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Differentials

Let y = f(x) be a differentiable function. The differential of y with respect to z, denoted dy, is
f(x)dx, ie.,

/
§/¢x =cos (zux)[ g ]
Example 3.23 Find dy when @ and discuss the relationship between dy and dx at x = 1.

d . ‘MMJ‘-SM')\J'R) x=|
Lﬁ: 'F ()Qo\x " 3:8)‘0[211)0

\/

\dg = 91 c0s (7ax) A

W X=A :.o\\gzzr\‘(cos 9m) dX

7. dy = Ziax ,
L . . . Ko dx wWasuwes) 4 ud
Estimation with Differential d,j " ; o)) \J 7T o 4.

Recall that

So when Az is small,

Ay = f(x+ Azx) — f(z) = f'(2)Az =~ f'(z)dx.

Example 3.24 Suppose that the side of a square is measured with a ruler to be 8 inches with a

measurement error of at most :|:6—14 inches. Estimate the error in the computed area of the square.
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3.7 Limits at Infinity

In this section, we will discuss the behavior of functions as + — —oo and +oo (the end behavior of

the function).

Example 3.25 Consider the function f(z) = L.

x

i 1
Asz — —oo, we have lim — = ...

r—>—00 I
values conclusion
z || —-1| —-10 | =100 | —1000 | —10000 | --- || as z — —o©
11 -1]-01|-0.01]-0.001 | —0.0001

As z — 0o, we have lim — = .............

T—00 I
values conclusion
z || 1|10 | 100 | 1000 | 10000 | --- || asz — oo
101]0.110.01|0.001 |0.0001

In general, if the

values of f(z) eventually get as close as we like to a number L as = decreases

without bound. Then we write

lim f(x)=L or f(zr)— L as x — —oc.

T—r—00

Similarly, if the values of f(z) eventually get as close as we like to a number L as z increases without

bound. Then we write

N

lim f(x)=L or f(zr) — L as x — +oc.

T—-+00

DEFINITION 3.5A (ASYMPTOTES) A line y = L is a horizontal asymptote of thy graph

y = f(x) if either

and a line x = a is a vertical asymptote of thy graph y = f(x) if either

 —

lim f(z)=1L or lim f(x) =1L

T——00 T—r00

lim f(z) = +o00 or lim f(z) =+o0

z—at T—a—
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r——+00

and lim g¢(z) = M. Then,

T——+00

1. lim k=k,

r—r-+00

2. lim — = 0, when a is positive,
z——+o00 L@

3. lim [f(z)xg(z)]=L+M,

Tr—-+00

4. lim f(z)g(x) =LM,

T—++00
: () _ L
5. xgg—’looﬁ = M’ when M ?é 0,

)
6. lim [f(2)]* = L% when a >0 and L > 0.

T——+00

THEOREM 3.3 Let k, L, M be real numbers and f, g be functions such that lim f(z)=1L

Note that the above theorem also holds in case of x approaching to —oo.

Example 3.26 Find lim <5 - 7> .

Qim (2 -3) =5%m A - Qu 9
= o0 S X600 A K-

- -7 ii

INFINITE LIMITS AT INFINITY

if the values of f(z) decrease or increase without bound as x — —oo, then we write

lim f(z)=—oc0 or lim f(z)= +oo,
T——00 T——00

T — 400, then we write

Jimf(z) = —c0 or lim_f(z) = +oo,

as appropriate.

as appropriate. Similarly, if the values of f(z) decrease or increase without bound as

Academic year 2019 206111: Calculus 1
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Example 3.27 Find the following limits. A Y=X
—)
a2 — : 2 _

3. x%}: — 0 x{@;:.\-w

S
4. lim 2*= A0 lim 2*= 400 , 7
T—r—00 T—r+00
3
V=X
5. lim 1bx = _ @O lim 15z = %<0 WJ
T—>—00 T—>+00
Y
4
6. lim —3z2= -0 lim —3z22=_o
T——00 T—+00

2

1

Figure 3.3: Graphs of polynomails z, 22, 23 and rational functions %, ot x%
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The end behavior of polynomials

The end behavior of a polynomial matches the end behavior of its highest degree term.

Example 3.28 Find the following limits.

1. lim (52 — 102° 4+ 8972 + 84000) = Qim le" =

o0 -0 \ K-%—iw
* 2 é—' \ndq-\'gm\no\'{'e ’fDHM

T—r—00

2. lim (~a®+6500% + 7o — 1) = Lim
K =

Example 3.29 Find the following limits.

24x — 9
1. lim .
z——o0 8¢ + 11

9 322 — b

so3 o0 826 + 14w — 17

Limits involving radicals

Example 3.30 Find the following limits.

) Vaz? +3x + 2
1. hm R ——
T—>—00 2112 — 7

3
X

=E-
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END BEHAVIOR OF TRIGONOMETRIC, EXPONENTIAL AND LOGARITHMIC FUNCTIONS

uhs -, 1)

X
oy \4-:6 .
/ lim sinz,
T——00
dmosme | Y
lim cosz, o \ N .
> N (ﬁun?ﬂl\nga-(osCl [q-l'; "3) 5
7 lim cosx
r—+00
Jm e = O A E=
lim e = 40 lim "= O
I T—+00
- N
Jim s =~ Jim_Inz = o
//
Y

Figure 3.4: Graphs of sinz cosx,e”, e”" and Inx
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