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7
Definite Integration and its Applications

7.1 An Overview of Area Problem

Given a function f that is continuous and nonnegative on an interval [a, b], find the

area between the graph of f and the interval [a, b] on the x-axis (Figure 7.1).

Figure 7.1: Area problem

7.2 The Definition of Area as a Limit; Sigma Notation

7.2.1 Sigma Notation

To simplify our computations, we will begin by discussing a useful notation for expressing lengthy

sums in a compact form. This notation is called sigma notation or summation notation because it

uses the uppercase Greek letter
∑

to denote various kinds of sums.
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If f(k) is a function of k, and if m and n are integers such that m ≤ n, then

n∑

k=m

f(k)

denotes the sum of the terms that result when we substitute successive integers for k, starting with

k = m and ending with k = n.

Example 7.1

∑8
k=4 k

3 =

∑5
k=0(−1)k(2k − 1) =

7.2.2 Properties of Sums

Theorem 7.1

(a)
∑n

k=1 cak = c
∑n

k=1 ak

(b)
∑n

k=1(ak + bk) =
∑n

k=1 ak +
∑n

k=1 bk

(c)
∑n

k=1(ak − bk) =
∑n

k=1 ak −
∑n

k=1 bk

7.2.3 The Rectangle Method for Finding Areas

One approach to the area problem is to use Archimedes method of exhaustion in the following way:

Divide the interval [a, b] into n equal subintervals, and over each subinterval construct a rectangle

that extends from the x-axis to any point on the curve y = f(x) that is above the subinterval; the

particular point does not matter – it can be above the center, above an endpoint, or above any other

point in the subinterval.

For each n, the total area of the rectangles can be viewed as an approximation to the exact area

under the curve over the interval [a, b]. Moreover, it is evident intuitively that as n increases these

approximations will get better and better and will approach the exact area as a limit (Figure 7.2).
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That is, if A denotes the exact area under the curve and An denotes the approximation to A using n

rectangles, then

A = lim
n→∞

An

We will call this the rectangle method for computing A.

Figure 7.2: Finding Area

7.2.4 A Definition of Area

definition 5.1 (Area Under a Curve) If the function f is continuous on [a, b] and if

f(x) ≥ 0 for all x in [a, b], then the area A under the curve y = f(x) over the interval [a, b]

is defined by

A = lim
n→∞

n∑

k=1

f(x∗k)∆x.
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It is probably easiest to see how we do this with an example. So let’s determine the area between

f(x) = x2 on [−1, 1]. In other words, we want to determine the area of the shaded region below.

Figure 7.3: y = x2

So, let’s divide up the interval into 6 subintervals and use the function value on the left of each

interval to define the height of the rectangle.

Figure 7.4: y = x2

First, the width of each of the rectangles is . . . . . . . . . .

The height of each rectangle is determined by the function value on the left. Here is the estimated

area.

A6 =
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Now, let’s move on to the general case. We’ll divide the interval into n subintervals, the width of

each of the rectangles is . . . . . . . . . .

The total area An of the n rectangles will be

An = (7.1)

Table 7.1 below shows the result of evaluating (7.1) on a computer for some increasingly large

values of n. These computations suggest that the exact area is close to . . . . . . . . . . . ..

n 6 10 100 1,000 10,000
An 0.7 0.68 0.6668 0.666668 0.66666668

Table 7.1: estimation of area

So, increasing the number of rectangles improves the accuracy of the estimation as we would guess.

Later in this chapter we will show that

lim
n→∞

An =
2

3
.
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7.2.5 Net Signed Area

If f is continuous and attains both positive and negative values on [a, b], then the limit

lim
n→∞

n∑

k=1

f(x∗k)∆x

no longer represents the area between the curve y = f(x) and the interval [a, b] on the x-axis; rather,

it represents a difference of areas - the area of the region that is above the interval [a, b] and below

the curve y = f(x) minus the area of the region that is below the interval [a, b] and above the curve

y = f(x). We call this the net signed area.

Figure 7.5: net sign area

For example, in Figure 7.5, the net signed area between the curve y = f(x) and the interval [a, b] is

(AI +AIII)−AII = [ area above [a, b]]− [ area below [a, b]]

definition 5.2 (Net Signed Area) If the function f is continuous on [a, b], then the net

signed area A between y = f(x) and the interval [a, b] is defined by

A = lim
n→∞

n∑

k=1

f(x∗k)∆x.
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7.3 Definite Integral

7.3.1 Riemann Sums and the Definite Integral

In previous section, we assumed that for each positive number n, the interval [a, b] was subdivided into

n subintervals of equal length to create bases for the approximating rectangles. For some functions it

may be more convenient to use rectangles with different widths; however, if we are to exhaust an area

with rectangles of different widths, then it is important that successive subdivisions are constructed in

such a way that the widths of all the rectangles approach zero as n increases (Figure 7.6-left). Thus,

we must preclude the kind of situation that occurs in Figure 7.6-right in which the right half of the

interval is never subdivided. If this kind of subdivision were allowed, the error in the approximation

would not approach zero as n increased.

Figure 7.6: Definite integral

A partition of the interval [a, b] is a collection of points

a = x0 < x1 < x2 < · · · < xn1 < xn = b

that divides [a, b] into n subintervals of lengths

∆x1 = . . . . . . . . . ,∆x2 = . . . . . . . . . ,∆x3 = . . . . . . . . . , . . . ,∆xn = . . . . . . . . .

The partition is said to be regular provided the subintervals all have the same length

∆xk = ∆x =
b− a

n
.

For a regular partition, the widths of the approximating rectangles approach zero as n is made large.

Since this need not be the case for a general partition, we need some way to measure the size of these

widths. One approach is to let max∆xk denote the largest of the subinterval widths. The magnitude

max∆xk is called the mesh size of the partition. For example, Figure 7.7 shows a partition of the
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interval [0, 6] into four subintervals with

Figure 7.7: partition of [0,6]

If we are to generalize Definition 7.2.4 so that it allows for unequal subinterval widths, we must

replace the constant length ∆x by the variable length ∆xk. When this is done the sum

n∑

k=1

f(x∗k)∆x is replaced by
n∑

k=1

f(x∗k)∆xk.

We also need to replace the expression n → ∞ by an expression that guarantees us that the lengths

of all subintervals approach zero. We will use the expression max∆xk → 0 for this purpose.

definition A function f is said to be integrable on a finite closed interval [a, b] if the limit

lim
max∆xk→0

n∑

k=1

f(x∗k)∆xk

exists and does not depend on the choice of partitions or on the choice of the points x∗k in

the subintervals. When this is the case we denote the limit by the symbol

∫ b

a
f(x)dx = lim

max∆xk→0

n∑

k=1

f(x∗k)∆xk.

which is called the definite integral of f from a to b. The numbers a and b are called

the lower limit of integration and the upper limit of integration , respectively, and

f(x) is called the integrand .

Theorem 7.2 If a function f is continuous on an interval [a, b], then f is integrable

on [a, b], and the net signed area A between the graph of f and the interval [a, b] is

A =

∫ b

a
f(x)dx.
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Example 7.2 Use the areas shown in the figure to find

(a)

∫ b

a
f(x)dx (b)

∫ c

b
f(x)dx (c)

∫ c

a
f(x)dx (d)

∫ d

a
f(x)dx

Solution

Example 7.3 Sketch the region whose area is represented by the definite integral, and evaluate the

integral using an appropriate formula from geometry.

(a)

∫ 4

1
2 dx (b)

∫ 1

0

√
1− x2 dx
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