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5.6 The Fundarrrental Theorem of Calculus

5.6.1 The }trndarnerrtal Theorern tif Caicuius
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Figure 5.9: area under the graph

As in r:ariier sectiorr.<, let us br-'girl b,rr 21ss11.rr1ng thzrt ./ is nonneg:riir.e ariri contitruous on an intr-.rr,.a1

;. i, ^ irr ii'iiicii cast- iitr: iiii-a -ri. t.tlii.-r tire glapir ui J ilrer tirc irit,-lr'ri .a. ',, r- r*i,ir:eltt'ri hi'iiii,rl,,jniie

ini r:grai
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(Ficule ,)" Rcr:al1 tirirt oul cliscussion of the arrtiderir,ativr: metirod iri Sertiou 5.1 sr.rgges1,r,'d that if

Figure 5.10: area under the graph ft'om a to r

,4(;r) is the ar'ea uuck:r the graph of I fi'om c to:.r (Figule '), iirtxr

r A'(r) : "f 
(:r)

e A(c): il ('f ire area under- the curve tlorr o, to a is tire aren tr|rove ther single poiut o, anri henctr

l: zelo. )

. .'t(b) : -"{ (T}re area unrler the cur:ve fi'orrr c to b is ,,1. )

'fiie lbrmnln J'fr:) :.f i.rI stirtes titrt -11:r) is an mrtiderir.'ativc of l(r). rvliicir irnplics tirat r:verv itther'

A.
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5.6.2 The Relationship Between Definite and Indeflnite lntegrals

l''' 1,.,',,t , - Vltt\-(' - F'rt', C' - F{lt I Frril

Thus. for pur-poses of evaluiLting a rlcfirrite irrteglai triie calr ornit the collstilrlt of ilt,'3r'afi,rn irr

i x ll- .i
I Jt.r,,t,, -,.1:{.,'' -(' :, - | | [r., ;,1.,',I, L.l r.

rLricir lelates the ciefinite ancl inriclinilc irrtcgrai:.

Example 5.17 
1 ,

@) fi r2rad.r: J 
X '

4
lrlt

t 7E
xzdx = J *"

+

Ax =r*f, --+(
+ l+

lnS g,qt o?5e- -5e ?
o

il%- y+ilhbLfb

5.9 -s = lo?<t 
5e" d.x = 5e(b) f;"' be*d,r: \

o

k) J:fi,r)*a.: orcsin -1?r, n orcslo (l)'o'o'^ f-* ) --r -(-y I =1rb \ 6t T

5"6.3 Part 2 of The Fundamental Theorem of Calculus

Theorem 5"1"0 If / is continuous o11 an interval, then .f has an antiderivative on

that interval. In particular, if r.r, is any point in the interval, then the function -F-

defined by
frF(t)- I fft)at

Ja

is an antiderivative of J ; that is, tr'l(r) : f {") for each r in the interval, or in an

alternative notation

*1f." r(')d'7: r{*)
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Y=fik)

Ftu A(x) qirtru)r[$u t.vr.

Yrn ad:6
?{.r ,) u nnd Qrn fa , 

b] .a, 
., A( b )

.". tt,r A(*) d**r5u)

F u{r.!.ft"r+ frulwf rrf,,c(/- 
I

=f (x)5.15

?-

fxa*

HCO

,l

dltit*'' rs'6*)= x do

f-** -- F(t)-F(1)i =t,g'.c]-[q,'-.]
= 1*/ - !-L-E -2

z
t*{O o,, U, i"rftl, :, i,;rl1ut, 

ai

T|3d!ir =Fr,.,
m$b.rs

Fordrr{t0ui,("ri t

*tr,,i o rllu lq,b)

fl,;olrt-- f(U>- f(ar

fr+t

X r\X =-LtC
L

1+
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B'u*[ tr,*n] ,tL{l;x

z il*Li f l;l
9

Vlq
lo rdortt It, *l

foo ?lc l,,\ dft * aYl -- x3

$ro &t) ' "r' t{r+b6{'{nrotilor 6u [0, x]
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v *firyat]
Totr Frc
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t tdus;ium'riltruLl (o''t)

xt
rdn *-t f*f d+l = ''*,,
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Exampre 8.l8 Find frLl{ f otl

5.6.4 Evaluating Definite Irrtegrals by Substitution

5.6.I Two &Iethods fbr L,faking Substiiutions in Deflrrite Integrals

,:
Ih
I !t(t\., t)rt'\L') rlr.

,t ,

x-e *exrr1 to trccount lirr tlie efhrci lhirt the subsl.itutiorr has ori tht: rr-iiritit-q of irltcgrati';lr. Thi:le ale

l1-1 r 1.| ii-! " i,,: ii,:,'ll irl ii i i:..

Method 1. First er-irlnatt: tht: inricfinite inieglal

{'

I if t, u r.r))ti' ( -,' ) I d",'

by substitution. anil then use ihe relationsirip

rh i t' 1"
| ,it tr\L't\u't,r1dr - | I I, r',t'))tr'lr'' tJ,'l

.1,, '" 'L I L

N{ethod 2. Ltakr t5e slbstituti6n rlirectl-v iri t}rc tle{inlie irrtcgral, arrtl tircn r<:ptrat:e tlie r-il[rits,

:c - r,r irn.i.r:,;. ll-r ci;,r'r'espc,n.jilg l-li:riits, r;(iri :rn,i .li&i" Tbis pr'rti:;r:e= a lleli'' 'i"mritt i]-rt'-q]'ai

,'1, l'tt 
t F\

! l'\"')') rr"'.'t rl'r - |'ft'il'luI-1,

th.rt is expressed entirely in terrns of u,.
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antiderivative of /(r) on fn,b] carr be obtained b-v aclding a corrstant to A(r). Accordirrglr'. let

F(,r):A(r) -C

be anr. antirielivtrtivc of ./(.r). and consiclet lr,liat h:rppens tr,'hertr r,ve -qubtlirct F(.0. l1tr,n f,t/r):

{_t.

r(b) -_ F(o): i.1(b) -r- C;-lA{ai*C-;: A(l,i -:l(n) : l-0: A: | .f t''t't''

Theorem 5.9 {The F\rndamental Theorem of Calculus, Part 1) If f is continuous

on lo, b] and F is any antiderivative of / on la, b], then

,i,,0 
.f ir)otr: tr(ir) 1:(a)

Example 5.15 trvaluate {l xd,r.

Example 5.16

(b) Nlake a conjecture about tire vaiue of ttre inr,egral

o lvl
--Sinxl

lo

= [sin Vr- rh o]fo' "o, 
*a*

and confirm your conjecture using the !-undamental Theorem of Calculus. = L- -O z !
T

J
o

l-\
IFTC\

lt rjr
f *rxdx = 9ih * l, --Sin'tT-,'\ o
o *o_o =Q ,./

i

: -t
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E lrt'*r)r*dx
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dtr = Zdx -) d":9.

t&|*d'x ={i"o du

q
t''- L

X:0
t cr*,)''"ry
) r.* ,r

@

[- vou t vu't mr6 * n' n s fl u'C'!t'n r dit., r.,o[a n J s I
LT;;i"- *;^n'rinu aidsl'aJ'l{( J

b b ?oe u=, - f"t 4u ulb\r,

i+*,r* = ii&;i@l ;I rt^
0tA\f

)du

,i 0 anororl(rre\ 
( 6ufrtnsor f,ur'rr*fini^tvorl lnrtlo rrirolaott'v'x'i'

fr 
@ t,)3*r*nort,nfldutoul &'
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1. s.:ouyltn?n I --:ds
J t/s2+s+6

ufi,:qvlfi.irs:...-.....!t .LLEyt:

- c, - * -- lo3. \il y l:lur{sri.fi'ufifi€r1NTnfl

W U = t& la dv,f tdok

o-11ouly{6at Xr. L -p

2.

Vsurvsrtnif,o t = +b)
fny(r): | ",'dt, r)0

Jo

(a) eto6u'iu'jr s{ruranl{rnqr*fiurnu6'nila?a{ruaana-a rirud 2 (Fundamentat Theorem of caF

culus Part z) uroqfiud'lfiutahi ruarrruElnr

(b) ntu't y/

oyouw'llxJlo g=fG )
Yov lvot x= ?
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Exampte b.19 Use the two methods above to evaluate f| *@' * 5)3d'x 
= - | X(**l)hX

Sotution by Method 1. ll.6ufr nipJali'"io''o{}'irFltlld-rrrvr*a{r 
o

a
r,1 = X +S ) du -- atd-x ,dx=d$

qtr\roa !*(,f*Efd* 
= V'rt*t I lt-',' = i +o rc=;1x'*s).4+c

0J
Sotution by Method 2. lrlewt-voutUon1.hAA'', n-u fstdiUuoiarn,f

q, xls ; du:Zvd*:) o\x =dU
x" 0-

\h\sftc\-!^(rSslja* =-tf"d' =-l+l:r=-Lff {:

*

l
w#
c67'T

xzg

Example 5.20 Evaluate

v'5
* -Lro 5u = -Wq+2

6,,-n x =o lrir\ u= (oJ *s = S

; d=L la\ u-- (e)'*s 'q

r3/7 1

(a) LLa,
-l g I - J'

(b, 
,|'"' 

e*(1+ "')'t',;*
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