
,ytu^>t{ {Cx, g,t) fi B<{rorr at Jer.lr(-live

Drf =@.6
vr= fft-$, -St

bl uP*tor I Vv =*Yt -:yl*#E

q={&, v)
,.',-$

,/l(.1 
I

*___%_a

_,i-,_._

I

@=rfi

r

t'(r,.1,1}= +)

;'ftQ\,il'?t,$r;';,
4 ./'.r-/-*+

(?U f (x,9) ; f
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Lfi ?ta fl uyl1t0.t6ill :.r fi til n i?

d& ' .3 a3.1.3 L'ln[aa?m{q.lnaa?{urJ?

r?'layfrs1rillFrr"txl1rl.Jrflsa.i rn?rAEtuFi"lurL.iro.i nr?Lilutxn rna flfi#.iernriadufir
^3frs'trrurnilnTafrufi,] ,S 1uarxfifr f (*,U, z) : c qyrfiu.jr ufiauiyruri: c nir.:1

u, 3 ^ d 
'e 11 dq n ro.: fr ufr ,: 6Ei n.jr fi ufi .::y d'l (tevel su rface) torr{.ld{'u /

fir C rilurfrutd.:lrfirudufir ,5 riruun1ner r(r) : lr{t'),y(t),2(r)l urerifiru
., Uezdt

J\r,y,z):ctnt:-l1
f ("(t),y(t), z(t)) : c

- "- i - .a
d'.:riu rfr er,n eqlt'urf lfi a uri'u t s--Lfr

0|dr,t)f dy,0f d: n
0rttt-aadr -Ardr -"

-l'
u?a V .Tt(t) :0 rfio -r'(t) : lx'(.t),y'(t),2'{t)1#uda i.:nrsrofld:rria r,(t) unr

"_ ^ Y
r'ln LFra? v./ a'ia'lilnu

urnfiqr:rurifrulfrr 
^9 

i#udufiilrusn P uu ,S L,rnrnefl#rriafrqpr p ro.ru#ulfr.r
,3 ,q d a 4 ' 3, 

e

ruanrueyaLj"Lueyurlrdarn'u rlanryur::il.jt asurud-xar-a {tangent plane) sar ,S fi

-a 
n r rr1 fr .: r r,rn raaf d',r aTa u.aair d q y #r ern riu rn,*d #; ; ;- ,1; rr n rna ffi nr*

arnriadufr.r S fiqni P nraqj"lufiaur*io*rnttBr'eruri-rar /
tirhi'lv uuurrnrnafl#sqlnsa.i ,S sy1fr.ir lr : vl
o d;* --"[unenifrlt'rd*'u 

.f (r,a) lflur{ld{ualnnrfao.:pi'rruile a:lnr: f (.x,y1 : c ey

ruvru1 frr eyffir o.r / u n r nn m u ifi #u ar n ria rfrulfrsddo rn nH r ud-r o.r /

1 V(.1 +tJ):Vl*Vg

E

z Y (.f t;) : .fvy r- .eV.I

3. V(.i") - rr.l''-rV1

5 V2(ls) - !]V2 i + zV/ .y s + .fy2 s

vrqr*fruvr 3.1.6.h; l.iuvtr.:d"fiun.rn^ivlir-:..lrtay^r;i-;r7r+,11,[1fi'.fl1.,-
lo.i"u t) }"il-?lfral:.iF "ra"-l# f .'3uan r,n""; D er-"-:,lut;:ydl 5 rrl /

rL
;ufi'l t'tl:LFl.lU{i?ii / fr!F P',1.1:.,,^.roff ufl:.i ; f / yl
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pi"raeir.: 3.1.8. (ron6r:, ,f,rorr.:fl :.sa y.it ao)

1#, 1@,a) :rn(xz + y2) ntr..lrfirtvrr.rta.rrfrufrarnp{aTfrrevffu f t*,y)
fi1eiP(2,1) D-.r_o r?.a.r

" 
. {k, e} =g*(f+f,)

o -- lu (xL+r*) q
t -- 90, C1t" 5'l :)
? = h(*i5") =)

VP-- Zfr* aJi
vl-" 7YJ

La
X*q
xi e'
2- 1_x{g

=1

=g
rL

=?

Vf(z,r) = Lt- .f+
5 ?i#

qd + trnroroicion

= Jil;[ : {;- = 4J-r

ex ;'
n-'raeirs 3.1.9. (rand:r: fradxfi z.sg rri,, [ri:"ffii.fulx"{3u

s.i1r'lLlnmef#ru.nrfior.lura n te{dufi,]nrrolr, : +1", [{ 6u^ffiitlz- : +\r- -t A- )ln11t,ffi

";. ( vf(r,op)f =

{k,g,z) = 4t*.19L\ +L
n1 vr -- Wrffi"*t

=tvr"+Byj-z?d
d1n f ( t,o,zl ; Vf (g,o,z) --gi'

:. d -- VF (t,',tt 
=. L t

lvf(r,qzll '[-ro \ - *d)
ri 4t) =h&-* ,&,

3. 1 .4 rnerfi a u ei{ ar fl.1 ri{'u a-neiua r a al rn aar rJ nr t
lunrrf,lfrnd-nr:riruun6ur:lnarnaf#nriruupraurrufio{1ugil:ratrnai6aunr.a.r
q ru d q cv .3< , q da u d 4 a tfl*nduarnnrf fllns'uarnnrf ilrTfln.jr f,cn{=u ilnd u?a a-nei (poientiat) arurfr1#

$F(r,,g . z) *'*uaur x n n rn e fd fi f (*, y,z) rfl uflr ri"r"'ud'n si q rt6'.j r

=;,I t .(. !J.: ) - gr utJ/'(.r. g. z') '- V I
*"* 4' .prsuu urorirr,rununerfraupi6sriluaurlrrnlnaflr"h.x'r?'rsv6l3Jr?ilr.nfi.:ri{'ud'n{

vu v v ' " '3Ln a.iFltoErl.iao LLlu

?

rhx-uvdif

toYv}ii-t

t

I

I

I

?j =rx+?)-a f(r,bz) = [$0, {fx+zlUg=ry. ].2!€ -E5 JC

&*-- , =, F&,,,1,+1 = l$ar=fvdv =V'- AT " -O

+(4f

fix,g,u)

loa\

($r?)=.y?+C , hrx31 --L rktx,e)=XytC=r@l
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Utsd
LFI tio ?tsilt1a{6u'1il tt n tna ?

Arv 4 4 u , J'L#rin 
fr n r*r fi n ur d'r a eirr fi 2.40 lu ra n 6 1 ra*r 8z ua y d'ra d.r.i fr z.4t lunnalr.

uillr sq 6nsmura.r

\rdd3.2 [ntxo?Lqil{fla{dultJL?n[aa?

i "-"^ 0- 0 0,-,,
"frourd':p'rrfiunr?del Vf - i-i- *i* ^ k't:lnar,rrr'Lfl{dd'urr.,r'of sytfi" dr dy" dz
zu n nn f,rfl ur{s ri{un un n : f

fis'ru :.2. t. 1'# t:.:t; : ,1(r, 1y. z)i,-at.,2(r, 1t. z)i +tryir. y , ::)k iijufitf"lu
njrr'rnrriaflfiuro:4lt'ur5161orrra{reu.ii {drvergence) ra.: r,, rdrurryrupi.lr alil,.r,

A /Pl

c1ir. rr : Y.c
/{) ;t ;t \

- (.-1,- :j -+i-) It't(L'.11.'-ti _ t'2t.r.t7.:rJ- /'rr ., .11.'-\Et
\ tl.t LJlt tJ-- ,l

_ )utlr,'!j, z) _. dt't\i. g. :"J * L)t':tir,'y, z)
i)r 0y Az

6',:aejr'r 3.2.1. (roil61a, fr'.:adxd z.qsufri an
s{ur1F} r,rafrqu"fi trorfl{ri{'uriakld

1. O(r. U, z) : y sin zi* zsin zi + ry cos zk

.*-o-'2. ul.r jA,z) : ge*z + rzl -t ry'zk

0 drv (S) 
= v-$
= [&i.ttrii&E). (rsin ri *xsrn ? 1'+ )oiros fi)
= @tyiefl+a frfrl *3*eg cos ?) ) = -*'Jrt,' ?

@ atu(d) = [L i tp 1--li).i vunirxz](ar ag "- ai 1' *xgL*E )

iltu:grad/:vf = 
a'f= 0'f - 0'f -rr^r.f r.,auri'udl61^uor?^tz'^- *i* ori - #T uav / uraud'urilfrnarnrir tprrr

::t2t n2t e2
,x,,nd'J -u"l -d"f -'-.d- ^-'^ ---r---=-aflt 

5rz 
+ 

Au, 
+ r) 'jr u6anir arilarrfiautor / (Laplacian)lar f udlurrvtu

fr':rdiv(grad,f):V (V/) :V2f :Lf

tiivr : V (V./)
/l) i) - ;) \ /i)t i)i- ;)t \

-, l-;- -,--il{ ;---!r-,:/l
\.1, i)i1" ;t; j \,;, t)f i," )

: ,r.f_ _,!: J _, i.)2.f

Dt:2 d,f ' Art



y" d-, ri, ,qilrvnuir.l, $u,Sr^t'En p(1,o,t-)

trJd's:rnror)5

(rr fi rn!'r"i> I

ft*, l,*) rtrnXl*&om { -+
(

det opru{or rdtt

fiaufir\rYnna,trt*ol F(qy,*)- % 
( x,.1,t ) i+ q [x,y,], i * E (\V,r]f.

JC V'Y t' divergr^ce tcc$qN,rn,*#

-a Cr"lrt ov q, ,rr4Nl :n t "ro}@ vx*

d *2F ri
a?

*
au

Vf =ti+
g*

+@t
E7-

O !ftornot^.-e To2c*oaJt *t*'f

diu $ s V'\r
= 

[3.,.0.- fil 
.ht 

) " (ul tx,v,")i+ xr,(x, !ft)!+ vr(X,y,L, tr)

= d ?ggIA) + etu(x,q*) * Q5elf r

paxfiar ?Y f[r,r,+) Gf=v{=#*$d*S[
divQrd{F V'vF

:Hnffi;)#dti'l$d;

vec*)r

vtr&q--



diu (9^a f)
;a--aF

laolaci'^ oF{
(anJer,{uu )

I

--tr..*.&
exz 42 

* ;;"

=V. VF = f+

9=fu*#.#

J Mn\Sv oy1i,a?lttF * 3*-F
4r-79" e*
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Vr r.a1e -\ #rgj'r n-rrirtfiunraarilart (Lapiace operatcr)fllrplnt

ttn Y fl l.i al r ? L{.1 0 U1^liln E E fl
q

_o 6z 6z 6zV'-n --- t -L -
0r2'}yz'6rz

a2f azf azf
0r2 0y, 022 - ''

6ln'jl drunraarilarf, (Laplace's equation)

#raerrr 3.2.2. {L?)r6l?: n'ralr.rfr 2.44 uil188)

vec+dr s gflq,

^/,h f-r-lY
l 4 

-,--.4'I ntur grad(divr.) tffie V(V .a) rile u : x:U siu z(i - i - k) qfAA (ottv

-t -J.\ l'*''-
V[V'Y ] .

= (t*d "&i *$rt ).( *,, sr?r ? (1'* J+li ))

= ht*estvr 
r)*prtxUsirr") 

$rxWryrz) 
r

gsin?+xsin?+xgcos? v
6 g*d (dt,r- S) 

-= 
V_.(g rt^ r j ^',;. 

.,
= #i *I{i+ Nqr

= (sin 
"+gcls+) 

{ + (srr,' ? + xcos?)l + (g*r ?* X os } *xysh
fr"laeix 3.2.3. (rond'n, ri'radrsd 2.45 ufil 88)

riruuBr f (*,y, z) : rzyz4 etur V2l Tnral& V2y : V . (V/)

vr =So" {i.$rl

v.v+ t-

6t r 4 4 il I d'Lfirinfrn:s1fin:c'rd',raEir.ifi 2.46,2.47, 2.48, 2.49 "Luronnrer.lril 87 - go fr.ra
FtuLa.i

>)8 ,#



ta?nfl e'ifi u13.1 Ltil rfl e?

fiel'rx 3.s.'l . lFfa (cur-l) Tt0'iu'"lLjrrn rneri r, riturrvrur,ilu nrrrl u :.#a .rot t frnr:r
'Lfrfl

3.3 16SagaraulrJL?nrna+

curl O

ff'raelr.s 3.3. 1 . ( Lon6r :, #qo rir.lfi' z.so uil: azl

i'rr,lun f - s:i , 3:tj + :# s*u^ ,.url r

curl ti= V**

:Vxu

l* **i 
= 

tfu, #, lt i+'*ql'.l3{ 
*;lt

(Ar=_0,2\;-(Arr 0rr\- {0t;2 Our \z-(a- u)'-(a. - u)',(r" -,)r)n

irel
?r

-_J\,It1
= la Llax w\I y+ sri

f-a V{ =

o^.\ (g'^q $) =

-- 
Ltr€ 

-*f-" I r - lffi *sl j -J,* 
" 

) - 

"1.l 

d

nqr*fluvr s.s.z. ','li /. ,1 iflu,,{r,i{unrnniS rrrri: u. r rlll6ul:iirnrr:ci eylfid'r

t2-l.rlllu-.''.,r1lr; titri, ylef .';'t' f r,-f .r

2. tiiv{t'rrli n) .- ii u}o V . iY r ,'r) : il

3. c,ur'} (..i,r,) : grad./ )< ,,i- f x curlr
r#e V x (./,,) : V.l x u + /(V x,i,)

4. curl(gr:ric1/):6 r,l3oVxV./-[

5. ,liv(rr x r') - 7.r'rtt'l ri - rr .,'rri1r'

:,,ie V 1Z x u) - u"Y x u--il,. xY ;< r

6. ciiv(gv/ " .fVrs):0 r,ilo f (rr\:7 x fVo):{}

fi r / r:luvTr{tiua rn nnr 5d arrr:n vr eqfiuf,tfr etjrs rio rfiuo 
^uu ^iu,,^r, 

:
v 

-

tarl./ -\/L"Rl \J\i/

f 
curtu:c*r1(grad/):o 

&_q]:f.,1"'r p*XX; aX;D\

t I srn:na 6s'-$oil;*F. 
(v/) :0 L t l

*l + lh "+l= * r:r -co*l tA T- I q'4 € u*

u?e

Vx
I 'L'lal?x
iqr

ax

0f)
1
a(a

B
?rl


