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Below is a summary of how to apply the Method of Integrating Factors to the equation (8.10). If

the original equation is not in the form of (8.10), it needs to be rewritten first!

Step 1. Calculate [ p(x)dr and choose an integrating factor

= Playi. . [ plz)dz

for the linear equation. You may take the constant of integration to be zero to make things simpler.
Step 2. Multiply both sides of (8.10) by ;» and express the result as

s 7
— (py) = pgl(x).
dx

Step 3. Integrate both sides of the result from Step 2 and then solve for y.

O RoXauw” DE.
%.‘.1 +P(,\')5 =¢}()() -—-—@
)/

T3 lgwm'.lf POO )(l,()()

@) wndnsnay msmmmw;,,; ijmmf
Ao )a(x): e
® an.{a Xaor @ azoqusV
i‘\_x(}‘(x)g) s}ch()()
) \!:} anHe "53
Joul g dff‘ktwh‘a&«o‘{\“ S
d (utod) = L) A
fd (}4(;();4) = g).q(x)?(x)d%
Mxy = ( Jlxiglx)ax
y =i [noogeae<
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Example 8.7 Solve the differential equation

Qs L) AN
N N e e
e :1’6‘5 S
de™.7 -e
{ 308 v
d(ey) = e’ ox
i dle™y) = (e7dx
Hoanth? o X
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Problem 8.5 Solve the differential equation

dy Gy =fx)
dy ; , dx-YY ‘5"‘1

o+ 2y =r"—xr+ 1
dx

sdldiniady 4 @y -x-1+k —0)

=2

3
R Pantns AD (R) =@ 2
* FnT; NUMSDUNIAS )A i _efm(_xz

\ }.(stx’:j e
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Problem 8.6 Solve the initial-value problem

q-% = 1
e T
P = Mt f-tdx  _ganxt fosg \
=@ -~ 8 =€ =2
\i‘(x\: )—2
dy - L
é(awfﬁ) A
Ity) = &
PRy 5
d(4y) =xd*

qun‘“bb >

Y(\\: P e qu?ﬂ +CO)
e 7)

Yg:‘\':ﬁ:f “3 Y '-'-xllulxhzx hl'oy(i)—z
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8.3 Applications

This section provides some applications of first-order differential equations we have learned in previous

E v \'
sections. Oﬂn(ﬂf"'@‘“ 'ﬂ”ﬂ‘ﬂ-‘ g 'V:uﬂ |3ﬁjﬁ

hy > d DLQ,-:) %:kfiw

e Exponential Growth and Decay NModels

N

DEFINITION A quantity y = y(f) is said to have an exponential growth model if it
increases at a rate that is propotional to the amount of the quantity present. and it is said
to have an exponential decay model if it decreases at a rate that is propotional to the
amount of the quantity present. Thus, for the former case, the quantity y(f) satisfies an

equation of the formn

e
o
iy
b )
o
N
e
@ 4
ey
{R]

and for the latter, the quantity y(#) satisfies an equation of the form

/ ; -
L 1. G0 (8.13)
dt

The positive constant © is called the growth constant or the decay constant. as

appropriate.
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Let us imagine that we are studying the behaviour of a function y = y(#), which changes over time

t. Suppose experimentation shows that y(7) satisfies a differential equation (8.12)

dy
ot

Ly -k =0
We now need to solve this equation to study the behaviour of y(#).

Problem 8.7 Solve the initial-value problem

(]‘r/

= — Ly, (0) =1
S y. y(0)=wo

f{)l‘ J\' 0

™90 TF, (Linear)

SNo W QoIS

dy ki =
_L sk " ;,'5
gdﬁg i ey
a— 90‘\ v()\

0
Hap #(9(\
y = kdk o @

1d
fidy =
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Similarly, if y(f) satisfies a differential equation (8.13) with initial condition y(0) = yo, then

l 0
P y = yoe *. d'ﬁa@&&;

~— Gronth - 5 :\[Oekt | =

It is a fact of physics that radioactive elements (e.g. plutonium, radiwm, nranium, ete.) disintegrate

over time in the process called radioactive decay. Let y(t) be the quantity of a radioactive element at
time . It is shown that y(#) has an exponential decay model (8.13); that means it is explained by the
rule (8.14)

Yy = ype

where & > 0 is the decay constant and y(0) is the initial quantity at time # = 0.

Problem 8.8 Half-life is the time required for a radioactive element to reduce its quantity by half.
Denote by T the half-life of a radioactive element. Use (8.14) to write T in terms of the decay

constant £. If the half-life of radinm-226 is 1600 years, find its decay constant. d\ k
kt 37

Gnen o \50 \a’fmomuoaum T @svdeqe: aarlls 4‘30
-k‘\‘
. 56
g
I = £
| Z kT
Takefw, gl =Jtn e d-fnz=-kK{fe

kT

=] g
Wo T=1600; (400 =2
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