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Limits and Continuity

THE TANGENT LINE PROBLEM Given a function f and a point P(zq,yo) on the graph of f,

find an equation of the line that is tangent to the graph of f at P. (Figure 1.1)
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Figure 1.1: A picture of tangent line at point P

Example 1.1 Find an equation for the tangent line to the parabola y = $21+ 1 at the point P(1,2).
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Solution.

S cant fine
(Qudnangl )

Al,2)

=T PR
1= A
2 4
R Slope = AY = (X +1) - 2_ -y
o X -1

Figure 1.2: Graph of y = 22+ 1
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1.1 Limits K0

o
LiviTs If the value of f(x) can be made as close as we like to L by taking values of z

sufficiently close to a (but not equal to a), then we write

lim f(r}=—L

r—a

which is read “the limit of f(x) as x approaches a is L, or “f(z) approaches L as z

approaches a”.

22— 4
Example 1.2 Use numerical evidence to make a conjecture about the value of lim 5
32 T — 4
Solution.
T 1.9 1.99 1.999 1.9994 2.0001 2.001 2.01 21

F0= 8 o £ o {xeRIx42}
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1.1.1  One-sided Limits

ONE-SIDED LiMITS If the value of f(z) can be made-as close as we like to L by taking

b

values of x sufficiently close to a (but greater than a), then we write

\tﬁm+ e ﬂ §3¥'\'M3°f?'}

(“the limit of f(z) as x approaches a from the right is L” or “f(x) &ppr@ac%es Lasz
approaches ¢ from the right”.)
and if the value of f(z) can be made as close as we like to L by taking values of z sufficiently

close to a (but less than a), then we write N tj‘:-f{,q

/b,_..-

i |

P
(“the limit of f(z) as = approaches a from the left is L” or “f(x) approaches L as x

approaches a from the left”.)

]
Example 1.3 Explain why ]inﬁ}1 '—Sﬂ does not exist.
=0 I

Solution.

THE RELATIONSHIP BETWEEN ONE-SIDED AND Two-SIDED LiMITS The two-sided limit
of a function f(z) exists at = a if and only if both of the one-sided limits exist at a and
have the same value; that is,

lim f(z) =L ifandonlyif Ilim f(z)=L= lim f(z)
z—a~ z—at

zT—a
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Example 1.4 For the functions in Figure 1.3 , find the one-sided and two-sided limits at x = a if

they exist. ()\029 y\é('
exist
Solution. J/
=4 { ) =1

Jm A6 = 17 ¢ e iy, 0= &m»« ot BT o270 o ovs

iw\~ : = X907 A
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Figure 1.3: A picture for Exercise 1.4

Example 1.5 For the functions in Figure 1.4 , find the one-sided and two-sided limits at z = a if

they exist.

Solution.
_Q\M .f(ﬂ T Jim ‘Rﬁ:g ’,Qj.,':-kfoq it Gim f00 -3 Pt 3
T . B e 3 e Qi 60 =3
Son 1097 S fim F0=3 | <om
X300

30"

Cla) A ta =1 f@)=3

ai

(a) (b) (c)

Figure 1.4: A picture for Exercise 1.5
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1.1.2 Infinite Limits  qamoiu® - adove, AL o X = 13 +00

Sometimes the values of the funct ﬁ"‘{@&)')h‘u -F(x) ”33/ sw‘;b
metimes the v: [ the function increase or decrease without bound. ==

z|-10]-1|-01]|-001|-0.001] —0.0001 | --- 0 — 0

[
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Fo= 4 1 vp R

00 | -1000 | -10,000

£
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& i
without bound 4

Jim fx) = 4o
a(-ao+

1
Figure 1.5: (Left) lim e —oo (Right) lim — =00

z—=0— 0t T

@

0.0001 | 0.001 | 0.01
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10,000 | 1000 | 100 | 10 | 1| 0.1

The above discussion represents the limit of 1/z as z — 0~ and x — 0" graphically. These can be

summarized that

1 -
lim — = OO and lm l = '*OO
z—0— T =0+ I

Let us next consider the limit of 1/(z —a) asz — a~ and z — a™.

1
Example 1.6 Fill in the blank and guess what are lim and lim
30— & —Q rz—set T —a
z ja—-11a—-011a—-001]a—-0001{a—000011!--- a
L | 1 -10 -100 -1000 -10,000
r a ces 1 a+00001 | a+0001 | a4+001 1 a+01 a1
ra -+ | 10,000 1000 100 10 1
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