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'ffir-{lr,*rr[brut)7.6 Improper Integrals 1J

It is assumed iii the deiinition of the definite integrai il f O: d.r that fa, b] is a finite intervai and that

the limit that defines the integral exists; that is. tlie firnction f ls integrable.

Otrr rriain objective is to extr:nd thr,: corru:pt of definite integrals for inflnitr: intcrvals of irrtegration

and for integrands r,vith vertical as;rmptotes rvithiri the irrterva,l of iiit,cgration. trf a funchion "/ has a

vertical asymptote, tlien / is said to have a* infi,nite d,iscarzt'i,nuity

An intcgral ov{)r an inflnite interval of integrertion or an integral with an infi.nite discontinuity will

be called an impropet' i,ntegra,l

There are three t;.pes of improper integrals;

1. Improper integrals with in{inite intervais of integration.

2. lmproper integrals rn-ith infiaite disconiicuities in the interval of integratrr:a.

3. Improper integrals with infinite discontinuities over infinite intervals of integration.

Example 7.20 Determine if each of the following integrals is improper. If so, specifir its type.
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Atr ilLm)nV I t
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7.6.1 Integrals over infinite intervals : Tyg' O ts$ tqrcrt'{r' offtt #

Suppcse we are interested in the area A of the region that iies below the curve U :11*2 and above

the interval 11, +oo) on the x-axis. Let us begin by calculating the portion of the area that lies above

a finite interval [1, &], where b > 1 is arbitrary. That area k fi *: 1 - *

If we now allow b to increase so that b -+ *oo, then the portion of the area over the interval 11, b] will

begin to Iiil out the area over the entire interval [1, +oc), and hence'we can reasonably define t]re area

,4 under y: l/rz over the interval [1,+oo) to be A: fr"' *:1i**-*".f *:1i*t-+*(1- *): r

.r' I
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Example 7.21 Compot" /*- ).a.
t@ 

Jt r"b

l*n- = hn*l#*-i 
= !,' t:r'l'bw lz Jr

=.&r- l-#rb++o l, I
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rzJ
1

-+
L

O Cr', al nn 'Y sa i l,'l ,S^{ trA I r r f- r}tr n I x glfg[ (1uf.l
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*s)
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1

,'ordfii J
2-Example 7.22 Cornp"E ,{*- cosr d,r.

trz

T*t xdX = *grJso5 
x dx
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=,[i^ [s]n ^1iv1+e *

O GH',

, $y Lsrn b-sifi1
ba *oa

@ 6.6rtorv, i.a\ro{ 14Jalr trrr-thnr\ in x dx dirry t{ oon)
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Example 7.24 Con sl I

1 -'--- J-* 372s**'

c r ,;'"'"J-*'so'*d"] s-'*u'n = ArJ#r'.
-(9

= fo,[-1.1-rr-
o=li-,tlY"r

r!
"*tln

t l^^l

A-t -e

L2
9_

ffia"
l, tr -*i4r ; du. -zdx
.l i n dx=--ldt.

) lr,dLt* r, z

-- -rfi^ lql+C
L

= -! 0'^ lr-t'xl tCz

?-eo, | ]
,8q-r+oo
3-zq -r+eo

Example T.z5 comput. t'**;ff.a*.
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O ,[i,n
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1

loa*or-

lf.t ll = -* dlvevoeS . ftcntrunruux-'''\'Y' - - 
I rrirrio,.hX

ba*o,

*oo

Ju ?t

- I I I;,-l ( rdu
Z) Udrrr1ge.

r\a'r t*r- tEr lffi* =l -0"1 u\'1c

:!ul*-r l"L-S r-+t I

7.6.2 trntegrals whose irrtegrands have infiuite rliscontinuities:

Let us consider the case where / is nonnegative on [a,b], so we can interpret the improper integral

fl f A dr as the area of the region. The problem of finding the area cf this region is complicated by

the fact that it extends inclefinitely in the positive y-direction. However, instead of trying to find the

entire area at once, we can proceed indirectly by calculating the portion of the a1ea over the interval

[4, k], where a 4 k < b, and then letting k approach b to fill out the area of the entire region.
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