
q-h &'. [r" g -Q-x+5 ,ilu15affi-)ronJ
* tt*) 'n' x :l

?

+ z)? a

?
llAr

{

+

E

t-

htvt'rti .['*
\-) o

{(^{'(x 1 = + h) *fkr
l,L

x+h) - f(**t' ) -f(xrft,
h-rf h

Yll

-lo+
,0i
h lrr

\,{ 
\

, f(x) ril,rlnt,

dc.l = o

dr
4 c{co =c{f("1dk-' dx

{ t+c^)qh)) = {ft.l o { qtx)
ta '-r ffi. d*'

*-t* qF)l =f(x')$oto> " s$*t"
(xr*Fslflrgkrld ;$cxt1

il{LF)J
z ?c*l*F

Qcx)12

I

,-

(



0rl
.--1

,hr{orthnhrnCtw;fi'

z 5l n X ftrxl=sln 
x l

1

-l1

{Isin xl z ,tl*
h_l o

.$[**h)* f(rl
srh (x+h ) = sin x crs l'.

*@txsinf.
h

. /;*
hro

= /,*h-rd

.- ,["\
\+u

sln (x+h) - sin x
I""

5ln X e;s]y"t co5 ; sin h *sri"r x

l^"

nX crs h-{ t cri X Eln l't(v* ILeon^ )

$*
^+0

sl"L

,!,* l-glt
h *r0 lrt

\ + @s X'Sin[" I/TJ
tc

L -1
v\h"

0 ,0.t,
h+o

&T
h"

I CDSX

tC*l *e5 X o)(X+ln)=cDr X Ps h- s|"x sin t

{ (cor *) z -Slh X
ilx

d rri,^.. *dx--
l*Cos X

xl sQc

*- CoS d x) Cos

^ tX )ln

{ tcot xl ' 
(}in r

dN*

*,u^

I

@

CI

I
o
@I

dI

1
0

Yl

x 1

i r,ot
o\tr =

rJ -ryosecl,

*I*.f 'KK ta^^x

d teer "l 
--

ctrc '
K otr

91 tu

I

I
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2.5 Derivatives of Trigonometric F\rnctions

Before we actuall3, get into the derivatives of the trigonometric functions we need to give a couple of

lirnits that u,i}l shog' u'D in the derivatic* +f tr+.c of the dertvaiive.s.

.. sinh -lllTl 

- 

: I
ft-+{l h

and
1- cos/r

*Yl, 6 :o

Since sin(r + h) : sin r cos h + cos:r sin h. \Ve have

d
, sirrr: Iinr

Q.[ h+0

: iirrr
/z +0

siu(r * /r,) - sin r
h

sirrcosfo+cosxsfuih - slnr
h

cos(s+&)-cosr
h

cos:r c{is h, * sin rr sin h.

l:r,

,. siit i'{ r',,:. li ! ) - ,','q i siir h: 1i.l:l
ht} h

= Iirrr (.i,r., . 
t'r-l l) , ,,,,, ( ,.,,-, Ul\

,,.,i1 \ l, i ;, _,,1 i, i
coslt - I sirh:stlrllitrt . I('osJ'lirrr . :sitr*c.()1r.os/. I :r.os-rrr..{r h n ia h

d
Tlrtrs. u-e lrave -. sirr.l' r co: t'.

rl ,

Sirniizrrrriy. .rul.rg,,o"1, * i't1 :cosJ: cosh * sirrrsip/2. ne havc

c!

- c(JS.r : li[r
dr fu'+(J

: liu.r
[-+0

cosr(cosh - 1 ) * sinrsinh: lim
tL--+\!

: cosr

]t

,. r:osh - | sirrlrIttrr ---, - - sinr lim . -cosir.0-siu;'. I : -sitrrIt rO lt lt ,O lt

Here are ther derivatives of all slx of the trigonometric functions.

Tsaonnu 2.8

I1.
a,

lri ii ;r;l : q"1q ';'

iranrl : "".!,

" -- - i',\ t .- - ilit /'
u.r
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Example 2.17 1. Let f t*):

Salution.

Solution.

*cosr
Fincl "f/(r)

(t*cos x)
1-

x CO ,x)- Qtn x)(-sin x)

I t+ crs x)

cos xXt+cos x) +siYrztr #( ttco 5 x)z

SInf+6rx)

f'("'t = ((*co5 X rdG
Ar

inx)-Sfn ( \+,os *)*d

tr
4

a_

Sin "x :fsin x )" I
2. Let f (r):s""r. fi"a fl1[1

f'(r) = sec x .tan x

f,,(x) = re( x { Clo^x) + t^ x d @, x )dv [r'
-(tqc x)$tcox ) *ftanx)&c K tan g

gcl x + Sec x"tarr"x

1
(t>L

)ec x- k
,*:'[t)

o

= CoS tfs

--q
z b.a

{za A

f'(x) &^t() + sec (T)9ec

L
{z

ttr
tq

)'

+

)
L^.--

? (l-
\,1-z

t*

=fi
N-

-lr

2
fL L

secQ) L
{-z
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Example 2.18 On a sunny day, a 50 fl flagpole casts a shadow that changes with the angle of elevation

of the Sun. Let s be the lcngth of the shaclow arid d the arigle of elevation of thc Srtn. Find the rate
-G

at which t cif the shaclorv is r,vith 0 : 4'o" . Express yorn ansr'\-cr

Solution.

in units of fr:et/deglee. .'11 fia sr rnr rd*uLo rrrrp? voo rtnr^rn vor)rr{rrr(, g rJo g=95s

\;g,r*1tovr,los,rf9 6dt n\6rd' (Sa f{)

\14-

trf

fotec 0 tr

5=5o- = gocotil
{urng ')

ti

ql,' 45
d:'0 -H= 

5o(- @tocz*)

I . o, = -so GnsecLo,86
0z

= -50 C.Ptec -Ir =Qloo V*^ lqhT 4 4

7-

+
6TI {z 4

olvdorrr loo ++ l^d,ian .

l,
t'

g = 5o oto

I rahq,u
+

6olec?

ditu'rrt,t,

9_ 2e_-
flZrrrUrVo) lel SOAg

O fr'lrrrnurdiuurrr{,o),q$ ; tto I =a- f' r=

;, bartmndJburtilP2rq{u' f, = 
{ 
W9'

E 6*r., rwrrtirr.rrdar &t'I'fff''@

b
ootlr $$

y.fCxl

{

t(o)

u.
b
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b Lt- Cos X

*sin x
$=

(*-
ILtw

(

\- ax+*

tV) =os f
W*

= coS( 2x

= f(gCxt) ={o3k)

grrx)

d3
dx

f'(s&\)
d+
m

tt'l )'(x) = {tg(xl) gkt
nl?n

(f ,q

d*
dg
ilx

df

IT

d
do1

rult
Chain

I



2.6 The Chain Rule

Tspon.pnr 2.9 (CuarN Rur,n) If .q

tlie composition / o g is differentia,bkr ;,r,t :r. l,Iorcovr:r, if

U--gCx) t(q) =g

= tor' (+t}+t ) =-) u1

{N = sqL

.t.)lr)

a
a

x tt

,r ancl ./ is differentiablc n.t

Example 2.19 Find # if ut :tanz and x : 4t3 + t

blxu xluw--+ia^^X :) W

dw 4^
w ffi>x Qrt :.

Soluti,on.

N

a
{w
ott

f (,rt1+t

S+c x rz{ar)

! (rz+2+, )

qt3+t)'

2

,p

qtl+L) ? Sec x X) = SQc $c*tru
Example 2.20 Find * ff y:sin(ad)

Sotution. 1= S\n t& , [=

J,,
-&

-- ie* [q+'*)1,"t

Z w =luh
*.4-^

'* r]
q+e a

u

c0: u, trztn)

dq
At

4
ilt --[os (4t]I tntl

$ z cos [r+t)tf*t,l{]) -- cos(4+])[rzt"]

o{t
dn,
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$ = ,ltlg
L

u=x-qX+1

2/s
du
:lt

Ctf \A
Example 2.21 Find y:ilT{-s*{ry a q'
Soluti,on. j

(

)

.L
5

=(L
5

{q
ds *.t&oY''

(to-q* *1)t [zx-n)

Example 2.22 Find y rt uQ): gdz J9z -t 7
:)

?t
u I

dj
dx

iT, (
dq =(Lili \q

__2_ (
3

x *4lxL

a -1)
7r,

+1 [zx-q )t
-lzw

Solution.
\n,

d (qp*r )?\-
0\?

dr.f

a-?

t
z

-- -! (q+* t
'1,

i'o

Example 2.23 Find + ir f @):1r2 - 5) 8

afi

Solution.

-rtx

?+t
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