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8.2 First-order Linear Equations
First-order linear equations are differential equations that can be expressed in the form

dy . i
ﬁ + plz)y = q(2). (8.10)

Generally, we look for a general solution on some common interval where p(r) and g(x) are both

continuous.

Notice from (8.10) that linear equations have 7 and y both of degree one. If a first-order equation
ar

has this property. then it can be rewritten as (8.10).

Example 8.6

Original equation Linear form plr) ql(r)
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DeriNITION Given a linear equation (8.10), an integrating factor for (8.10) is defined by

for some antiderivative P(x) of p(x).

Remark. A linear equation has infinitely many integrating factors, due to the constant of integration
from [ p(x)ds. So, different integrating factors only differ by their coefficients. Therefore. a general
solution obtained by this method is independent of the choice of integrating factors. We may write

[ plz)dz

= c-

Below is a snmmary of how to apply the Method of Integrating Factors to the equation (8.10). If

the original equation is not in the form of (2.10), it needs to be rewritten first!

Step 1. Caleulate [ p(r)dr and choose an integrating factor

= P(x) i f plz)dz

for the linear equation. You may take the constant of integration to be zero to make things simpler.
Step 2. Multiply both sides of (8.10) by ;¢ and express the result as

e !
— (ny) = pglr).
dx

Step 3. Integrate both sides of the result from Step 2 and then solve for 4.
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Example 8.7 Solve the differential equation
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Problem 8.5 Solve the differential equation

o]

.@mm(\r\(ﬂamm&ﬂ }/\(X) '
N 7
27 d Z = X X=A %=
’)ii-ﬁ \-3’(‘\5} [ X

g 80 Z %=X A
oL %) ;
GG = (XX
(et = fd-Lemin
9 : . F TR
E e




2018-1 CALCULUS 206111 Sec 002 Thursday 22 November 2018

cﬁ'qmésémﬁu

Problem 8.6 Solve the initial-value problem

.1 — x, y()=2.
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8.3 Applications

This section provides some applications of first-order differential equations we have learned in previons

sections.
e Exponential Growth and Decay Models L(,‘lﬁ)%\;)o’) o \\iv &.méo |§0)l§:3’)1)“‘\j‘\_) ethvu"'!'o-(

alfact

DEFINITION A quantity y = y(t) is said to have an exponential growth model if it

increases at a rate that is propotional to the amount of the quantity present, and it is said
to have an exponential decay model if it decreases at a rate that is propotional to the

amount of the quantity present. Thus, for the former case, the quantity y(#) satisfies an

equation of the form

= B O)s Growjrer\ (8.12)

and for the latter, the quantity y(t) satisfies an equation of the form

%:@j (k \J PQCCW_) (8.13)

.

The positive constant k is called the growth constant or the decay constant, as

appropriate.

‘ \G ol
't‘,O .E \ —\-1 \
Growth becay L
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Let us imagine that we are studyving the behaviour of a function iy — y{t), lwhich changes over time

f. Suppose experimentation shows that y(#) satisfies a differential equation (8.12)

== i\',y (!» e O).
=
senoTand® 11w K Vo ot
We now need to solve this equation to study the behaviour of y(#). E
Problem 8.7 Solve the initial-value problem @Q‘N\T}"

afinns o4 0 T Fum 1
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Similarly, if y(t) satisfies a differential equation (8.13) with initial condition y(0) = yo, then

\y =g -

It is a fact of physies that radioactive elements (e.g. plutonium, radium, uranium, etc.) disintegrate

decay (8.14)
mode|

over time in the process called radioactive decay. Let y(t) be the quantity of a radioactive element at
time #. It is shown that y(#) has an exponential decay model (8.13); that means it is explained by the
rule (8.14)

y = yoe

where & > 0 is the decay constant and y(0) is the initial quantity at time ¢ = 0.

Problem 8.8 Half-life is the time required for a radioactive element to reduce its quantity by half.
Denote by T the half-life of a radioactive element. Use (8.14) to write T in terms of the decay

constant 4. If the half-life of radium-226 is 1600 years, find its decay constant.
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