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7.6 Improper Integrals "\3?7‘3’1‘( HG\%\W‘U

It is assumed in the definition of the definite integral ff f(z) dz that [a,b] is a finite interval and that
the limit that defines the integral exists; that is, the function f is integrable.

Our main objective is to extend the concept of definite integrals for infinite intervals of integration
and for integrands with vertical asymptotes within the interval of integration. If a function f has a
vertical asymptote, then f is said to have an infinite discontinuity .

An integral over an infinite interval of integration or an integral with an infinite discontinuity will
be called an improper integral .

There are three types of improper integrals:

1. Tmproper integrals with infinite intervals of integration.

2. Improper integrals with infinite discontinuities in the interval of integration.

3. Improper integrals with infinite discontinuities over infinite intervals of integration.

Example 7.20 Determine if each of the following integrals is improper. If so, specify its type.

+o0 1 +o0
1 /0 T—2 dx / 23 dx
3 ﬂ sec? 0 do /
g Nom\“"\‘”“‘:}“ =t ' - HH]X 7 fegrok
” 5] IW\?VOP@( 1ntear
@?‘ x”*@{m’ i y %=1,-1 Wi V@ s
1 oq@cn\\mm P, YOUIVOAD — 0o (V/ L‘shin‘\pbprr it
Q g X olx @{(ﬂ X \ﬁ)uﬁonﬁm{m}\ 940“3‘0'2”“‘\/“ IR Juen 2
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4% ) @%ﬂ-zrm
% P
< A, i x +1 5 h 7
{x +2(x) i*l)bc&*ﬁ’ ( ) Z
Rz S

Wl proper lh*tgml CENRTES

Academic Year 2018 206111: Calculus 1




161

'
7.6.1 Integrals over infinite intervals : T\/‘)e@ YoV 9N Lguo'j/u‘ﬂ

Suppose we are interested in the area A of the region that lies below the curve y = 1/2? and above

the interval [1,4+00) on the x-axis. Let us begin by calculating the portion of the area that lies above

a finite interval [1,b], where b > 1 is arbitrary. That area is f; = %
AV
{ 1
Ll
‘?'» b
. Area = —d'—;: 1~l
N a2 b
“‘;fa%m M’T‘”““’ —,
1 b o

If we now allow b to increase so that b — 400, then the portion of the area over the interval [1, b] will
begin to fill out the area over the entire interval [1, +00), and hence we can reasonably define the area

A under y = 1/2? over the interval [1, +00) to be A = [° ‘i—m =Jmg s res flb dz—w = limp 1001 — %) =

¥ 1 ¥ } 1 ¥
v s, [y R
\ \ \ ;
}k“ ;ZArea = % j }\\ Area = % l ht Area = % Area=1
N ) N/ ) | " : e/
= e v e e

DEFINITION The improper integral of f over the interval [a, +00) is feﬁn to be
ﬁg@ AX

; y-¥6) f f(@)dz = lim / fla

o b

" +
The integral is said to converge if the limit exis’ss and diverge if it does m}t

&) fF(N)O\X

The improper integral of f over the interval (—oo, b] is defined to be

/, /_ fg:@)d?:— hm /f("ﬁ}dx - |
=71 o

o s
The integral is said to converge if the limit exists and diverge if it does not. ‘SQ‘;VQC‘ yﬁyh)(
C

The improper integral of f over the interval (—oo, +00) is defined as J’

___P_‘—s#-ﬂ,_
/ f(z)dz = / flx)dz + / f(;r)cix : ‘T C - g
<N é{ e fﬁx}o\x

1y real number. The improper integral is said to converge L%'both terms converge

and diverge if either term diverges.
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Example 7.24 Compute /1 3 12 dz. ol " f }
4 ; * 1 }
r dx = f
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7.6.2 Integrals whose integrands have infinite dlscontmultzes. gl

Let us consider the case where f is nonnegative on \a, b, so we can interpret the improper integral

f(f f(z) dz as the area of the region. The problem of finding the area of this region is complicated by

the fact that it extends indefinitely in the positive y-direction. However, instead of trying to find the

entire area at once, we can proceed indirectly by calculating the portion of the area over the interval

la, k], where a < k < b, and then letting k approach b to fill out the area of the entire region.
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