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Derivative

2.1 Tangent Lines and Rate of Change

In this section we will see how the concept of “tangent lines to a curve” and that of “the rate at which

one variable changes relative to another” are related.

e

Tangent Lines

DEFINITION Suppose that g is in the domain of the function f. The tangent line to the

curve y = f(z) at the point P(zq, f(zg)) is the line with equation
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provided that the limit exists.

Tangent line

Secant line
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Figure 2.1: The slope of the tangent line as a limit of slopes of secant lines
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Example 2.1 Use Formula (2.1) to find an equation for the tangent line to the parabola y = 22 + 1

2
at the point P(1,2), and confirm the result agrees with that obtained in Example 1.1. y -l =X
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Figure 2.2: The slope of the tangent line as a limit of slopes of secant lines
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Example 2.2 Compute the slope in Example 2.1 using Formula (2.2).
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Example 2.3 Find the slopes of the tangent lines to the curve y = /T at zo = 1, 2o = 4, and 77=9.
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DerINITION The function f/ defined by the formula

Ly ] h’_ Vi
m:gﬁﬂﬂi f(x)

is called the derivative of f with respect to x . The domain of f’ consists of all x in

the domain of f where the limit exists.

The term “derivative” is used because the function f’ is derived from the function f by a limiting

process. ( {., ) = 2)

Example 2.4 Find the derivative with respect to = of f(z) = = jﬂnd use (t to %nd an equation of
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Example 2.5 Find the derivative with respect to x of f(z) =23 — =
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Figure 2.3: Graph of f and f’ in Example 2.5

If we graph f and f’ together as in Figure 2.3, we can see the relationship between them. Since
f'(x) is the slope of the tangent line to the graph of y = f(z) at z, it follows that f’ is positive,

negative, and zero where the tangent line has positive slope, has negative slope, and is horizontal,
respectively.
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2.2.2 Differentiability h=0 h

A oul Quﬁ'] &

DEFINITION A function f is differentiable at zq if the limit

fzo + h) — f(zo)
h

fl(@o) = lim

exists. If f is differentiable at each point of the open interval (a,b), then we say that it is
differentiable on (a,b) , and similarly for open intervals of the form (a, +00),

and (—o00,400). In the last case, we say that f is differentiable everywhere .

Figure 2.4 illustrates two common ways in which a function that is continuous at zg is not differentiable

at zo. Since the slopes of the secant lines have different limits from the left and from the right.

Ver—kk&‘fm?ewt
' SN

y = f(x)

Corner point

Point of vertical tangency
Figure 2.4: Continuous at zg but not differentiable at zq

Example 2.6 (a) Prove that f(z) = |z| is not differentiable at = = 0 by considering the limit.
(b) Find a formula for f'(z).

Solution.
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