verify!). We may add two conditions on the values of y. For instance,

set

y(0)=1 and y{-)=2. (8.3)
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Remarks.

1. The definition of solutions is a bit loose. Any solution must be well-defined on some certain
interval, where solutions are sought.
Consider the equation

29y _

2 =
dx

I.

o All solutions of this equation are given by y = Injx| + ¢ on (—00.0) U (0.00). But this

~
equation has no solutions on [—1,1].

o If we want solutions on (0. 00). the general solution is given by y = Inx + ¢. On the other
hand, the general solution is given by y = In(—x) + ¢ on (—o00.0). x ', % >&
-
kl={ ‘< xe
X ;, X€0

Consider the equation

3y 4z =0
o y=1+V—1—u? cannot be a solution even though it satisfies the equation (verify!).

2. In general, a differential equation might not have solutions even it is of first order. e.g.. the

equation
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Problem 8.2 Find the particular solution of the differential equation

1 :
2(/{ ¥ y(0) = —
dx

lui‘\:a? \ofue P”u”"

provided that its general solution is given implicitly by

E:+] e )

Note that this particular solution is a solution on (—o0. 0.

nitia)l Ondition \,(o) ~%
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8.1 Separable Equations &ame 1L gn Mo Us’

First-order separable equations are differential equations that can be expressed in the form

29
], Yy Hduh
( f?(!;’)% = g(r). T‘l"u R 1%'(‘ QVJ) (8.6)

Example 8.4 /————— h (\py = q ‘()néﬂﬂ . a) Al‘«efe‘d"ﬁl

Original equation Separable form hiy) glx)
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We summarise the method for solving a separable equation as follows:

Page 5

h(y)dy = g(x)d.

respect to .« on the right), i.e.,

H(y) = G(x) A

== —r—('

Step 1. Rearrange the equation into the form (8.6) and turn it into the differential form

Step 2. Integrate both sides of the equation in Step 1 (with respect to y on the left and with

/h(,f/}rf!/ — /rz('f')ff-fr

Step 3. If H(y) and G(xr) are some antiderivatives of /i(y) and ¢(x) respectively, then

defines a family of solutions implicitly. It may be possible to solve this equation explicitly for y.

Example 8.5 Solve the differential equation

I ;
s ——l‘i’yg
(].I’
and then solve the initial-value problem
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Problem 8.3 Solve the initial-value problem

fl!/ 9 . >
(4y — cos 1/)—i— =3 =8, 9i{b)=0.

Solution. kpﬂmue k‘“ (L\‘\l "'(Osv'd" ‘-’-32(
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Problem 8.4 Find a curve in the xy-plane that passes through (0.3) and whose tangent line at a

- \ 9‘!'
point (o, y) has =L
Ch

Solution. EEE A %‘ - -Q—-XqL ) \'(O) =3
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)
8.2 First-order Linear Equations pm‘”'h"‘
B

First-order linear equations are differential equations that can be expressed in the form

([j/ @ m .
o 8.10
dx . e

Generally, we look for a general solution on some common interval where p(r) and ¢(r) are both
contimions.
L s : : dy : s :
Notice from (8.10) that linear equations have c and y both of degree one. If a first-order equation
axr

has this property, then it can be rewritten as (8.10).

Example 8.6

Original equation Linear form p(x) qla)
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DEeriNiTION Given a linear equation (8.10), an integrating factor for (8.10) is defined by

for some antiderivative ’(r) of p(z).

Remark. A linear equation has infinitely many integrating factors, due to the constant of integration
from [ p(x)dr. So, different integrating factors only differ by their coefficients. Therefore, a general
solution obtained by this method is independent of the choice of integrating factors. We may write
= [ plz)d=

Below is a summary of how to apply the Method of Integrating Factors to the equation (8.10). If

the original equation is not in the form of (2.10), it needs to be rewritten first!

Step 1. Calculate [ p(x)de and choose an integrating factor

=t ') e .v{.["i»"i"]f

for the linear equation. You may take the constant of integration to be zero to make things simpler.

Step 2. Multiply both sides of (8.10) by ;¢ and express the result as

d : : :
T (1y) = pg(x).
a.r

Step 3. Integrate both sides of the result from Step 2 and then solve for y.




