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Definite Integration and its Applications

7.1 An Overview of Area Problem

Given a function f that is continuous and nonnegative on an interval [a, b], find the

area between the graph of f and the interval [a, b] on the z-axis (Figure 7.1).

Figure 7.1: Area problem

7.2 The Definition of Area as a Limit; Sigma Notation
doavin 4 n

et S L) = P )+« fn)
Tndex _y (321

To simplify our computations, we will begin by discussing a useful notation for expressing lengthy

7.2.1 Sigma Notation

sums in a compact form. This notation is called sigma notation or summation notation because it

uses the uppercase Greek letter | to denote various kinds of sums.
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If f(k) is a function of k, and if m and n are integers such that m < n, then
> k)
k=m

denotes the sum of the terms that result when we substitute successive integers for k, starting with

k = m and ending with k = n.

Example 7.1

9 ) ) 3 3
Shak= & + S %b + 3 +¢

S5 (C1)R(2k - 1) = (-0°(2(e)-0) + (-—\)1 (2(0-1) + (<)% (2C2)-1) +(—l)3(2(‘3)_|')
+ (2w 1)« (B (208)-1)

= -1l -143-5%3 - 9
7.2.2 Properties of Sums

(Gawuss )

W
@ 24 =A+243 4, 4@
Theorem 7.1 = = nln+)

r ~ " 2.
(a) Dhoqcak =cdpg ax ® Z P PR A

n n n = h(he(zna)
(b) Zk:l(?ﬁ +_b_k) =2 k=1 0k + =1 bk 3

(c) Yher(ar —be) =Dy ax — >p_y br

7.2.3 The Rectangle Method for Finding Areas

One approach to the area problem is to use Archimedes method of exhaustion in the following way:
Divide the interval [a, b] into n equal subintervals, and over each subinterval construct a rectangle
that extends from the z-axis to any point on the curve y = f(x) that is above the subinterval; the
particular point does not matter — it can be above the center, above an endpoint, or above any other
point in the subinterval.
For each n, the total area of the rectangles can be viewed as an approximation to the exact area
under the curve over the interval [a,b]. Moreover, it is evident intuitively that as n increases these

approximations will get better and better and will approach the exact area as a limit (Figure 7.2).
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That is, if A denotes the exact area under the curve and A,, denotes the approximation to A using n
rectangles, then

A= lim A,

n—oo

We will call this the rectangle method for computing A.

Yy Yy

y = f(x) y = f(x)

a b a b a b

Figure 7.2: Finding Area

7.2.4 A Definition of Area

DEFINITION 5.1 (Area Under a Curve) If the function f is continuous on [a,b] and if
f(z) >0 for all z in [a, b], then the area A under the curve y = f(z) over the interval [a, b]

is defined by
=2 Z flab)a

@Duds 22530 [a,b] condls n ¥9509

y un):’\m\ﬂo- %99 \'vh~| T —-) A m:?sv © 859959
() o safsany 1@ Ax.e ba
Qe R n
fov ® &1 Jornanis @)
") 1:03
a b a=x . Tp-2 Tp-1 x,=0b
y \—-——————t\a o
Iy y = f(z)
/| 4 \\
/ \
f(xp) Area
=— = f(a})Ae
zlf Ty f zn—Z/ mn—lf Ty = b :17_]:
-31 x @ ., T Az
byt vty ——— - = £ ()ax
ot o Pe= T O
@ \200a3\Iny, ‘u(‘rﬁ)o\l (‘_x ) n&> ?‘.F()(* ) DR

i B Hho -‘:(Y\" Toke Qim. C.V\-aw7 A
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It is probably easiest to see how we do this with an example. So let’s determine the area between

f(z) = % on [—1, 1]. In other words, we want to determine the area of the shaded region below

\
@ wwo [-1, 1) omly

W $r9vew

@ \aom'muas Voo g d—
®) -Jouv,

@ Sum ereuvdn T

Figure 7.3: y = 2

So, let’s divide up the interval into 6 subintervals and use the function value on the left of each

—_—_—

interval to define the height of the rectangle.

o laonmawgu%n
Wmvﬁ"M‘hm’D

(<)
First, the width of each of the rectangles is DX = = '%

......... C

The height of each rectangle is determined by the function value on the left. Here is the estimated
area.

£C-0) (L) +£ D) M(—W— «£0)§ +¥<%wl &
L)+ (BTG CYE )« o (l)‘r VL«
RICE ('—Mg—

D

Ag

‘I

Wi— w"lj

f

\-—V“) —
May) Pormn s
C) )
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~
=\ ’\"9;\ ) —\43(3) 1=~ +Vl(_2:
-142(Z “
Now, let’s move on to the general case. We’ll dlvf?ie the interval into n subintervals, the width of
-\t 2Z
each of the rectangles is . _1._:£_:.n = g‘- n
n n

The total area A, of the n rectangles will be

A =R Z FBVE v )2 o

Z@'H'K'%\j%—‘ > £ =xE

Aoz 3, (e B2

K=o

Gl 2

Table 7.1 below shows the result of evaluating (7.1) on a computer for some increasingly large

2

values of n. These computations suggest that the exact area is close to ....e=......

n 6 10 100 1,000 10,000
A, | 0.7 1 0.68 | 0.6668 | 0.666668 | 0.66666668

Table 7.1: estimation of area

So, increasing the number of rectangles improves the accuracy of the estimation as we would guess.

Later in this chapter we will show that

lim A, =
_'.VS.Z\,L’W;OAV\ :V\%oﬁ) 23 (—1—‘(\<2‘\ _Z_I‘;\
=2 2 2 (1+x-2)"

v\—l

—QI;\” 7’2[1+2((‘3(‘<"\ 50 l
b (5204 o] B4 B
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7.2.5 Net Signed Area qi\,_\}'\\p\-;mumv,s‘y\? £dn -(-‘(_,c)7,° S0, 3 Qi S __

W.l, \ﬁM\-J
If f is continuous and attains both positive and negative values on [a, b], then the limit

26~ €60 3X>vmana:zav

R = 0 ,
nh_{Eto(xk)Ax Ql"’\ i/v—- ()Y N(*Vl -
k=1 e 5'71"&0
areer

no longer represents the area between the curve y = f(x) and the interval [a, b] on the z-axis; rather,
it represents a difference of areas - the area of the region that is above the interval [a,b] and below
the curve y = f(z) minus the area of the region that is below the interval [a,b] and above the curve

y = f(x). We call this the net signed area.

. + ) ®)

a ' b a o b
OFigure 7.5: net sign area

For example, in Figure 7.5, the net signed area between the curve y = f(z) and the interval [a, b] is

(AI + AIII) — AII = | area above [a, b]] — [ area below [a, b]]

DEFINITION 5.2 (Net Signed Area) If the function f is continuous on [a,b], then the net

signed area A between y = f(z) and the interval [a, b] is defined by

A= nh_)rrolo; f(zr)Az.
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7.3 Definite Integral

7.3.1 Riemann Sums and the Definite Integral

In previous section, we assumed that for each positive number n, the interval [a, b] was subdivided into
n subintervals of equal length to create bases for the approximating rectangles. For some functions it
may be more convenient to use rectangles with different widths; however, if we are to exhaust an area
with rectangles of different widths, then it is important that successive subdivisions are constructed in
such a way that the widths of all the rectangles approach zero as n increases (Figure 7.6-left). Thus,
we must preclude the kind of situation that occurs in Figure 7.6-right in which the right half of the
interval is never subdivided. If this kind of subdivision were allowed, the error in the approximation

would not approach zero as n increased.

o L v=f@ ! 4‘% y="1@
/ f

xT €T
a . b a - b
\
Figure 7.6: Definite integral %1}3 La|loj n).]‘( n {)9
wola 3585 sem JunhAL
- A% — 0% L%,
N s [ S - [ -
A partition of the interval [a, b] is a collection of points — ;( )" , llo
% 7(1 *Z 3 '* e - xh
%o Xn-i
a=x0 <11 <9< < Tp1 <xp=2>

that divides [a, b] into n subintervals of lengths

The partition is said to be regular provided the subintervals all have the same length

For a regular partition, the widths of the approximating rectangles approach zero as n is made large.
Since this need not be the case for a general partition, we need some way to measure the size of these
widths. One approach is to let max Az denote the largest of the subinterval widths. The magnitude

max Axy, is called the mesh size of the partition. For example, Figure 7.7 shows a partition of the

Academic year 2019 206111: Calculus 1
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interval [0, 6] into four subinteryals with g
ARV o)

[«—Ax; ——|«Ax,—| Ax, } Ax, }
L " & " & & 3‘ . 4
RO I

Ay =2_53_9
maxAx,\,—Ams—2 3=2

Figure 7.7: partition of [0,6]

Tt ;
—t
O~ BXe

If we are to generalize Definition 7.2.4 so that it allows for unequal subinterval widths, we must

replace the constant length Ax by the variable length Axjy. When this is done the sum

n "2 Axm'ldw%mu. m Take lim. Qim A,
Zf(ﬂchs replaced by Zf x}) Al‘k N9
k=1 k=1 V«a‘ Q‘w\ E-F(ﬁ‘) Ay

/mh¥ O | (-]
We also need to replace the expression n — oo by an expression that guarantees us that the lengths

of all subintervals approach zero. We will use the expression max Az — 0 for this purpose.

o WA e 1R and =var. o Ca,b].

DEFINITION A function f is gaid to be integra% on a finite closed interval [a, b] if the limit
J iR SR e Bonas

POnjgN 7) 827) 04
% \
|\\\h aubulod= | (xk)_é—_-xk

L mﬁhnéﬁabﬁ!w

exists and does not depend on the choice of partitions or on the choice of the points z7 in

the subintervals. When this is the case we denote the limit by the symbol
Javrievu ANV

i — g
f(ZL')d.’E B maXAxk%OZf ) = ‘Uu Cq IQJ

¥ Definite mt | . 3uradaniavor "

which is called the definite integral of f from a to b The numbers a and b are called

EPRIENY
\oweyr im &

the lower limit of integration and the upper limit of integration , respectively, and

f(x) is called the integrand .

Theorem 7.2 If a function f is continuous on an interval [a, b], then f is integrable

on [a,b], and the net signed area A between the graph of f and the interval [a, b] is

A= /ab f(z)dz. S-F(*) Ax

wental Theoren
F\M d:(-' alculus
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b
U =
Example 7.2 Use the areas shown in the figure to find S’{C)‘)&)‘ ARy
®n

wet Sl‘g\necl TN

(a) /bf(:v)dx': 10 ) /bcf(x)dm-loo (c) /acf(x)dw-;—QD (d) /df(a:)dac:-&,

c
Solution S‘FC)‘) dx = 0 (—(007 - a0
o~
Y Area =10 Area — 10 ?‘-('\C)()d)(' = qo‘i‘("’DO)-k(O = -0
o~
/‘\ g
a b c d
Area =100 Yy = f(:l:)

Example 7.3 Sketch the region whose area is represented by the definite integral, and evaluate the

integral using an appropriate formula from geometry.

(a) /142dx (b) /Olmdx
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