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Example 2.7 (a) Prove that f(z) = {/z is not differentiable at 2 = 0 by considering the limit.

(b) Find a formula for f’(z). (c) Does it has any vertical tangent ?

Solution. .E/(O) QBJV[\"{U :':7 /Q\ M -F(O t L\) F(O) 9

=0
R L o NP T o | 'ﬁ D
’!\-’)0 hso W

l _ Qim h = e

bt T e S T

S X 'sS"‘" 1o
. Qim Noth - J—_»+w (DNE)
20
2N = wogdhd 1964 x= 0
g J ) :
é.ﬂmm -"'wéwgu K'\s*x-l‘h 750 ) £!M -;(_-l-[: \]—. (W&“H“H‘F“
* LAuiuds meduw 47 i
(Verdical 0\“05("‘30
The Relationship between Differentiability and Continuity
(2.
o uww&yﬂﬁml@ Ny £ 9:0lolol x=xp.
THEOREM 2.1 If a fufiction f is differentiable at 0, then f is continuous at zg.
a L Waloomam AL . W Xk,
\p 20 =~4 3P 7 ot [Welotor X=%0 e i

NoteThat the converse of the theorem above is false, since continuous does not imply differentiable.

2.2.3 Other Derivative Notations

When the independent variable is z, the derivative is commonly denoted by
S ()67 ,)LL (G’ 2
; d (/ e
f@ o (@) o Dilf)

In the case where the dependent vari

le i% y = f(z), the derivative is also denoted by
RS E . |

dy

or v (x) or o

f/(z0) or or Dol f(@)]| sz, or ¥ (zo) or

Fualu a*n'na Sjm‘ao' :
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2.3 Basic Differentiation Formulas

REcAP Henceforth, we will use the following notation for the derivative of

a function y = f(z).

af s

1( ) d 1 efon 1
e j(z) o (=) . . *y

Derivative of a Constant

THEOREM 2.2 (THE CONSTANT RULE) Let ¢ be a constant and f(z) = ¢ be a constant

function, then

555{6] =

Proof (\V: \5 ’—%bﬂ =k \//\

=0 " e ;
i \iw\ W i
Q) . p
B L
x+h
-0 e
Example 2.8 O
d e d - O d =2y __
-C-l-;{q- ............ dm{—l}— ............ a—;w}~0 .........
-fg-—{ﬂ o= D ...... oy V2] = D ...... 'E{{Tz'zj = O ........
dzx dz' dx
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X

Ex d (o ol
%)(Yiax-l ("" 5&(2 )>)5\‘ (X)

Derivatives of Power Functions

& b ST /5 ibony S
_‘*qu‘\)umgm)s, 1AVIM AN i MY
WTHE PoweRr RULE) If n is any real number, then

&;ixni - nmn—l
| d g% ) ":1??‘
X JARS
Example 2.9
1 11

e IR L e L T S

x =5 =) 2z 3 L (\J_Z—'t)

d [$~5} -S% =’5;bj_[ 1 ] :.é XS) - ’s*i[l’ﬂ] ‘['

Tp 1= %1 ..... e do\;/ = Ol .............. ‘

d. a2 Q. d 2 d. 1 i’

—[25] = m=.K . —ly/ax| = . ) ) —[—=] = r"'[ s ‘«',d_ 2

Tk X% zi o\\«(l AV -332] ax i J

5 %7( - d X tﬁ = ‘--4- - l —3/1

Derivative of a Constant Times a Function

THEOREM 2.4 (THE CONSTANT MULTIPLE RULE) If f is differentiable at x and c is any

real number, then cf is also differentiable at z and

doo 0
~fef(@)] = e /(@)

Example 2.10 ﬂi(ékc“) = 4‘ %}( (‘/\%3 :(L)’) (,g) 7(:'— M 32 X:; .....................

........
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Derivatives of Sums and Differences

THEOREM 2.5 (THE SuM AND DIFFERENCE RULES) If f and g are differentiable at z,

then so are f + g and f — g and

d ; - d " d r 1
= [1@) £ 9(0)] = - [F(@)] + - [o(@)]

Example 2.11 [ 8 +xzj = dé(‘s)_\' -cg, (xz):Q)(,+ ‘Zx ....................
' X X
10
2 Joa" 9] =... cEal G T e
“Ap i B
e =X =X = =X 4ax :";12'*%
e el i RS el Gk S L R e B s oA
a (%) =
= :é(&ﬁ)-g\..(a.m)—i—- ............. 2R )
de\ vz ) A \IX WX ] X Z{x

pauduc}dnuouoy
Example 2.12 At what points, if any, does the graph of y = 23 — 3z + 4 have a horizontal tangent

line? CS'OFQ =0
: W
Solution. A X"I\')\ ) {/CX) =0 7
{6 = X Xl

) = g 3

: g x Al 0 =0
i 2 P
e e S llenie B =l

.
(XY = 0
L e e

S k=—1) 1 mInSdda dsiuound.
(horzontal faijf)
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2.4 Product and Quotient Rules

2.4.1 Derivative of a Product

THEOREM 2.6 (THE PropucT RULE) If f and g are differentiable at x, then so is the

product f - g, and / y
g @) 4 a6
L [F@)g@)] = F@) - [g(@)] + 96)- [£(a)]

U &
Example 2.15 1. Let y = (4% — 1)(72® + ). Find dy/dzx.
g \ éﬂ B (uxz-q% (3x%4x) + ('-}xax)cﬁ (q,{"—\\
s (W30
i . o dy = (be-0(2¢3) + (?x+x) (5) \
= 28X~ 3X*X d\x

& \;3 518U <(w\n \Paprag

Y = \4ox —ax -
4, A
2. Let f(z) = (8z + (22> +5). Find /(0).
: 2
Solution. £ (x) = ((sxm)g\_ (’zx A5) + (z%-»s)g\tx['sx-ﬂ)

E (0 = = (x4 (ux) +(2x CXG) (ﬂ
e ’-(BM-OH(Z/?HﬂH) =
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2.4.2 Derivative of a Quotient

THEOREM 2.7 (THE QUOTIENT RULE) If f and g are both differentiable at = and if
/
g(x) # 0, then f/g is differentiable at = ang @{‘Lﬁl’ 4 @®)

4 Az
4 f@), g &) - @)kl
& 5@ [o@P

Example 2.16 Find dy/dz for y.

2 g vt sty o By i %))
1'9_]};;1 ?\_% - a4 )ax( ) (): )d\x =
- X
Solution. (Xq+ 1 )
7 3
_ (Whamax = () W )
G
i A
- ~2 x> +L\x3+u = -zx(x\"f—?x -1)
Tt (ANt
oo Ly E(%(C'ZX"’\\ - (’Lx-ﬂ)gl\x(\)\x)
L Y= «V/E _5\_)( vacd 'L
Solution. (’\Rw
LR - 05
X
= ‘L& = (2x41) -
X 2 XJ%
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2.3.1 Higher Derivatives

The derivative f’ of a function f is itself a function and hence may have its own derivative. If f7 is

differentiable, then its derivative is denoted by f” and is called the second derivative of f. As long as

we have differentiability, we can continue the process of differentiating to obtain the third, the fourth,

the fifth, and even higher derivatives of f. These successive derivatives are denoted by

the first derivative Y,
the second derivative s
the third derivative y,
the fourth derivative y@,

A general nth order derivative y(“),,

i A
J 2

f”(l’),

f/ll (.’L’),

F9),

)(a),

dy

e
axr

dn.y

dae™’

Example 2.13 If f(z) = 6z* — 523 + 22 — 7z + 8 then

¢! 1
fle)= L4K =S K+ 2X~F

1
P = "Tx%. " 3())( +2

@)= 0

)

o) = O

2 1)
st
d2
g;[f(éﬂ)}
d3
Ef,-[f(x)]
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1 |
Example 2.14 Let y = :C—+— Find 3D,
x

' i
Solution. \.5-: 14 /l_ = ’\'*X
. i g
=%
y' =X e
o -
\5” —()(-2x T = 2X e
i -4
Lﬁ"' sl - i Un
~S =5 attern .
i (Ol -IX ® Fux [

= (-'\)4 (1.2.2.4) x‘lm

o) " == 4
Ay T g R
ol
\&m B (—\\“V\\, x_h)\j. )
1) ~-Mm-1
(1 s (-I\\M’\ ' (’M’I ).) X -

" - B
‘J)Q\\\\ _. (-\)1 . ’\'\’\‘. X }
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