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 fim  sin(xHh) - Sin X
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_ i Sn Xcpsh+ CoS X SIN h -sihx
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- —— K2y o N
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2.5 Derivatives of Trigonometric Functions

Before we actually get into the derivatives of the trigonometric functions we need to give a couple of
limits that will show up in the derivation of two of the derivatives.
sin A 1—cosh

lim =1 and Ilim-—w=
A0 h h—0 )

Since sin(z + h) = sinz cos h + cos z sin h. We have

sin(x + h) —sinz

—sinz = lim
d

T h—0 h
’ (sinzcosh +coszsinh) —sinz
= lim
h—0 h
. sin ’f( cosh — 1) —cosxsinh
= hm
h—0 h
; ( : cosh —1 : sin A
= lim { sing+ ——— } 4+ lim { coszx- !
h—0 \ ) h—o h J
; . cosh—1 . sinh .
=sing lim ———— +cosz lim —— =sinz-0+cosz-1 =coszx
h—0 h h—0 h

Thus, we have - sinz = cos .
T

Lol

Similaryly, using cos(x + h) = cosx cos h — sin z sin h, we have

w

. . cos{(z+h)—cosz
—cosz = lim

dz h—0 h

(COS$COSh~sinxsiﬂh) —coszx

= Lim

h—0 h

3 cosm( cosh — 1) —sinzsinh

= lim

h—0 h

. cosh—1 . . sinh y !
=coszx lim ———— —sinz lim =cosz-0—sinz-1=—sinzx
h—0 h h—0 h

Here are the derivatives of all six of the trigonometric functions.

THEOREM 2.8

1 3 d 3 1 :
5 2.—|COSX] = —SINT
dx
‘[}j £ 1 '_) 3 d r i a4 <
.—[tanz] = sec” x 4.—[cotz] = — cosec” x
dz dx
d d
5. 7 [secz] =secxtanz 6.——[ cosecx] = — coseczcotz
axr axr .
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Example 2.17 1. Let f(z) = O Find f'(z)

+cosx

Solution. { (KW = ({"\"(OS X)%XQSM ¥ ) ~ Sin x%x(\—\('05>43

\ Z
Sh X

2. Let f(z) =secz.

Solution.

RC A= o5 %

@S (W\ Cos US’

L
2

Sﬂiﬂ {z

(v eos )"

- (H@s¥)eos¥)- GInX)(=sin x)
(1+cos )™

. 2
-;(C%?Q(H(O';\O-\—Slh X #
(\4co$ X)*

2 2
(s %) [ sin X" 2 GO
Findf”(%)
T'(0) = sec x tom x
i = sec x4 G-amxﬂwx"\ (966 x)
=(sec ﬂ(sec ¥ )+ {tom) @ec X tom )
= o 7% +5ec X Yam?x i
-
" _ 9 2
J(\(IL") = Sec (%)-»Sec (g)w)
%
= [ 2 2
EY %

4
= 2 - b .7 .- Wr.32
i ROl S~ a
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Example 2.18 On a sunny day, a 50 ft flagpole casts a shadow that changes with the angle of elevation
of the Sun. Let s be the length of the shadow and 6 the angle of elevation of the Sun. Find the rate

at which the length of the shadow is changing with respect to 6 when 6 = 45°. Express your answer
D

. 5 ) - o \)
in units of feet/degree. Yqgq 96ASY msmngdm\m PRy VOV NNy § o B=Y4S

Solution. (\ﬁfmmw')‘vm\mwﬁw\m‘ﬁ) ( So H)
Ltang = 22 L S5=50  _ cheetp
o

A _OLS 5o (- sec & )
Ao
(&
S 45 _ _co gosec 6
n[ -—'SOOOSGC'L—-!—I =00 H/mdl'ﬂh
(QRC I = 8 9'
cosec’ T iﬂ‘.\ (\ﬁ = —--Q ﬂ%%ﬁs%?ls’lﬁ(r\@sﬂwﬂﬂﬂ loo H’/{ndim.

N 1 T
Emmm);w“"@’ 0 gus sasuvar gAY (e x = O x=b
/

v ¥ - F(
Y”%q -, pmAmalRb a2 0RY = Y f(bb) ! o)
(0. K=
Gems,‘mn\)aq\_‘“\)(\p 47 V(‘a‘?ﬂ\ﬂ\i (/“3) .F()O
1Y x =0
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2.6 The Chain Rule

Loges
+o())= A

. % X))= Ve
THEOREM 2.9 (CHAIN RULE) If g is differentiab¥e’at  and f is differentiable at g x) then

the composition f o g is differentiable at x. Moreover, if

N

y= Hglz)) and w=glz

i o =7
then y = f(u) and , “,q\go%) (K) '{ (%(X\) % (i(

dy dy du

dr  du dz

d .
Example 2.19 Find d—ltu if w=tanz and z =434t

Solution. MW x(\u,w "’GW\X = W =tom (4{3.&) = U1

x%-t % .
L ) “W

dw L RVIAN q
ot | dJH'
U@ lSoc x}im %4 l
% _,_»_[fe( (tﬁq’-v’cﬂ (\2% 41)
@ W =tan (qi"’—rt) = X d ol (%) = o’ (q{%ﬁc) d(qi(
Example 2.20 Find % if y:sin(fl_t?’) - SeC (qu( 'H[l?’ 3 ,1]

- 1%
Solution. lﬁ’ Sin W , W= u'-t ’—Ti——-—-é ﬁ

e .
O\Uif :% qu j

_ s u- (02D ot

Pﬁos (at?)] ey |
o -

dy | s (W) 2 (t?) = s (™) [12#*]
okt ot
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Example 2.21 Find d—Z if y=+/(22—9z+1)2 =) \6 (-
E 35 X qQxX+A
Solution. \5 ( -QX ¥ 5 lé u

§ . 2 (@ 5”() L Y7 W X
9\___€ qx-t) (&%) LE-“/O\X A

o
%( oqx-»’\) (2X~00 %\\ﬂx *
<%
dy . (?:u ’ )(7)(-—4)
ox L ° R
2 - %
=2 (x-a%x+) 7 (2x-9)
S
%
Example 2.22 Find —Z i wlzg)= \/_gm =) W’ .
'H'Z
Solution. _dL\] - _l\_ 0\ (Q? *‘n
& e
-3
> -{'!L (@+1)

d
Example 2.23 Find d_f if flz)=(z*-5)""
%

Solution.
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