Vo T0) baueon
Q'\W\ o =L S0 Lim TG =L = Qim (%)
K-+

Y0 X=a~
B 0= %
. SZ(M+‘P(X):_\_OO
X=20
/\\ JZ\M f()() = —-00
s | XAG

4/ N
7

)
Jim fx) pNE.

X0
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InFNITE LiMITS The expressions

m flz)=+oco and lim f(z)=
z—a z—at

denote that f(x) increases without bound as x approaches a from the left and from the
right, respectively. If both are true, then we write

lim f(z) = 400

T—ra
Similarly, the expressions

hm Ja)— and lm flz) —

z—at
denote that f(x) decreases without bound as = approaches a from the left and from the

right, respectively. If both are true, then we write

lim f(z) =

TG
These cases can be considered as limit does not exist.

Example 1.7 For the functions in Figure 1.6 , describe the limits at * = a in appropriate limit

notation.

‘((\(5& :'%:a y y : 'F(}) - - ._L_

X a
Qi 1) =x0 Jim TG - ~0)
3ot 7S ol - X nk
ooy~ —= = R e
Z1AE X9~
Qi §ny = ONE im {2 = PE
o« ~JO.
A% y g
Yy -F(X«) = =
‘F(f\): o - (X"q)l
&rw; £ yim;?(x) ~ —g0
x50 ; X -0
Qw f(x) = 0 v ' D 19 = -
Q\W\ ‘F(Jq =P Figure 1.6: A picture for Exercise 1.7 ,QiW\ {(X) = X
X0 X QA
Solution.

206111: Calculus 1 Academic year 2019
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1 1
1 i
1 34
1
1
i 21 i
1 1
i i
1 1
i 17 i
1 1
< ! : N
< 1 T >
: 1 2
1 1
t ]
i 1
t i
1 t
i ]
I i
] }
1 i
H i
i 1
1 1
1. lim T ettt
im f(z)
z—0~
3. lim f(z T e
z—0t f( )
4. li R
i)
5. lim f(Z) = = e
27
6. lim f(x R
z—2+ f( )
7. The vertical asymtotes of the graph of f (@un iuuuatiuaansw f) is X'“(Z,X:z
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. o o ¢ :
1.1.3 Vertical Asymptotes b{uﬁqﬁc\)\,b‘u ggu/ bofumﬁ‘utbmw9

£

asymptote of f(z) if lim f(z) — +oo.
r—ra i

if the graph of f{z) either rises or falls without bound, squeezing closer and closer to the

r = a vertical asymptote of the curve y = f(z). In other word, the line z = a is vertical

vertical line x = a as x approaches a from the side indicated in the limit, we call the line

Figure 1.7 illustrates geometrically what happen when any of the following situations occur:

y

i
“.I'AU

limg - f(z) =400 lim, o+ f(z) =400  lim, ,,- f ( r)=—o0  lim, .+ fz) =

Figure 1.7: Examples of Vertical asymptotes

—00

AR X =0 WLEad Ao (ded o fim T(0 = x 0 /,a.o

(VA) X-—%(l

1.2 Limits RAaa

XA’
=4
1.2.1 Basic Limits /kx
THEOREM 1.1 Let a and k be real numbers l
i i
(a)limk =k (b)lmz =a (¢) im — = —o0 (d)im — = 1too
Ta >0 r O~ I 30+

Example 1.8 If f(x) = k is a constant function, then the values of f(z) remain fixed at k as z varies,

which explains why lim k = & for all value of a. For example,
T—Q

Solution.
S
i y=4
o ._0 et —— Ilm 4 ==
z——5 L\’
2 :
lim4=
z—0
fa .
: lim 4= 4
r—15
Figure 1.8: Graph of
f(z) =

Academic year 2019

206111:
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Example 1.9 If f(z) = = , then the values of f(z) always equals to z varies, which explains why

lim # = a for all value of a. For example,

T—rQ
Solution.
S :
y :
y=a
lmz = 0
: r—0
a ’ﬁ‘
Imz = fs
4 : z—3
lim z=-00
- X} 2——100 ’—\
S a

Figure 1.9: Graph of f(z) ==

THEOREM 1.2 Let a be a real number, and suppose that

limflz)=1; and Imgle) = 1o,
z—a T—ra.

That is, the limits exist and have values Ly and Lo, respectively, Then:
(a) lim[f(z z)]=lim f(z)+ limg(z) = L1 + I

(a) lim[f(z)+g(2)] = lim [(z) + lim g{x) = Ly + Lo

(b) lim[f(z)—g(z)] = lim f(z) — limgle)=L; — L

(b) lim[f(z) — g(z)] = lim (=) — lim g(z) = L, — L,

(¢) lim[f(z)g(e)] = ( lim f(z)) {;133 9(@)) = LiLs
F(z) 13;);_1 flx)

b -
(d) ix_rg e e T provided Ly # 0
T—a

(e) l‘m Y flx) = \/hm f(z) = /Ly, provided L, > 0 if n is even.

Moreover, these statements are also true for the one-sided limitsas z o~ orasz — a™.

1.2.2 Limits of Polynomials and Rational Functions as 7 — a
Example 1.10 Find lim (Q:S — 3z +5).

Solution. R\W\ (X 3)\'\’5\ /Q\W\ 7k ‘\‘,QIW\ ("'3’(\ -\—X,m S
D Sl 2 X2

>
= }Ztm %X =30m x +8im S
L2 ®-\2 A=Y

- (1)3- 3(2)+S

= g-bL45 = 3
206111: Caleulus 1 ‘P (X} X "7 X45 Academic year 2019

pl2)= (2)-3(2)+5 = 4

pe) = oK 0 " .40 0,
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THEOREM 1.3 For any polynomial

ple)=co taz+- + "

and any rveal number a,

limp(z) =c ftoa+ - + 0" =pla)

T—ra

:ademic vear 2019




%‘\,\DY\G\\ .‘“m'kiov\ Q()Q : K&) ?(X) Ok()() L%hw\!\»{\&] 15

W aRusssnc ) (x)
k Example 1.11 Find 06 (P(U\) :FO um ?»(0\) ot )
3= i 3—=z 33—z
e e g J.‘i?— s+ @ B e
Solution. (Q\ &\ =Y

@(x ‘ﬂbw\)

(o) Jim T
(*3) (x-v)(w) i
Qim

3-X
ﬁ!—’\j = "—]" CESIIS S ED (TN g

B O o e i il LI S 7R
-\

- -L:—" e PR '\"\—-{‘(st)
'\'-\'h- o L+ X é’ == & 5)’3'\
Limits of Rational Functions — as z — ¢ when hm Hel<=0 = lim glz) 0. .
9(=) =38 o — | ndebemimate
Example 1.12 Find m
z* — 10z + 25 3z—6 . z°—5z+6
(a) %E»l% x—5 (b) slci%:cQ-:c—Q () :%I—T%w?—&c%_g'

. L 9
Solutzon.ca) Q\M X -loX 123 Y(?Q =% -1oX +73 =) ?(g)=— 52~\O(33*2Y;O

P x-S () = x-§ =gl = g-5 =0
[CESL S
,.K{g/ .F(X): X -("J
=2
= fm K-S
5
= C)

gy e R s L L

ey m X2 e WX ¥ DD B T N 1

'L B
() fim X -S54 = Slim (x=3(x-2) v M
SR B L L M(X el e
LHOOAS Wnao9 &\m X~2 o
' x5 X3
@
fQwm x=2" = 200
2 X—3®

s Q\wx ?5—"—2 —\?w

XD A=)

206111: Calculus 1 Academic year 2019



16

THEOREM 1.4 Let

L 7)
fe) g(z)

be a rational function, and let a be any real number.

(a) If g(a) # 0, then }im f(:z:} = fla).

(b) 1If g(a) = 0 but p(a) # 0, then hm f(z) does not exist. (6 U‘\QOHWLXO‘U?‘ IML +o2 /"

> |

wolMdiaw

Limits Involving Radicals

A
=

Example 1.13 Find lim &

s Jz— 2

Solution. Qi Y =4 - Gim 2(;,\\;‘ @ ( tm{m)
% JX-2 AN WR-2 (g4
_ Bim (k) (X42)
X =% (‘Bql"
- Jim LtortiX )

e e
:Szim JX+2 = Y
KN

o - Qi (F=2IHX42)

E ﬁ L Ak {X=2—

Q\m K+‘Z
XY

- &

Con uqmlre Yoo IX -

Academic year 2019 206111: Calculus 1



-~ " Al
Limits of Piecewise-Defined Functions ('J‘D(\'KU'V“)V\N&A%? 31 )

Example 1.14 Let

x<~3’

z+3’
f(x)zﬂfz, By

17

l@"ﬂ«‘, x>24\ _13
: |
Find (a) (b) }cl_% flz) (c) il_% (). ‘
Solution. b :
() fim TOO — fim T =fm 2
X3 %33 (a3 X+
R )
B 100 = bk
Yoy
; 4
) Zm §0 = Qim x = 0
X =0 ¥=0
. & w2
(e Bim 104 —F R F00 = M 36 =
1.37_ L e L7
Qim e ‘,Q‘tm b-X =4
FETA xT¥
Q\M 'RJ‘\ = U
%32

206111: Caleulus 1
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VQ(M Is discontivous at X=C.

/ -3
@ Romovoble o\iSCOV\'hhui"‘Lj @ jum? o\iscoﬁ}m(,"}y
mm:\‘a\éﬁ\&m VAUIIe) (r}\nﬁla‘m‘oxdh s lne
/O/ /—
/ \, ) / | _ -
' Gt SR
O AR @ ’(&u? To  INE (fxthy F3xnweo)
@ () qf,auwuio')ﬂﬂo\'
jreontinucty [§)  Rewowble disontinbiih,.
N
/ /(ﬁ)\
w' § -
P §00 = xo | -op [0 M fmfoy &, £ S
3 X C

@ Qim +60 :,é Feo)y

X C
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1.3 Continuity

DEFINITION A function f is said to be continuous at x = c provided the following
conditions are satisfied:
1. f(c) is defined.

2. lim f(x) exists.

T—C

3. lim f(x) = £(0)-

Example 1.15 Determine whether the following functions are continuous at z = 2;

L SSY
- — 4 2 —4
- S [h——m 5 T2 Sy r£2
j(’i"): —27 Q‘KL):{"‘”“—' h!’,’j}: &L T

£(2) vy
= 3?‘\938*0\&05% K=2

@ Cﬁ&ﬂ =9

9
Qi cr)(’X) = Qim X% - O /@f;ﬂ’;ﬂ) -4

=) A2 X-2Z ¥
Sim 900 =4 £ 9(2)
X372
\3\,6‘\0\&03'?: K .“2

@ \ﬂ(ﬂ:ixm
#\ Srrve

W) = .
Jim WO = B e

RELN %22 X~Z

© fm WO =4 = hi2)
Xag
“h folRyn K=

Academic year 2019 206111: Calculus 1




