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6.2 Volumes by slicing; Disks and Washers

Page 1

is

perpendicular to the r-axis at x = « and x = b. If, for each x in [a,

Theorem 6.3 (Volume formula) Let S be a solid bounded by two parallel planes
sectional area of S perpendicular to the r-axis is A(x), then the volume of the solid

b
V:/ A(x)dx. (6.3)

b], the cross-
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There is a similar result for cross sections perpendicular to the y-axis.

Theorem 6.4 (Volume formula) Let S be a solid bounded by two parallel planes
perpendicular to the y-axis at y = ¢ and y = d. If, for each y in [c, d], the cross-
sectional area of S perpendicular to the y-axis is A(y), then the volume of the solid
is

~dl
v%:/ A(y)dy. (6.4)

{0Y%
7= )

=

Solid of revolution

ﬁ_MMW;) // n\ ;) r\\\\\\‘QD o
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Volume by Disks perpendmula_r to the X -aX1s MSk ‘MQ"’LWd i.“‘ u

\m\

Problem:_Let f be contmuous and nonnggative on [a, b], and let R be the region
;\S 5\’!\1‘\3 ‘ Qﬂu}\‘\s . ”
that is bounded above by y = f(x), below by the z-axis, and on the sides by the
e———— st T S >

lines @ = a and = b. Find the volume of the solid of revolution that is generated

g

by revolving the region R about the X-axis.

A =z f]

f(x)

/3
Al =T [£60)
J e X 13
‘A"k" \\@/(x )= T [¥(x,<ﬂ AL

Mmﬁmﬂé\ @OW.S‘

We can solve this problem by slicing. For this purpose, observe that the cross $ection of the solid

taken perpendicular to the X-axis at the point z is a circular disk of radius f(x]. The area of this
region is

A(z) = 7[f(z)]? ‘})Zanﬁ'\f"f;)go 18
< v e . . n : 2
- ) THEO A,

K=l n e
s V= Jim Dok x
V:/)"r[f( )]Pda. B K2 (65)
C ™ V= (T

Because the cross sections are disk shaped, the application of this formmla is &aﬂed the method

of disks.

Thus, from (6.3) the volume of the solid is
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Example 6.6 Find the volume of the solid that is obtained when the region under the curve y = 3

over the interval [1, 3] is revolved about the X-axis.
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Volume by Washers perpendicular to the X-axis

Problem: Let f and g be continuous and nonnegative on [a.b]. and suppose that
fla) = g(x) for all x in the interval [a, b]. Let R be the region that is bounded above
by y = f(x). below by y = g(x), and on the sides by the lines r = a and » = b.

Find the volume of the solid of revolution that is generated by revolving the region

B about the X-axis.

ro gAY ; \
| A =7 f 0] ~x[g@]
= fx

S(x)
g(x)

V=20 s
a B

&
Boonguens 19 2 Wy X 00

X 69
\ 9(\(\(\'\9\113 \3. O (X) soo\el
& Mo Tan

We can solve this pm%iemobx slicing. For this purpose, observe that the cross section of the solid

taken perpendicular to the X-axis at the point  is the annular or “washer-shiped”, region with inner

radius g(x) and outer radius f(x). The area of this region is

L e Sf%wo‘ﬂ
Al@)=7[f(x)]" = 7w[g(@)) =7 ([f(;r)]2 = [g(;r)] o b
g EF(;O q(A) ) Jdv .
Thus, from (6.3) the volmme of the solid is
b
Ve / 7.3 ([]"(1‘)]2 — [g(:z?)]z) dr (6.6)

Because the cross sections are washer shaped, the application of this formula is called the method

of washers.
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Example 6.7 Find the volume of the solid that is obtained when the region between the graphs of

15 over the interval [0. 200] is revolved about the X-axis.

AY A 0oty Ns
\ = uY
y={2x G Yo

b o -
0
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1
o=t
100
9
gagH —h T
Xdg00x =0
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Volume by Disks and Washers perpendicular to the Y-axis
i 4 Y

(2 a=afwnY (1) a=rlwoT -2l

Disks Washers

The methods of disks and washers have analogs for regions that are revolved about the Y-axis.

Using the method of slicing and Formula (6.4), the following formulas for the volumes of the solid are

Vo= /d mw(y))2dy (disks), (6.7)
ol y )
V= / 7 ([w)]? - [v()]?) dy (washers). (6.8)
GormE Guauseulo Y Iegdyuy X = WY)

AV NN -GNV Y



2018-1 CALCULUS 206111 Sec 002 Thursday 24 October 2018 Page 8

Example 6.8 Find the volume of the solid generated when the region enclosed by » = /¥, %: 0,
and y = 3 is revolved about the Y-axis.

8006 Vo X:\@ —) o W=3 76'7(:\5
W

‘m%w’\\?%mu X @w W aslqev
et
s %‘\Rj 2 ;
mi \( N V2= gv ‘{('ﬂzl (+8) ) d
(3,

0
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Example 6.9 Find the volume of the solid generated when the region enclosed by 2 = 1, y = Vo — 2

y =10, and y = 1 is revolved about the Y-axis.

A

&

1
\/ :V§E%4* 4(;‘% % l]o\\g_

C '3
_T g[g‘”"rg «1]dy
0

vz % 5
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Other axes of revolution

Tt is possible to use the method of disks and the method of washers to find the volume of a solid
of revolution whose axis of revolution is a line other than one of the coordinate axes. Instead of
developing a new formmula for each sitnation, we will appeal to Formulas (6.3) and (6.4) and integrate

an appropriate cross-sectional area to find the volume.

Example 6.10 Find the volume of the solid that is obtained when the region between the curve

y =+ 1and y = 0 over the interval [0.2] is rotated about the line y = —1.

AG) = ] G+ ‘\7-(*”:\ -[o=(-] J

SRS Y(XJ«\\)-(—”-_\E B"Hﬂfjdx

7 A

,%_ Ye-q )= v [x-\—z) M 1dx

; \ 0=(-") ;
/




