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Chapter

Applications of the Definite Integral in Geometry

and Improper Integrals
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8.1 Area between Curves
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aa 107 From the given figure, find the following integrals in terms of A, B, C, D, E, F’, where each of

them represents the area of each region.
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Example 8.3 Figure shows velocity versus time curves for two race cars that move along a straight

track, starting from rest at the same time. Give a physical interpretation of the area A between the
curves over the interval 0 < ¢ <T. V-
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Example 8.4 Find the area of the region enclosed by y = x, y = 22, z = 0 and z = 2.
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Reversing the Roles of z and y

Theorem 8.2 If w and v are continuous functions on the interval [c, d] and w(y) >
v(y) for all y in [c, d]. Then the area of the region bounded on the right by x = w(y),

on the left by x = v(y), below by the line y = ¢, and above by the line y = d is

Y
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' : A= / [w(y) = v(y)ldy (8.2)
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Example 8.5 Find the area of the éef}ion enclosed by y? = 4z and y = 2z — 4.
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7.y =22, y=+/a, xzi’ r =1 13. y=e*, y=e* x=0, xz=In2.

R _ _ _
. y=a"—4x, y=0, =0, z=2. 14.

9. y=cos2z, y=0, z=wn/4, z=mu/2.

15. y=2/(1+2%), y=|z|
10. y =sec’z, y=2, z=-7n/4, z=mu/4

16. y=1/V1—22, y=2.

11. y=siny, =0, y=n/4, y=3n/4

12. 22 =y, z=y—2. 17 y=2, y=4z, y=—x+2.

8.2 Volumes by Slicing; Disks and Washers YY\S\M\)S’MWWW\S MY

Theorem 8.3 (Volume formula) Let S be a solid bounded by two parallel planes
perpendicular to the z-axis at z = a and x = b. If, for each x in [a, b], the cross-
sectional area of S perpendicular to the x-axis is A(z), then the volume of the solid
is

V= / ’ A(z)d. (8.3)

maxrAx,—0

n b
V= lim > Af)Ar = / Az)de
k=1 @

There is a similar result for cross sections perpendicular to the y-axis.
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Theorem 8.4 (Volume formula) Let S be a solid bounded by two parallel planes
perpendicular to the y-axis at y = ¢ and y = d. If, for each y in [c, d], the cross-
sectional area of S perpendicular to the y-axis is A(y), then the volume of the solid
is

d
V:/ A(y)dy. (8.4)

- 9.
Solid of Revolution m:o’\uﬂnmwrvv\fw;ﬂ«mumu\

Volume by Disks perpendicular to the X-axis

Problem: Let f be continuous and nonnegative on [a, b], and let R be the region
that is bounded above by y = f(x), below by the z-axis, and on the sides by the

lines x = a and x = b. Find the volume of the solid of revolution that is generated

by revolving the region R about the X-axis. ¢
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We can solve this problem by slicing. For this purpose, observe that the cross section of the solid

taken perpendicular to the X-axis at the point x is a circular disk of rz?;iius f(x). The area of this

region is \I - S A Cﬁ) A-X
A(z) = [ f(2)]*.

o~
=
Thus, from (8.3) the volume of the solid is A bq :4‘“&‘:(()3 B
L
e V= JTTfeaYax

o
A

J (8.5)

b
V=/ f(2)2dz.
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