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6.5 Integrating Rational Functions by Partial Fractions

Recall that a rational function is a function that can be written as a quotient of two polynomi-
P(x)
Q@)
deg P(z) < deg Q(z), then f(x) is said to be proper. If deg P(x) > deg Q(x), then f(z) is said to be

als. Assume that f(z) = is a rational function, where P(z) and Q(z) are polynomials. If

improper .

P(x)
Q(x)
Elementary algebra tells us that Q(z) has only two types of irreducible factors which are of degree

We now find the form of partial fraction decomposition of a proper rational function f(x) =

1 or degree 2. Therefore, the partial fraction decomposition of f(z) can be determined by using the

following rules, Linear factor and Quadratic factor rules.

the following sum of m partial fractions:

Ay n Ay n n Am
ar+b  (az+b)?>  (ax D)™’

where A; (i =1,2,...,m) are constants.

Linear factor rule: For each factor of the form (az + b)"™, the partial fraction decomposition contains

Example 6.16 Evaluate /2d3: - 5“ dx d@g 6N )=o
ez a2 Wx-1) deg(a(&n =7

(x-v%(x—\) = ',Z%_ +"(£:_S = A,B 5‘0')4\7
B (-, A = A= Rx2)
A =Ax-A+ Bu42B
Ox @) = (A+D)x+(—A+28)
\,'7\'()15&31‘0?'-2"3 2 A=-B
~A+26 =1 | (-») 428 =1
2B =1=>8B =_%

K361

A= ‘-;-
S I U B IR I
(xt2) (%) 3 42 3 x—|
¥ A dx =Ly v
oune S(X-(-?.)bc-() g( 3 Xtz "'% ‘}1‘_; )elﬁ
=-\\ 1 A( 1
?ng*ld\x +35 "\Ob(
spxn awdY =Ll k\»mh—c#
C
Lgns Dnlwl _ L ga|xs
\ _ ,QM\*H'LHC/ -3 'QM\ X-(Q\ v C.
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Example 6.17 Evaluate / M dr. deﬂ (PO“» =
@EFDE=2"  deg () =
mad eX-axxe (A B ¢
k-2 R4 (x-2) ®
o C&H)(x-z) AumRon

A~
'Zx “ x4k = A (x—'L) -\—B(x-‘rl)(x—‘z,) +C (x+1)
X%+ = A= wx-M*—BQ("-R%_’{H cCx ()

LE-y (A -y +eA ) £ (B 8x-28) + (cx+C)
G’UA? 1W0 " 2)(*—3)(. -(.A-*B)X +(-'L('A B‘(’C)x"\' (LPA 2B+C.
v SUE 2 =A+B -0 | XX +‘+ _1 .1 g
LI
7 = LAB+C —® e (x-2% ~ XN x-Zz  en?
& = ya-28+c B A5 S S (L "
(x40 (% -'zF X+ x«z "
@@) 2 = ¢A-B _@ ) (‘_\c-'lJ
0@ S;‘_ T
) Q =qA =4a=1 %\ (x~2#
LB=1l=cCc=2 =Sl xﬂ%.;’_* C

Quadratic factor rule : For each factor of the form (az? + bx + ¢)” with b? — 4ac < 0,

the partial fraction decomposition contains the following sum of m partial fractions
Az + B Asx + Bo Ax + By,

here A;,B; (i=1,2,...
ar? +br +c  (aa?+ bz +c)? (ax2+bm+c)m’were 0B (=12,

m) are constants.

2
-2
Example 6.18 Evaluate / S rwo2
(x —1)(22+1)

51‘»5‘ 'Sx?'-nt -2 — A BX"\' C
(X0 ) X -\

o (i ez = A (%) + (BxrC) (-1
T4 5 -2 Ax-uA-x—Bx -Bx+Cx - C_

dz.

X
X & |

2 X (A*B)x + (-B+O)x +(A-C)
L SUS 3= A4S —L = (L1 ac
A = -B+C ‘@ X~
_9=A -c -® 0
OO, b= A < © InlxA\ o Yo Zarclam X
G+®; 2?) A2=»A 1 di e -
c=% Sidm >fn )
,aXax=2 A 2X43 w =L+
) () %1 K= = D%l % | 51 ) 43 arcbm ¢ +C
7
IR ~L . S__‘l__ 5 | 2X+3
' gou-\)(;;n’{—\)cM K-\dx g &zﬂdx >§£<
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x2(z2 +4)
X+ 4 _ A B Cx+D
TN SRANN I X+
m x Xz T XY
. ':.’\ S ._._\
ermqnt A=3, D=1, C= %, V= -
Hint X+Y
= dx
K+

34
L
(22 +1)

'aas‘.'u?\ Xs—LkK _ Ax+B Cx+H
(X% hYE W+ _(Y\T-H)_Z
A=A
B =0
C=-5
v =0

Example 6.20 Evaluate /

5’\%\6],(\
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6.5.1 Integrating Improper Rational Functions

3¢t +32% —ba? +x — 1
Example 6.21 Evaluate / v tor T dx.
22+ —2

The integrand can be expressed as

1
22+ x—2

3xt 4+ 323 — b2+ —1
22+ x—2

= (322 + 1)+

and hence

r—1

1 1
_ 2 _ .3
dx—/(33: +1) d:c+/$2+x_2da:_a: +x+§ln\$+2\+C’.

/3x4+3x3—5x2+$—1
22 +z—2

Academic year 2019 206111: Calculus 1



Example 6.19 Evaluate /

«“ l
a0 onlu UodlJol '

r+4
x2(z2 +4) d
a0 -~ - 4 5 X+
ﬁL(K -\-“’3 X )(7' e _\_L‘,
sV (K" +‘l')m¢0ums
X+Yy = Ax(\(l%r')-y B=\) (C»;-GD)X
X+% o AOs whg + B 4B+ Cx +Dx%
YHE S (a0 )0+ (B WA X+ 4B
(ML AYd A +C =0) A= —'L , 6=4
4—AB +Df$ .'.C:"l\_)b="\
= X
" 40 =% Ay :z“s“‘ Rc_’;\'r
7—-:;*“ dx= 1(Lax + (Lac+| £ dx wowsxTy
gx . R ‘x Sx’ Xl du= 2zxdx
kel oo,
_\ _ .
_Z Ikl 4“&%») X \\'O\x]
?t-ﬂ“"‘\ -‘- —d I ]| -

Example 6.20 Evaluate /

34
m_mzdx
(2 +1)

mBn K X

srcten (1) +C A

_ Ax+B

N Cx+ D
% S Sl ) (K1)
QLS (W5 q’(awﬂﬁs
T
><—LN = (AxsBY(X+D +(Cx=D)
(‘“ = Ax 4 A 4B 3 B4 Cox + D
XU - AL + B (A +CQ)X + (B4D)
Q -—
VYL &VS . A —_1 .
B =0 D=0
A +C = -k
B +D=0
— K = —
Dk A/g K%\ x-\—\)?'
=X K*i\.
du = 2xdx du =23dx
‘< X =J4( 2 ) 3 =3 S_L
wom X zg U&u ) .Smdﬁ > w_dlk .,
{ = ==
=%9Jn\xl*1\+ C, =§7._(' W¥C=73 ,{\—;T”'C'
— _! - _5. 1 C
= Sl l-2 -t Tk
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