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Definition 2 Let ¢ be a value in the domain of the function f that is continuous on (a,b).

(1) We call f(c) a local maximum if there exists an interval (m,#) containing ¢ where f x)< f(e)

for all x in (m,n). ii;;!‘a\;taﬁnhi

(2) Wecall f(c) alocal minimum if there exists an interval (m,n) containing ¢ where f(x)> f(c) for

all x in (m,n). N‘XW‘NMS

(3) Wecall f(c) alocal extremum, if f(c) is a local maximum or a local minimum.

Theorem 2 Let f be a function that is continuous on (a,b), and ¢ is a value in (a,b) where f(c) is a local

extremum, then ¢ is a critical number.

Remark: Not all critical numbers of /'(x) are local extrema.

f'(x) undefined
Absolute maximum
f '(x) =0 No greater value of
anywhere. Also a local
Local maximum maximum. 2
No greater yalue of / i : f(x)=0
ngarby. ! T
; ; Not locdl extremum

Local minimum
No smaller value

1 1
of fnearby. : Ii
! . : > ¥
ai bi : % 80 d e Y
: i i i | Absolute minimum
Local minimum No smaller value of
f'(x)undefined | No smaller value of anywhere. Also a local
nearby. minimum.
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First-Derivative Test ‘F ((s )

Let ¢ be a critical number of the function 'P(x) that is continuous on (a,b) containing c. If f is dlffeﬁntiable

on the interval, except possibly at ¢, then f(c) can be classified as: 'rl( ') €0

1. a local minimum, if 7'(x) changes from negative (or zero) to positive (or zero) at ¢. 7
QEERER SRRy
2. a local maximum, if f '(x) changes from positive (or zero) to negative (or zero) at C. £ ™

3. neither a max nor a min if /'(x) is positive on both sides of ¢ 7 7 or negative on both sides of ¢. ™

/'(¢) = 0: Horizontal Tangent
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/'(¢) is not defined, but f(c) is defined. ("WW \-'Jﬁ; gt o “m Mldm xt() mﬁ‘@fﬂ“
s f@)‘l\hk\ £ g+ : (f) ‘

%

|

|

f© A
Ao !
i 5 } : s

L

; »x " >x b
l € I c
! + ! + 4 —_— ] El A ]
f® ——--ND+++ foEERTND - == f@OHEENDE S '@ ND
3y i Sk (G) f(c)is neither {H) f(c)is neither
= f(‘c)' o o ® A (L).ls e a local maximum a local maximum
minimum maximum

) nor a local minimum nor a local minimum '

Example Find the local extrema (if exists) for the following functions, and determine the type of extrema.
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Applications
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Example The graph in the figure approximates thi rate of change igf the price of eggs over a 70 month period, where

E(¢) is the price of a dozen of eggs (in dollars), and ¢ is the time in months. Determine when the price of eggs was
RS

E (c{)rifing or falling.
E'wro

t

0<x<70and-0.03<y<0.015

Example (Revenue Analysis) The graph of the total revenue R(x) (in dollars) from the sale of X b
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below. When would the marginal revenue be positive, and when would it be negative?
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6.2 Second Derivative and Graphs
& NalnN
Using Concavity as a graphing Tool

Example Discuss the relationship between the values of the derivatives of f and g and the shapes of their graphs.
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Definition 3 The graph of function f is concave upward on the interval (a,b) if f '(x! is_increasing on

(a,b) and is concave downward on the interval (a,b) if f'(x) is decreasing on (a,b).

¢
Example From the graph of f below, find f' (ﬁ) ( o
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(a) intervals where the graph of f is concave upward  (d) intervals where the graph of f is concave downward

(a, e, 0V (eg) (4e)v(oR

(b) intervals on which f' (x: is mcreasmg (e) intervals on which f"(x) is decreasing
(o, ) vlgarv Gea) ) (d!e Jv (ch‘f\.}

(c) intervals on which f"(x) >0 -r' Y‘@} )C} (f) intervals on which f"(x) <0

Concavity summary: For the interval (a,b),

) I Graph of f Examples

Increasing Concave upward u ; / &
o Decreasing Concave downward r\ \ . [
4
& (x) <0

Example Find the intervals where the graph of (x)=x" +24x” +15x—12 is concave up or concave down.
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Example Find the intervals where the graph of f(x)= ]n(x2 —4x+5 ) is concave up or concave down.

floo s BEt PR =t
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Definition 4 If the graph of y = f(x} changes concavity at X = ¢, then the point (¢, f(c)) is called

AT B CVET EY ML AN
.

+ 5 ' 2 -
< 4 <

an inflection point.

Fo) SRR - - - - fi) - - --0RFEL fo) R - - - - pu - - i
Al fe) =D (B fic) = O <) fid -0 (00 Jichis occded oad

Remark: The values of x where f"(x)=0 or where f''(x) does not exist are called the partition numbers of

J"'(x) . (it does not matter whether it is in the domain of f or not.)

Theorem 3 If y = f(x)is continuous on (a,b) and has an inflection point at (¢, f(c)), then either
f"(¢)=0 or f"(c) does not exist.

Example Find the inflection points of
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