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Continuity in Applications
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Figure 1.11: Examples of discontinuity

1.3.1 Continuity on an Interval

<19
We say a function f is continuous from the left at c if /

S

—b
lim f(z) = f(c) C
E—3C
ey
and is continuous from the right at c if 'ﬁd

fim, f(z) = f(c). T et

=T
C

DEFINITION A function f is said to be continuous on a closed interval [a,b] if the

following conditions are satisfied:

1. f is continuous on (a,b).

2. f is continuous from the right at a.

3. [ is continuous from the left at b.

Example 1.15 Explain the continuity of the function f(z) = v/9 — z? on the interval [—3, 3]

Solution.
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Some Properties of Continuous Functions

THEOREM 1.5 If the functions f and g are continuous at ¢, then
(a) f+ g is continuous at c.

(b) f — g is continuous at c.

(¢) fg is continuous at c.

(d)  f/g is continuous at ¢ if g(c) # 0 and has a discontinuity at c if g(c) = 0.

Continuity of Polynomials and Rational Functions

THEOREM 1.6
(a) A polynomial is continuous everywhere.

(b) A rational function is continuous at every point where the denominator is nonzero,

and has discontinuities at the points where the denominator is zero. ‘((7() = ﬂx)

Example 1.16 For what values of x is there a discontinuity in the graph of

y g = 4 g
Y= 2 51+6
\ ~ J o= S p
Solution. ‘F @/‘OQ&D) ‘U"\QL{:G\“ on y\ & Sx*b :'D

<AL D=0
X =273

2l f etodlemara{u R
gnsun X =23

of
(X””?l B! D) %ghé'\(?uﬂu)q)u)
\
\
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Example 1.17 Show that |z| is continuous everywhere. 1)<\ =¥ 0 f gx —;0 ?
20660 o >
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1.3.2 Continuity of Compositions

TueoreM 1.7 If lim g(z) = L and if the function f is continuous at L, then liin flalz)) =

E—rC

(g(m)) — f{iim g(a])

BV Yo AU N Qw09 b\*\"\)’\uﬁmé\meﬂol&a"n

F(L). That is,

(AaSAIT )
Example 1.18 Given that 111%:6 —9 = —5 find, hnﬁé }Qj - 9.
Sotution,  Qim 1x-4 ﬁ;{\\';\;\dw'%:zﬂ lx|
F%;':r: x%9 xi—q 70 ggg I
(=), X4 €O Tl x|
vl = %x"ﬂ‘, X< -3 ylo %73 i ;#
- (%) KX €3 |

s e
THEOREM 1.8 w\&q'(_;\’g tf(géx))

(a) If the function ¢ is continuous at ¢, and the function f is con rﬁ%ﬁ l then the

composition f o g is continuous at c.

(b) If the function g is continuous everywhere, and the function f is continuous everywhere,

then the composition f o g is continuous everywhere.
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1.4 The Intermediate-Value Theorem

\ (
N. Prg NN Y
THEOREM 1.9 (INTERMEDIATE-VALUE THEOREM) If f is continuous on a closed interval

la,b] and k is any number between f(a) and f(b), inclusive, then there is at least one number
i

z in the interval [a, b] such that f(x) = k.

fa.

/ a z b

Figure 1.12: The Intermediate-Value Theorem
Example 1.19 Verify that there exists at least one root of the equation 23 — z — 1 = 0 in the closed
interval [1,2]. Then, approximate this root to two decimal-place accuracy.

Solution.

Since f(1) = —1 and f(2) = 5, we have f(1) < 0 < f(2). Therefore the root is between 1 and 2.

z 1 1.1 1.2 1.3 14 1.5 6 L7 1.8 1.9 2
/(@) -0-1] 0™
L Since f( 3-3)<Oand FOLY ) >,
51 the root is between 1°3 and L% |
: r 1. 011 111,32 1%3]1._ 411 5
f(=) 0. 62 (0.0 Yy
z Lo o6 b 7T S8 L @0
1
f(z)
-9
Since f( !-%Z) < 0 and f(lg; 18
the root is between .32 and .55 .
¥ 1 ol1 1 i1 3113
f(z) Fo oy 0.00tR)
st b, 61 1. 7l 811, 9k 0
Figure 1.13: Graphof y =23 -2 — 1 f?a,) == = == == =

The root of the equation 23 — 2z — 1 = 0, that is between 1 and 2, is approximately \ ] 3 2 :
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