2%
f (x) = %=1 Ea\,am fohitn H(x) = -—:—(f AD

7:-2 \‘R-\/{’L?;) -1

0-7
fa) = A=t 3
1-2
1(2) =
F(x) N K=o

My L 100 =

X0

.6:33%‘\\?)'\ /QH’V\ .FC%\ <
Wbt ) 9Xas&/\m x o M Rm\ f(xy =

VET

= /QL\M« (x)
XA~
I

Jim +0x)

X =0



Limits and Continuity

PV VoL

THE TANGENT LINE PROBLEM Given a function f and a point P(z,yg) on the graph of f,

find an equation of the line that is tangent to the graph of f at P. (Figure 1.1)

Figure 1.1: A picture of tangent line at point P

Example 1.1 Find an equation for the tangent line to the parabola y = 2 + 1 at the point P(1,2).

Solution. g\ﬂ)(ﬂﬂt{M') {Q\e\ i(xo;\/o ; »ﬁﬂmhl Yh,b“
U Yo = M, (X%, )

Slope ¥o1duns  m = 4Y
a (xz’%)
" F(x&) l’xngn\ﬁ

we MI
K-k

Figure 1.2: Graph of y = 22 + 1 ( A
| Xx1) =2
K—1

m’v'&‘\}lu %k‘\mﬂ:? 1§15 el oo
VU Aehs 7o Qey (1,1)

s



1.1 Limits

Livrts If the value of f(x) can be made as close as we like to L by taking values of z

sufficiently close to a (but not equal to a), then we write
lim f(z) = L

which is read “the limit of f(z) as z approaches a is L”, or “f(x) approaches L as x

-y
approaches a”.

2
s —4
Example 1.2 Use numerical evidence to make a conjecture about the value of lin% 2 5
Solution.
z 1.9 1.99 1.999 1.9999 2.0001 2.001 2.01 2.1
flz)| 39 299 %4999 | 2.209% | 40001 | b.oot | y.O\ . |

Mys * =2 hwvda | ay
o ﬁﬁwmﬁaﬁﬁ-ﬂﬁhqns Y

I Y
5 Jim £ = 4

X952

3 3 3 —h
! ! ! 7

\ —»2 4—
poualad 2 bulos 2
frcdndp MYl
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Example 1.4 For the functions in Figure 1.3 , find the one-sided and two-sided limits at z — g if

they exist.
Solution.
Xi”’\ '(:(X) - % ﬁiw\ F()‘\ —_g /le -?&) .;’b
X300 X g A
X‘“" t =2 'Q‘M (9 - Jim f0 =
Sl X ot
H@' {(@ pne

>y = fia)

Rim {60 Lpn g ﬂwv\ ftd=We  pin {80 D
X QA /‘\ Figure 1. 3?( A picture for Exercise 1.4 ¥ =&

does not exist

Example 1.5 For the functions in Figure 1.4 , find the one-sided and two-sided limits at z — a if

they exist.
Solution.
X(‘iw\ 'F(Xa) = 3 XKW\ “IC(}(} =5 /Q[M 'FC)() =3
KAN AR X 90"~
,QWV\ fe = Jim TG =73 im0 =3
S0 ’(‘)0\+
f(a\ DNE f(a)- 2

0 : X, 0 : Xy 0 s X)
r i L
A 650 < oy T60) < D
fm f0 ©3 m*%‘ Do s
XS0 Figure 1.4: A picture for Exercise 1.5
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1.1.1 One-sided Limits

Xiw\ 'K)Q

me to L by taking

ﬁ(m\

ONE-SIDED LiMmITS If the value of f(z) can be made a 3c?l“oqe as we

values of z sufficiently close to @ (but greater than a), then we write

Em flo) =

(“the limit of f(z) as x approaches a from the right is L” or “f(z) approaches L as x

§20 01 B4

approaches a from the right”.)
and if the value of f(xz) can be made as close as we like to L by taking values of z sufficiently

close to a (but less than a), then we write

- 41
\ lim f (;U) ”

l x—)a

Aerme 19

(“the limit of f(x) as x approaches a from the left is L” or “f(x) approaches L as =

approaches a from the left”.)

Example 1.3 Explain why ili% % does mot exist. 2(0? ). X ) 0o
Solution. ";&5\ ARY! "FCX) = l.)_(_.‘ ‘V"{;\(% 'F(x‘ =
X () X <0
N Sk
4 i ) B
: o)
e iy
P e A
@ fwk-!—i’ji\ 55"1 \ {7’/ = e “
2 1
(o Xim {(X =4
J (0"
NS 3 ¥
Lﬁion‘\(\ XEM_'HX) = =1%1 ‘}!m fex ) ,
=0

x-ct

THE RELATIONSHIP BETWEEN ONE-SIDED AND TwoO-SIDED LiMITS The two-sided limit
of a function f(z) exists at z = a if and only if both of the one-sided limits exist at a and

have the same value; that is,

b fle) = L

if and only if
T4

lim f(x)

L—r0

=L= lim f(=)

IS (

X=30
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£y = x 2l =2 -l

L eicewlse ro\oﬁkeo\ functrea
J6) yivlaupvaensadly \,'/\'L /__\:
7 O =l 5 9

\ﬁ ) X |
‘(Cﬁ\ b m

E}k ‘R:):"(—\) =

—
P

et = 188

'F(O) %(0@179‘570:

Xx=0

Cooon X B0 movoo

P FCx) v Raflwno 4 ad«al’i:’);ﬂ‘

. n o 1hl0d 0 meey
‘ ch v
P £0x) e a0 - 6 WVeLIVeT

@;\ Rim = -~ kl‘o]\r\-} }XZ;V; f(x) =l 00
X9G 1\

o0 (in{u‘m‘ﬁ) \thfjc:n oS
Dr'{ﬂ)oomsldufuw’orﬁé\m
LA S
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(-3 - ‘
1.1.2 Infinite Limits &NAOILO ‘{:CY) -
X -G
Sometimes the values of the function increase or decrease without bound.
I a—1]a—-01]la-001|a—-0001]a—00001!.---1a¢a
| -1 -10 -100 -1000 -10,000

: -0
N @ Decreases x _’a
l without
l‘ bound
IFigure 1.5: lim = —0
z=a— L — 0
7 a,)- - | a+00001|a+0001|a+001|a+01}a+1
1
- - | 10,000 1000

Incre
wit
bou

s

:::—{—OO

,inx R,(\ DNE Figure 1.6: lim

z=sat L —Q
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/]
InFiNITE LiMITS The expressions !

/—‘-}4’;?——..,
lim f(z)=+od=hd lim f(z)= +oo

T—>a -~ z—at

denote that f(z) increases without bound as x approaches a from the left and from the

right, respectively. If both are true, then we write

| lim f(z) = +o0
| z-»a

1 !

Similarly, the expressions ;

1

P

lim f(z) = —coand lim f(z)=-o0 I F 2
{

T—a~" z—sat

denote that f(z) decreases without bound as x approaches a from the left and from the

right, respectively. If both are true, then we write

lzl,i_rg o l

-

Example 1.6 For the functions in Figure 1.7 , describe the limits at x = a in appropriate limit

notation.

Solution.

206111: Calculus 1 Academic Year 2018
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Jim 0 =0

=0

%ot

. b .
S e LA & ol
f :\;\‘R | }_L';‘_ 169 =~
! . =1 ; -1
Lim = -w W Jim Tx1= -0 o) = e
ot x =0*
| x | x
[ gim fo DINE [ Sl $O)< -
s X=a . ! X 94
(c) (d)

Figure 1.7: A picture for Exercise 1.6

0 J . - <
1.1.3 Vertical Asymptotes lg\*f"‘(\'\)%‘u‘) "o 1‘:69“(“‘(\1.\56”90\-\

If the graph of f(z) either rises or falls without bound, squeezing closer and closer to the vertical
line z = a as x approaches a from the side indicated in the limit, we call the line © = a vertical
asymptote of the curve y = f(z).

Figure 1.8 illustrates geometrically what happen when any of the following situations occur:

™

oo A\ P e -3 D

H T
o R L e

limy - f(:l]) = a0 limg, .+ f(x) = +00 lim, ,,- f(z) = —o0 limy, .+ f(il?) =

Figure 1.8: Examples of vertical asymptotes

- (3w X = %wgﬁu\fu&'y\\uumﬁh an Qih ‘F(x) = /-

T X0
Q/ ) (‘u")o X -0 \
o X6
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ULUVIAdaLIeat
WadagadinduFau Ussandudannsil 8 unsan w.A.2562
TEEB .o eeeeeeeeee oo FWATINANE .o T T
9
1. Awuald f deussnin Winnatnseldil nedinAneuasliudeadna
v y
@ Bm )= = ' '
=1 ¢
() lim f(x)=... . '
z——1t .
©) lIm f(z)= .. O ............... : 2
z—0~ -1.
(@) lim f(x)= . O ..............
z—0F
@ Lm Fl) = s /-.).— .............. -1 ,
=1~
H lim f(z)= 4W ............

v
=

2. Wunatmsallil

(@) lim 2 —3 T e e s
e=1- (x — 1)(z — 2)?
(b) lim L3 = S
z—=1+ (x — 1)(x — 2)2
(c) lim v -1 S —
w1 (x — 3)(z — 2)?
T+ 1
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1.2 Computing Limits 4

1.2.1 Some Basic Limits

THEOREM 1.1 Let @ and &k be real numbers. ‘

1 1
(a)limk =k (bilmz—g (c) im — = - (d) lim — =+oc0
T->a z—=a T30 T 0+

Example 1.7 If f(z) = k is a constant function, then the values of f(z) remain fixed at k as x varies,

which explains why lim k = & for all value of a. For example,
T—ra

Solution.
o

ioy=4

: I im 4= G
z——5

2 lim4 = L1L
z—0

= .
ia a:grlla L‘/

Figure 1.9: Graph of f(z) =4

Example 1.8 If f(z) = z , then the values of f(z) always equals to z varies, which explains why

lim x = a for all value of a. For example,
T—>0

Solution.

limaze = O

x—0
g = &
‘ r—3
/ . |00
| X bm pe=
3 z——100

Figure 1.10: Graph of f(z) ==
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TuroreMm 1.2 Let a be a real number, and suppose that

r—a
That is, the limits exist and have values L, and Lo, respectively, Then:
(a) lim[f(z) +g(2)] = lim f(e) + lim g(z) = L1 + Ly
(b) lim[f(z) — g(«)] = lim f(z) — lim g(2) = L — Lo

(©) lm[f(@)g(@)] = (lim f(z)) (lim g(z)) = L1Ls

= lim f(z)
(d) lim / <l’3 - = =L provided L, #0
zmog(@)  lmg(e) Ly

(e) }Ch’% il - {/}géf(x) — /Ly, provided Ly > 0 if n is even.

lim fle)- [, and liin olz) = L. (d’ﬁ!'\ﬂ‘ \790)

Moreover, these statements are also true for the one-sided limits as z —a~ oras z — a™.

1.2.2 Limits of Polynomials and Rational Functions as = — a

Example 1.9 Find lim (2 — 3z + 5).
z—2

3 : .
Solution. Qihq (X -3% +S) = ,QIW\ X‘} - ,Qfm YA *'/Q“V\ S
K97 . XA %2 -7

= (2)3’-—3(2) + G
= (Z ’()‘\’g
B

. =S

® fm (-3x+45) = (1)1 3(2)45 = 3
K2

THEOREM 1.3 For any polynomial

Pl iard oy

—— S_—— o
and any real number a,

limp(z) =g+ c1a+ - -+ cpa” = pla)
T—a ;
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XA
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