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Differential Equations

In this chapter, we introduce two methods for solving some form of the first order of differential
equations (ODEs). First, we introduce some basic definitions of ODEs. We, then, solve the particular
ODE:s in the forms of Separable equations and Linear first order ODEs . Lastly, some examples

of linear first order ODEs.

9.1 Introduction to Ordinary Differential Equations
Consider the equation, y = 223 — 222 + 5. By differentiation, it can be shown that

% = 62°% — 4. (9.1)

Similarly, for a function p(z) = 10000e %% we have

P (z) = —400e~ 017, (9.2)

These equations are example of differential equations .
In general, an equation is a differential equation if it involves an unknown function and one or

more of its derivatives. Other examples of differential equations are

d
7y:ky7 y”—xy’+x2=5,
dx

dy _

2
dx 4

The first and third equations are called first-order equations because each involves a first deriva-
tive but no higher derivative. The second equation is called a second-order equation because it
involves a second derivative and no higher derivatives. In general, the order of a differential equation

is the order of the highest derivative that it contains.
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" (1) gomeral solution  (Avoow3)) )
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9.2 General and Particular Solutions ;) fur-t.'cular solution fAyoviaua= )
(Frorou K 1Ay mv')n"tao-l}" Adyus)
A solution of differential equation is the function which matches the differential equation.
Example 9.1 Show that the function y = e” is a solution of \1_ ej)‘
L-H-S - ‘Z.Hos [] & x
dy > €
(LH.9) T y=0 Ax
% %
Anna Ay -y = € -2 =0 =RHs
ax i
X .
I y=¢ LU A MO S Qv;‘-\ -y=0
Ax
Example 9.2 Show that, for any constant C', the function E; =e"—x+C iis a solution of
—_—
LIHOS R,H. S_
dy B
% =€ 1
K
X
LHS. M _e” -1 = RHS.
(/N4 N
¥ N | x
- 2% +C (W AAOLV o, — =z e -\
foy=t A -

Remark:

e The general solution of a differential equation is a solution that contains all possible solutions.

The general solution always contains an arbitrary constant.

e The particular solution of a differential equation is a solution that satisfies the initial condi-

tion of the equation. A first-order initial value problem is a first-order differential equation

y' = f(z,y) whose solution must satisfy an initial condition y(zo) = yo.
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Example 9.3 Find the particular solution of
dy initial  Condittom

=" -1 0) = 1.
dx € ’ ?_()/'—

Mo T 2.2, gemeral solwkm o ‘%\Q :f‘—\ ﬁ.b\tﬁu—x+ C_‘_J
wasieswn C \4(0)—_413 1=/67—0+C

Nk e"Lx +C (qt)l.l. Aoy wws  (3Yp t/(D')-.: 1

Example 9.4 Show that the function

| O Y Mmrouve oo Tasy
y=(r+1)— 3¢ - ”
Y Fuead0 ~urod vl Sayodig

is a solution to the first order initial-value problem

L.HS
dy RHS
Y y(0) =2/3.
D y- wemie D i y(o) 22l 7
= — Le*
EL.H-S] %\\j)(: 1—%e'< N () (x+1) e
y MOE 04’\—-‘3€°
_ -1 - -
iP\H's'S y-* = (-‘5‘*'\) 3€ A = 1-1 =2 goapdo) AV
= 1- \’?’ex 5 3 WUl ocondition,

. LH.S = RHS.

RV (»uﬂ—%e" (o lWoW G, IVP 4=
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9.3 Separable Equations [;NW\S Ny no’T3 \\'\.kvlﬁ\"]

We will now consider a method of solution that can often be applied to first-order equations that are

expressible in the form

] h(y)‘%%: g(z). | €— idmmsgm (9.3)

Such first-order equations are said to be separable .| The name separable arises from the fact that

(9.3) can be rewritten in the differential form

h(y)dy = g(x)dx (9-4)
- - - - v
WoduRiagen 1858082 Voashaott G Aunl
in which the expressions involving z and y appear on opposite sides. To motivate a method for solving

separable equations, assume that h(y) and g(x) are continuous functions of their respective variables,
and let H(y) and G(z) denote antiderivatives of h(y) and g(z), respectively. Consider the results if
we integrate both sides of (9.4), the left side with respect to y and the right side with respect to x.

We then have
[ by = [ g(ayis, 95)
or, equivalently,
H(y)=G(z)+C (9.6)

where C' denotes a constant. We claim that a differentiable function y = y(x) is a solution to (9.3) if

and only if y satisfies (9.6) for some choice of the constant C.
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Example 9.5 Write these first-order differential equation in the separable form.

h(y) ?\.\_‘;I( = 9(x)

Equation Form h(y) (@)
%;y:é "%{i“" Y x
=0 3R e x*
nov ([dduy 2 1
s -9 -4)

Worluy) drfoontinl . ydy = Xdx
Rl NN . Su‘dq = SXO\%

1 2
R oy
72 2 D
o

Example 9.7 Find the general solution of

Y Ax
+dy = C‘Lc\\(.
S%"\“\ = Sef dx

= N
lm,,‘%mw'(e)“. \é & Py
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Example 9.8 Find the general solution of

Lay =
Fjd\{ (X dx
S.%_go\qts\&d\x

i
O
3

v
D i 3
(A _ % { /v 34 A
Y = l}.z“'_c_'l = \57—=§_.\.C q)%’(%‘*c
Example 9.9 Find the general solution of 2 5
b _wry _y oy | y(x1)
dr  zy—=x AX % ( \’__”
M

£ -y
(Hdy = (XHdx
JOrPay = fasy) ax
R I Y -5

Example 9.10 Solve the initial value problem

\'(0)1:'.\.‘)

2 *J
Academic year 2019
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Example 9.11 Solve the initial value problem

yy — (22 +1)=0, y4)=2.
\1%‘; = X

ydy = CEDHED
(yay = [(x™nax

[ _ %7
@ -3-+’X+?]

\—.2 - X
\1(‘* ! L = MigtC = 2-4-bY =C
Z| E 3
Example 9.12 Solve the initial value problem o= = c = 6 _li—"q’ = —??O
=X,ix-%
5 =5 5

d
(4y — cos y)% —3z2=0, y(0)=0.

— dy - 3x©
(4y CDS\’)E\\Q S

(4 -cosy)aly = 3ICAK
(lyy-cosyy = (3w

W—sir\\! =X 4 C l

y(0)=0, 0 -Sino = 04C =DC=0

é\mb\)\ﬂ\d\‘t '_ \3\12— s'V\ \l = (x'b‘l #
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Lo 1T YOO OO SWAUNANE. oo AV .........
| o a o o LH'S' R‘Hés- 1
1. A9R90aaeLdn Wi y = ze” Wunaleaauesanniaideyius vy’ — y = e” vsald
" -
\5 = X€
I _ X X
y =%e te

‘5" = XEX +e’<+c" - xet 2"

©LHS oy -y ‘—(Xexﬂe")- xe" =ge”
RHS = e”

o L.HS, + RHS. ;D\J\T—fo 73 U proreuvio gy ms

2. mmmmmmmﬂmmmﬁl‘uﬁu
Y —22(1+y*) =0,y(2) =1
dy —ix(\-n)z) =0
X "
dy - x(4y*)
o\X

1 d\i = 2% O\X

144

1 gy = \ixdx

ey =1

arc'l‘om\/\ = XZ t+ C

y(2)=1, arctamn 1 =~ 4 +C
%: =4 +CQ
c =X_¢
L\.




