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Volume by Disks and Washers perpendicular to the Y-axis

¥ A bl Y
Y /
A= [n‘ { ‘_x‘ _}}1 ! (:i A =z[w)T — 7z [vO)]]
d S
1 ™
x=v(y)
........................... .
x=w(y) x=w(y)
3 c
. R Y —— X 4+—>x X

Disks Washers

The methods of disks and washers have analogs for regions that are revolved about the Y-axis.

Using the method of slicing and Formula (6.4), the following formulas for the volumes of the solid are

od
Ve / ety (k) (6.7)

" .
V= f 7 ([w(y)]? = [v(¥)]?) dy (washers). (6.8)

Example 6.8 Find the volume of the solid generated when the region enclosed by z = /g, z = 0,

and y = 3 is revolved about the Y-axis. 2!
i > ¥ = \g'
e O RSV 105 P
- _§ y=3 O}
B V= 1fudy
0
Y

b .
0{&9\% Uspanbnty KX \/i S_ﬁ{(?’)?—; Q\Z) }O\X
0

INashex | A 1
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Example 6.9 Find the volume of the solid generated when the region enclosed by z = 1, y = v/z — 2,

y =0, and y = 1 is revolved about the Y -axis.

M ua}um)bbnu 19 %{ Wosher
yixz )

S B B /y-—l \/_ g[ﬁﬁ-kl) i ]d%

)
*
\
~
<
it

nS [y“ruy+4 - 1] dy

]

01
f g(g4+w~51+3)d5
% u ] L1, ka3 ] nET

o [ + Y] =[Gy Sh

A
al 37O Oy % T8 dlisk + washey

’_-_———-——

\//\ Mo 1= {y-z

R = olisk Liashey-

: v T(ﬂ tﬂ—&fzmobq
— WV

Other axes of revolution

It is possible to use the method of disks and the method of washers to find the volume of a solid
of revolution whose axis of revolution is a line other than one of the coordinate axes. Instead of
developing a new formula for each situation, we will appeal to Formulas (6.3) and (6.4) and integrate

an appropriate cross-sectional area to find the volume.

206111: Calculus 1 Academic Year 2018



138

Example 6.10 Find the volume of the solid that is obtained when the region between the curve

y =z + 1 and y = 0 over the interval [0, 2] is rotated about the line y = —1.

Z

V=T g xm}{-n) (oﬂ)ﬂ;\
Oz

V. WWK*‘Z) —(’I)ja\ (B‘%Tc“)

Yot ﬂx:kmmm Nasher 5oy Xx= —1

3
D W‘
s e v[(r o6
7 ’ 0
i Eay o (sq @+1) -1~ Jd
SR eI '§[ ; g

x=-| L
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6.3 Volumes by Cylindrical Shells mﬂﬁ:uwbbmﬁamnmizwﬂ

Theorem 6.5 (Volume by cylindrical shells about the Y-axis) Let f be
continuous and nonnegative on [a, b] and let R be the region that is bounded above
by y = f(x), below by the X-axis, and on the sides by the lines z = @ and z = b.
Then the volume V of the solid of revolution that is generated by revolving the

region R about the Y-axis is given by

b
V:[ 2z f(z)dz. (6.9)

1 b

LR ozt ) Aze = | 2 )da.
‘m(mi%}gnﬁe ; erf(xi“) Tk /a ’R".If(ﬁ’) &z

Example 6.11 Use cylindrical shells to find the volume of the solid generated when the region enclosed

between y = 2%, z = 1, x = 2 and the X-axis is revolved about the Y -axis.

Z A
CB V= (gmx(x7)  dx
-2
J’%" A
A
\ \I:Z\TSX3dX
b : q 442
; f2 :‘ZTTI:,ZS ]
4 Ja
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Variations of the method of cylindrical shells

The method of cylindrical shells is applicable in a variety of situations that do not fit the conditions
required by Formula (6.9). For example, the region may be enclosed between two curves, or the axis of
revolution may be some line other than the Y-axis. However, rather than develop a separate formula
for every possible situation, we will give a general way of thinking about the method of cylindrical
shells that can be adapted to each new situation as it arises. For this purpose, we will need to
reexamine the integrand in Formula (6.9): At each z in the interval [a, b], the vertical line segment
from the X-axis to the curve y = f(x) can be viewed as the cross section of the region R at x. When
the region R is revolved about the Y-axis, the cross section at z sweeps out the surface of a right

circular cylinder of height f(x) and radius z. The area of this surface is

which is the integrand in (6.9). Thus, Formula (6.9) can be viewed informally in the following way.

An informal viewpoint about cylindrical shells: The volume V of a solid
of revolution that is generated by revolving a region R about an axis can be obtained
by integrating the area of the surface generated by an arbitrary cross section of R

taken parallel to the axis of revolution.

} Y }
) 2rx
| C:_____//‘ 7Yy
SR
‘ RASE
U RS M L—— v ,
X o ENSES ot v, S N
l€ v » A=27xxf(x)
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Example 6.12 Use cylindrical shells to find the volume of the solid generated when the region R in

the first quadrant enclosed between y = = and y = 22 is revolved about the Y-axis.

ylindia. shell sowou ¥

V

1 ey

Example 6.13 Use gylindrical shells to find the volume of the solid generated when the region R

under y = /= over the interval [0, 1] is revolved about the line y = —1.

0

— .
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