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6.5 Integrating Rational Functions by Partial Fractions

Recall that a rational function is a function that can be written as a quotient of two polynomi-

als. Assume that f(x) =
P (x)

Q(x)
is a rational function, where P (x) and Q(x) are polynomials. If

degP (x) < degQ(x), then f(x) is said to be proper. If degP (x) ≥ degQ(x), then f(x) is said to be

improper .

We now find the form of partial fraction decomposition of a proper rational function f(x) =
P (x)

Q(x)
.

Elementary algebra tells us that Q(x) has only two types of irreducible factors which are of degree

1 or degree 2. Therefore, the partial fraction decomposition of f(x) can be determined by using the

following rules, Linear factor and Quadratic factor rules.

Linear factor rule: For each factor of the form (ax+ b)m, the partial fraction decomposition contains

the following sum of m partial fractions:

A1

ax+ b
+

A2

(ax+ b)2
+ . . .+

Am

(ax+ b)m
, where Ai (i = 1, 2, . . . ,m) are constants.

Example 6.16 Evaluate

∫
dx

x2 + x− 2
.
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Example 6.17 Evaluate

∫
2x2 − 3x+ 4

(x+ 1)(x− 2)2
dx.

Quadratic factor rule : For each factor of the form (ax2 + bx+ c)
m

with b2 − 4ac < 0,

the partial fraction decomposition contains the following sum of m partial fractions:

A1x+B1

ax2 + bx+ c
+

A2x+B2

(ax2 + bx+ c)2
+ . . .+

Amx+Bm

(ax2 + bx+ c)m
, where Ai, Bi (i = 1, 2, . . . ,m) are constants.

Example 6.18 Evaluate

∫
3x2 + x− 2

(x− 1)(x2 + 1)
dx.
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Example 6.19 Evaluate

∫
x+ 4

x2(x2 + 4)
dx.

Example 6.20 Evaluate

∫
x3 − 4x

(x2 + 1)2
dx.
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6.5.1 Integrating Improper Rational Functions

Example 6.21 Evaluate

∫
3x4 + 3x3 − 5x2 + x− 1

x2 + x− 2
dx.

The integrand can be expressed as

3x4 + 3x3 − 5x2 + x− 1

x2 + x− 2
= (3x2 + 1) +

1

x2 + x− 2

and hence

∫
3x4 + 3x3 − 5x2 + x− 1

x2 + x− 2
dx =

∫
(3x2 + 1) dx+

∫
1

x2 + x− 2
dx = x3 + x+

1

3
ln |x− 1

x+ 2
|+ C.
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Example 6.19 Evaluate

∫
x+ 4

x2(x2 + 4)
dx.

Example 6.20 Evaluate

∫
x3 − 4x

(x2 + 1)2
dx.
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