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4.2 Concavity

Definition If f is differentiable on an open interval, then f is said to be concave up on

the open interval if f ′(x) is increasing on that interval, and f is said to be concave down

on the open interval if f ′(x) is decreasing on that interval.

Theorem 4.2 Let f be twice differentiable on an open interval

1. If f ′′(x) > 0 for every value of x in the open interval, then f is concave up on that

interval.

2. If f ′′(x) < 0 for every value of x in the open interval, then f is concave down on that

interval.

Definition If f is continuous on an open interval containing a value x0, and if f changes

the direction of its concavity at the point (x0, f(x0)), then we say that f has an inflection

point at x0. and we call the point (x0, f(x0)) on the graph of f an inflection point of f.
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Example 4.3 Use the first and second derivatives of f(x) = x3 − 3x2 + 1 to determine where f is

increasing, decreasing, concave up and concave down.

Inflection points in applications
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4.3 Relative Maxima and Minima

Definition A function f is said to have a relative maximum at x0 if there is an open

interval containing x0 on which f(x0) is the largest value, that is, f(x0) ≥ f(x) for all x in

the interval.

Similarly, f is said to have a relative minimum at x0 if there is an open interval containing

x0 on which f(x0) is the smallest value, that is, f(x0) ≤ f(x) for all x in the interval.

If f has either a relative maximum or a relative minimum at x0, then f is said to have a

relative extremum at x0.

Suppose that f is a function defined on an open interval containing the point x0. If f has

a relative extremum at x0, then f ′(x0) = 0. A point x0 in the domain of f is said to be a

critical point of f if either f ′(x0) = 0 or f is not differentiable at x0.
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Example 4.4 Find all critical points of f(x) = x2 − 4x+ 5

Solution.

Example 4.5 Find all critical points of f(x) =
x− 2

x+ 2

Solution.

4.4 First Derivative Test & Second Derivative Test
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Theorem 4.3 Let x0 be a critical point of the function f that is continuous on the open

interval [a, b] containing x0. If f is differentiable on the interval, except possibly at x0, then

f(x0) can be classified as:

1. A relative minimum, if f ′(x) changes from negative to positive at x0.

2. A relative maximum, if f ′(x) changes from positive to negative at x0.

3. Neither a max nor a min if f ′(x) is positive on both sides of x0 or negative on both

sides of x0.

Theorem 4.4 Suppose that f is twice differentiable at the point x0 and f ′(x0) = 0.

1. If f ′′(x0) > 0, then f has a relative minimum at x0.

2. If f ′′(x0) < 0, then f has a relative maximum at x0.

3. If f ′′(x0) = 0, then the test is inconclusive; that is f may have a relative maximum,

a relative minimum or neither at x0.

Example 4.6 Find the relative extrema of f(x) = 3x5 − 5x3

Solution.
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4.5 Analysis of Functions

Procedure Graphing Strategy

Step 1 : Find the domain, the x-intercepts, and the y-intercept.

Step 2 : Find the vertical asymptotes.

Step 3 : Find the end behaviour.

Step 4 : Find f ′(x) and f ′′(x).

Step 5 : Sketch the graph of f .

Example 4.7 Sketch a graph of the equation y = x4 − 4x3 + 10
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