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4.2 Concavity

DEFINITION If f is differentiable on an open interval, then f is said to be concave up on

the open interval if f’(z) is increasing on that interval, and f is said to be concave down

on the open interval if f’(x) is decreasing on that interval

Concave Concave
up down
Increasing slopes

Decreasing slopes

THEOREM 4.2 Let f be twice differentiable on an open interval
interval.

1. If f”(z) > 0 for every value of z in the open interval, then f is concave up on that

2. If f"(x) < 0 for every value of x in the open interval, then f is concave down on that
interval.

DEFINITION If f is continuous on an open interval containing a value zg, and if f changes
the direction of its concavity at the point (xg, f(zp)), then we say that f has an infilection

point at xp. and we call the point (xg, f(

)

N

0)) on the graph of f an inflection point of f

=
(x, )y &— Qa\da\u‘r\
Swp ': Ci‘nﬁtc-ﬂm pomt)
—
_ ?.‘a S x
Tam o (Ko Pl ‘{}upmd;bun‘"\ W V(%) =0 wo {¥(x ) Wby
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Example 4.3 Use the first and second derivatives of f(x) = 23 — 322 + 1 to determine where f is

> 2
increasing, decreasing, concave up and concave down. 'F()C) TX-2X x|\

T@slE £00=2x" 6x =[3x(x-2) |
6270 3y (x-2 >o ; f'xico
, )(S_yt-?_ >0
a4 0_-)—) \'C
+ - PubAtlon vy

Inflection points in applications

{ask

Depth of water (y)

(v]
.. -F ﬁuJDRﬂ.ud&wL\

2 } Co,2].
(oo, , (nw)

AT ul 93 Gy =bx - &
f703%0 ex-bvo ! T'Gaco
S——o0¥ ) !

T 1 Qo (1)
|
!

1
"Vv\ﬁ(.tﬁ \6\"?“'%’__-?"!0 =0 ’\Q’.’."R K=\ 5”\)\(5""

T na ovss WuimTu y
= (1,41) Wovsvela |

Concave down

The inflection point occurs
when the water level

is at the narrowest point
on the flask

Concave up

-

To time (t)
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4.3 Relative Maxima and Minima m&a‘\&x‘»\j\fﬁ éc‘ﬂ ,‘Nza,a\,g

Highest mountain5 Relative

N maximum

TR sppfaniib
(%) (M\ﬁ)iﬂ(?@l\)'g

Relative
minimum Deepest valley

mﬁaimf:m)hs

DEFINITION A function f is said to have a relatwe maximum at xg if there is an open

interval containing xg on which f(zg) is the largest value, that is, V(azo) > f (m)?or all z in

the interval. A'\m-\ s“ (ZL \}V\S

Similarly, f is said to have a relative' minimum at g if there is an open interval containing

xo on which f(z¢) is the smallest value, that is,i f(xo) < f(x) %}r all z in the interval.

If f has either a relative maximum or a relative minimum at xg, then f is said to have a ~Fq 'CD) é‘R)‘)

relative extremum at xg.

1
- ( 'S !
Nl — K
-Y( GQ) YN Point of SR ’l‘l

(
'V (7(5’) non-differentiable X \W}\G“\So\& S
ok FG lb‘uat\tm-‘f@a'ﬁ"s

Point of
non-differentiable

€T

>

o] etttk

1| Yip——

Shesapdia
o

Suppose that f is a function defined on an open interval containing the point zg. If f has

a rel-a_ttive extremum at zg, then f’(xz¢) = 0. A point z( in the domain of f is said to be a

7
c"r‘\z?z?c‘c\zﬂpoint of f if either f’(x¢) =0 or f is not differentiable at x.

X, dugadmem @ T & T'(x) =0 wo () wilals
\
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Example 4.4 Find all critical points of f(z) = 22 — 4z +5 D:F =R

Solution. "'\( (x) =2% - L\- Ql&'x“;\‘\“ _f‘f(,(_) ﬂ'\ﬁ‘ﬂah&'/ 1_22__

et 160=0 = 2x-t=o
K=2 & @ |
’?ﬂ'inqﬂ Q’m‘u)o?h [alauvea DA

_’.’?o\'bnm'\ a0 K=2

Example 4.5 Find all critical points of f(z) = i;; D,F_ = R_{‘Zl(
Solution. {((7‘) = &+Z)"LX"7—) = 4 . __-Q'F,(ﬁ) uf\ﬁ(nans\m%\(
Cx ¥2)* (x+2) X=-9
( £\ Wt =2 -15)01_;“4,\‘1'*“
U 3D X A W 'F(\Q‘)'zo X~—274jr0h?6\'3n4)61
Ej f (‘ﬁ.) = =0 ~ _ L.‘.
(xn)’- \ T < o

XLy W #O <
‘@ﬁ X m\: f)=o = T 1N Aeige

(]

|
4.4 First Derivative Test & Second Derivative Test —Ji 21
Yop2 5 A AR ¥, 'Lm\soxasm\l\n%m - cv‘)m)mu\\\lwdm D
)

//\ T

§3’
+F

Yl

#

o o ><D
Critical point, Critical point, Critical point, Critical point,
Stationary point, Not a stationary point, Stationarv point Not a stationary point,
Relative maxmum Relative maximum Relatl

o K\I A Ve il c?“"ﬁ-“ﬁmdw:,‘wmmmm

nuwn — (0L

€T
Critical point, Critical point, Critical point, Critical point,
Stationary point, Stationary point, Not a stationary point, Not a stationary point,
Inflection point, Inflection point, Inflection point, Inflection point,
Not a relative extremum Not a relative extrernum

Not a relative extremum

T T A
L

Not a relative extrernum
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THEOREM 4.3 Let zg be a critical point of the function f that is continuous on the open

interval [a, b] containing x. If f is differentiable on the interval, except possibly at x, then

f(zg) can be classified as: \\/ .

l—
1. A relative minimum, if f’(z) changes from negative to positive at . e
2. A relative maximum, if f’(x) changes from positive to negative at x. I ! >l
Xo

3. Neither a max nor a min if f/(x) is positive on both sides of xy or negative on both

sides of xg. //_\/ -\_;.\

i e I s 4
—_—, —_ - = ==~
#

N/
. (hb xo
wms 0\ b /

THEOREM 4.4 Suppose that f is twice differentiable at the point xg and f’(xg) = 0.

d
1. If then f has a relative minimum at xzg.
2. SIf " (zo) < 0! then f has a relative maximum at x.
W

3. If f"(x¢) = 0, then the test is inconclusive; that is f may have a relative maximum,

a relative minimum or neither at zg.

D_F = K
Example 4.6 Find the relative extrema of f(x) = 32° — 523
A
Solution @ ua {lcx) . 'F,C)() ISX — I5X
. ‘ . 2
et £'6)=0 : isxX'—isx =0
XZ -X =0
x“(x*-1) =o
A=) =D
‘?ﬁngm x=g-=l,1

@ check W N

Duapadn e

idousnte \

160 ‘**‘*J‘.———— o = = 4ttt
= -2 )b X -‘ o X= 'L 1 (x'l)

Pae= \SK.ZCX“) 0“:") X = =\ Mc\'\q F‘u\i\‘s A’\qa.safm Msio () =
_(.

RO X =1 qha."\mecmfaaﬂ?né A\M\M‘&")"'sm’ -FCI) —“2

U et SN W — mg
Acadgmlc §€ar 20\1d & Sl \ -

=-%30 €0




4.5 Analysis of Functions
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PROCEDURE GRAPHING STRATEGY

Step 2 : Find the vertical asymptotes.
Step 3 : Find the end behaviour.

Step 4 : Find f'(z) and f"(x).

Step 5 : Sketch the graph of f.

Step 1 : Find the domain, the x-intercepts, and the y-intercept.

Example 4.7 Sketch a graph of the equation y = 2% — 423 + 10

@ wAa D_} = R 9 '&L'\l?mo"\"s\\mu X ’]U\‘ \«: V)

uq?o\&rmmu Y Qv x=0

w X
Ty

=? 6—»37633‘-&
= 1O (O,ID)

@«m Verkical asymptote g Lim T = +/—c0  TIRY
RIOM

©

Xy ~4o0

KA+ —

horizontal asmpste ady  Lim o) = Qm )}(cf——qxa'-(-)o = +t00

9
th) fo =£1M X%—LLK-HO S 4+

K- ~00

K -0

® )= uxP-2xX = wh(x-3) Re150

> =12 K =24

g £ e ol K

XK=0,%

r —
12X (X —'L) Qav\\,d'ﬂlds\\:s\ wWanuhya Y= O] 2
! C_f\"(ﬂonl&'ﬁo“uw )

wa«'ﬂﬂ'\ﬁ" A\ Tug

f(o)= 10 )0 ()= -13
P Y 5  x= %, 3 X
)y --- - —=~-~ —~ =777 ° St
: |
|
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