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5.6 The Fundamental Theorem of Calculus

5.6.1 The Fundamental Theorem of Calculus

‘(X

0 a O

Figure 5.9: area under the graph

As in earlier sections, let us begin by assuming that f is nonnegative and continuous on an interval

la, b], in which case the area A under the graph of f over the interval [a, b] is represented by the definite

b
A= / flz)dz
a

(Figure 5.9). Recall that our discussion of the antiderivative method in Section 5.1 suggested that if

integral

Y

i

X

{ a ci s

Figure 5.10: area under the graph from a to x

A(x) is the area under the graph of f from a to x (Figure 5.10), then
. A(z) = f(z)

e A(a) =0 (The area under the curve from a to a is the area above the single point a, and hence

is zero.)
e A(b) = A (The area under the curve from a to b is A.)

The formula A’'(z) = f(x) states that A(z) is an antiderivative of f(z), which implies that every other
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5.6.2 The Relationship Between Definite and Indefinite Integrals

Let F' be any antiderivative of the integrand on [a,b], and let C' be any constant, then
b
[ @)= () + €1 - [F@) - ) = F(8) - F(@)
~ &
Thus, for purposes of evaluating a definite integral we can omit the constant of integration in

/ Fledde =[P+ 0 [ / (@) dfc} »

which relates the definite and indefinite integrals.

Example 5.17

: ! I % .9 ’-)»
2 hx = | xtAx =eX | =£(4
(a) [} 2®/ide = jx _‘j;x A T‘Lr q( (ﬂ
a
- X In 3y 0
= —=5¢ = .4-5 =
(b) fi**5evdz = g = He lo e S 53 10
v}
kL {
(g i f—x?’dw: aresin X \_\/2 = orcsin (—%) -arcsin (,_.2) :JI,I _’(—.% ) -

5.6.3 Part 2 of The Fundamental Theorem of Calculus

Theorem 5.10 If f is continuous on an interval, then f has an antiderivative on

that interval. In particular, if @ is any point in the interval, then the function F

defined by
= / f)at

is an antiderivative of f ; that is, F'(z) = f(x) for each z in the interval, or in an

alternative notation
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Example 5.18 Find — [ [ £
T s

5.6.4 FEvaluating Definite Integrals by Substitution
5.6.5 Two Methods for Making Substitutions in Definite Integrals

A definite integral of the form

| y
[ V()i @)da.

we need to account for the effect that the substitution has on the z-limits of integration. There are

two ways of doing this.
Method 1. First evaluate the indefinite integral

/[f(“(ﬂ?))U’/(iL’)}d:{:

by substitution, and then use the relationship

I [f(u(a”)m’(rc)}dwr ,

a

b

L

Method 2. Make the substitution directly in the definite integral, and then replace the z-limits,
z = a and = = b, by corresponding u-limits, u(a) and u(b). This produces a new definite integral

~u(b)

b
/ [ ule) (@))ds = / (Fw)]du

il
Juia)

that is expressed entirely in terms of u.
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antiderivative of f(z) on |a,b] can be obtained by adding a constant to A(z). Accordingly, let
Pla) = Alz}+C
be any antiderivative of f(z), and consider what happens when we subtract F'(a) from F (b):

b
F(b) — F(a) = [A() + C] — [A(a) + C] = A(b) — A(a) = A—0= A= / fla)de

Theorem 5.9 (The Fundamental Theorem of Calculus, Part 1) If f is continuous

on [a,b] and F is any antiderivative of f on [a,b], then

b
/ f(z)dz = F(b) — F(a)

Example 5.15 Evaluate ff zdx.

Y

/

J 0

Example 5.16 Tr

(a) Find the area under the curve y = cosz over the interval [0, 7/2]. A = fcbs x WX

6
(b) Make a conjecture about the value of the integral . L
= Sin X
b o
/ cos xdx
0 - [Si n ‘BZI - Sh 0]

and confirm your conjecture using the Fundamental Theorem of Calculus. o ﬂr AR

v
Y SCOSXO\X N Ay = O v
o}

i %‘i " ‘ o =
B e m
-, ek - Aren S-COSXdX =§'ih X 0 :S;y\‘r",a»‘ 0
e
- -4 0 e
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2
3
Example 5.19 Use the two methods above to evaluate f20 r(z? +5)%dz = .-yx( X +$)3d X

ik © . = e { v)
Solution by Method 1. ﬁ"oun“gp_".’)““‘\wmq” 180 (A UL M

u= = X4S ", du=axdx D= -Q\S—

4 2 4
GTRSOA gK(“‘ﬂ dx = g,’( u di;‘ . %S‘u’sdu LZ"'%‘ +(;4,§’ (x35) +C
€ S0 o ISR Y. say
. gx(xq"\—g)}o\x ( (Q_-Hﬂ) ( é‘(0+'5)) = n -\-%(5) -,,g__#
0

1 N =
Solution by Method 2. \‘\)mb-VDUWs‘\ MOM-\ Ny s |\)3‘uu.(ﬂ MUS
2
W= X45 ; du=2xdx=)0% = du

Xz Q Z a4 ¢ 4
i,

. o P = =5
L u b~ o —
SO —Sx(xﬁ) Ax ’éj“ d 2% |lu=5 1L4 4 ]
®z0 u=5 ¢ 4
9 - 3¢
or X =0 e U= CO72+S:5 = —%+’§S‘ = -2 H
G;'\ %x=2 -\5)\\ e (2) 1S =9

Example 5.20 Evaluate

3/4 1 ' n3
(=) f e (b) / ¢*(1 +¢%)2dz
0o 11—z 0
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