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Differentials

Let y = f(x) be a differentiable function. The differential of y with respect to x, denoted dy, is

f ′(x)dx, i.e.,

dy = f ′(x)dx.

Example 3.23 Find dy when y = sin(2πx) and discuss the relationship between dy and dx at x = 1.

Estimation with Differential

Recall that

f ′(x) = lim
∆x→0

f(x+∆x)− f(x)

∆x
.

So when ∆x is small,

∆y = f(x+∆x)− f(x) ≈ f ′(x)∆x ≈ f ′(x)dx.

Example 3.24 Suppose that the side of a square is measured with a ruler to be 8 inches with a

measurement error of at most ± 1
64 inches. Estimate the error in the computed area of the square.
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3.7 Limits at Infinity

In this section, we will discuss the behavior of functions as x → −∞ and +∞ (the end behavior of

the function).

Example 3.25 Consider the function f(x) = 1
x .

As x → −∞, we have lim
x→−∞

1

x
= .............

values conclusion

x −1 −10 −100 −1000 −10000 · · · as x → −∞
1
x −1 −0.1 −0.01 −0.001 −0.0001 · · ·

As x → ∞, we have lim
x→∞

1

x
= .............

values conclusion

x 1 10 100 1000 10000 · · · as x → ∞
1
x 1 0.1 0.01 0.001 0.0001 · · ·

In general, if the values of f(x) eventually get as close as we like to a number L as x decreases

without bound. Then we write

lim
x→−∞

f(x) = L or f(x) → L as x → −∞.

Similarly, if the values of f(x) eventually get as close as we like to a number L as x increases without

bound. Then we write

lim
x→+∞

f(x) = L or f(x) → L as x → +∞.

Definition 3.5a (Asymptotes) A line y = L is a horizontal asymptote of thy graph

y = f(x) if either

lim
x→−∞

f(x) = L or lim
x→∞

f(x) = L

and a line x = a is a vertical asymptote of thy graph y = f(x) if either

lim
x→a+

f(x) = ±∞ or lim
x→a−

f(x) = ±∞
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Theorem 3.3 Let k, L,M be real numbers and f, g be functions such that lim
x→+∞

f(x) = L

and lim
x→+∞

g(x) = M . Then,

1. lim
x→+∞

k = k,

2. lim
x→+∞

1

xa
= 0, when a is positive,

3. lim
x→+∞

[f(x)± g(x)] = L±M ,

4. lim
x→+∞

f(x)g(x) = LM ,

5. lim
x→+∞

f(x)

g(x)
=

L

M
, when M ̸= 0,

6. lim
x→+∞

[f(x)]a = La, when a > 0 and L ≥ 0.

Note that the above theorem also holds in case of x approaching to −∞.

Example 3.26 Find lim
x→−∞

(
5

x
− 7

)
.

Infinite Limits at Infinity

if the values of f(x) decrease or increase without bound as x → −∞, then we write

lim
x→−∞

f(x) = −∞ or lim
x→−∞

f(x) = +∞,

as appropriate. Similarly, if the values of f(x) decrease or increase without bound as

x → +∞, then we write

lim
x→+∞

f(x) = −∞ or lim
x→+∞

f(x) = +∞,

as appropriate.
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Example 3.27 Find the following limits.

1. lim
x→−∞

x = lim
x→+∞

x =

2. lim
x→−∞

x2 = lim
x→+∞

x2 =

3. lim
x→−∞

x3 = lim
x→+∞

x3 =

4. lim
x→−∞

x4 = lim
x→+∞

x4 =

5. lim
x→−∞

15x = lim
x→+∞

15x =

6. lim
x→−∞

−3x2 = lim
x→+∞

−3x2 =

Figure 3.3: Graphs of polynomails x, x2, x3 and rational functions 1
x ,

1
x2 ,

1
x3
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The end behavior of polynomials

The end behavior of a polynomial matches the end behavior of its highest degree term.

Example 3.28 Find the following limits.

1. lim
x→−∞

(5x4 − 10x3 + 897x+ 84000) =

2. lim
x→+∞

(−x3 + 650x2 + 7x− 1) =

Example 3.29 Find the following limits.

1. lim
x→−∞

24x− 9

8x+ 11
.

2. lim
x→+∞

3x2 − 5x

8x6 + 14x− 1
.

Limits involving radicals

Example 3.30 Find the following limits.

1. lim
x→−∞

√
4x2 + 3x+ 2

2x− 7
.
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End behavior of Trigonometric, Exponential and Logarithmic Functions

lim
x→−∞

sinx,

lim
x→+∞

sinx,

lim
x→−∞

cosx,

lim
x→+∞

cosx

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

. . . . . . . . . . . . . . .

lim
x→−∞

ex =

lim
x→−∞

e−x =

lim
x→0+

lnx =

lim
x→+∞

ex =

lim
x→+∞

e−x =

lim
x→+∞

lnx =

Figure 3.4: Graphs of sinx cosx, ex, e−x and lnx
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