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9.4 Linear Equations

A first-order differential equation is called linear if it is expressible in the form

— +p(a) -y = qla). (9-7)

Some examples of first-order linear differential equations are

@::Lﬁ—m/

dx ’

d

£+w2926m,

d

ﬁ—i—(sinm)y—i—x?’ =0,
d

£+5y+2:0.

dx

We will assume that the functions p(z) and ¢(z) in (9.7) are continuous and we will look for a general
solution that is valid on that interval. One method for doing this is based on the observation that if

we define the function I = I(z) by

then
dl d
8l [p(x)de | @ —
o 7 [ plade=1-p(2)
Thus,
d dy dI dy
— =1—=+ = I-=+1
Iy =1+ -y =1+ Ip(x)y (9.9)

If (9.7) is multiplied through by I, it becomes

d
IﬁJrIp(x)'y:Iq(l’)-

Combine this with (9.9), we have
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This equation can be solved for y by integrating both sides with respect to  and then dividing through

by I to obtain

which is a general solution of (9.7) on the interval. The function I(z) in (9.8) is called an integrating

factor for (9.7), and this method for finding a general solution of (9.7) is called the method of

integrating factors.

The Method of Integrating Factors

Step 1 Calculate the integrating factor

dx

include a constant of integration in this step.

[ = eJ ptaris,

(1) = Iq()

Step 2 Multiply both sides of (9.7) by I and express the result as

Step 3 Integrate both sides of the equation obtained in Step 2 and then solve for y. Be sure to

Example 9.13 Find the general solution of

N " LA
Qywa T.(.x)=€y‘m " -—QS‘ *

(2) & I AU 2B
160 Eg\* - Q L 16y

d = I(V’) sz
9&@ ) ﬂ
Y] - X X
Q\Ige ;)\ R
d_(.e— \‘) - €
A%

Ay <poay =4(<)

P = -1
¢ (x)=e?>
-x
€y
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Example 9.14 Solve the initial value problem

(T = P — e
(2) g (%) a0 I(x)

§a (40)

Example 9.15 Find the general solution of

Moy =D

d -
-({jx + 0y = 0\,(&)

PeO= —§<)q,cx) o1
=z, y&l)zQ. -::)lg{"\x—%y' 1| —&
=eh\x\=j’:_,x>o

%) X
-1 Ly = a(y+C Do)
X
= Xk +CX

. I

x an C 3 ylo=g
= ) -

"d‘x/ 2 =1 m1+C (=2
=S‘&C\X

\ = XYdn ¥ +Z>cﬂ %

dy = xe®
qcx) -1, 0= xe* —\ dr =TV y :
(‘\ .I(;\) _ S'p(x)ckyc _ S—Idx -—X e Y = —xi + e +C
(D ""[d:\’\ ")1 -E[X?— 'l\l = )ﬁg"’l*Cexf#
d Le \1} = X - ?_
a (e = (x-eM)dx /
go\(e,”‘ = g (% ~€ " )dx |
Example 9.16 Solve the initial value problem
dy x—1
pe)= 2% %cx),,x l dr = o= 2y y(0) =1 .,
*@f —&4) afnsna [ex' "(x 0%
() Ibo S =on W xS2x s dus 20a-odx
Ay « - e * (x- X=1) t% o) = “olu _e “c
C?:’ e [ \(‘1_& ezx L\{\g ( C
"'i +
)(
e’ l €, X - 4
ax[ \’ ( ) V(D)-=ﬂ_ a
coaley) = e ™ (x~)dx o4 = de%4cCe
K'L 2x (_ 2
fatey = e ™ (xax 1 =1 «C
S 1™+ C / -1
N = % Ce* fonolem:
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Example 9.17 Find the general solution of
A _cosx _ Ly
A T x

X X dy  cosx —y
dy = (Cos peo=% w0 Y
(X TR ) = Cosk gd (
X (xy) = (cos xax
Jan Y
(0 Tx)= e_g"’d":g be! =K <y _ .
=SIn X+
() x(o\ 19 - x-Cosx
ajx*xﬂ x X S {\/ = Sin % S_\
X
& (xy) =os x

9.5 Applications of Differential Equations

GMI‘\‘?I\ 4 D?(‘q nc j
9.5.1 Exponential Growth Law \,_\ S M

In general, if the rate of change of a quantity @ with respect to time is proportional to the amount of

@ present and Q(0) = Qo, then, we obtain the following theorem:

d
EXPONENTIAL GROWTH Law If d—cf =7rQ and Q(0) = Qo then Q = Qpe"" where
e (Jp is amount of Q at t =0
e 7 is relative growth rate

e tis time

e () is quantity at time ¢t

If r is positive, this becomes exponential growth. If r is negative, this becomes an exponential

decay problem.

The constant r in the exponential growth law is called the relative growth rate . If the relative
growth rate is r = 0.02, then the quantity @) is growing at a rate d@Q/dt = 0.02Q (that is 2% of the
quantity @ per unit of time ¢). Note the distinction between the relative growth rate r and the rate of
growth d@/dt of the quantity (). Relative growth rate is 0.02 and the rate of growth is 0.02Q). Once
we know that the rate of growth of something is proportional to the amount present, we know that it

has exponential growth and we can use the exponential growth formula.
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Example 9.18 The world population passed 1 billion in 1804, 2 billion in 1927, 3 billion in 1960, 4
billion in 1974, 5 billion in 1987, and 6 billion in 1999, as illustrated in Figure 9.1. Population growth

over certain periods can be approximated by the exponential growth law.

6

5

4
Billion people

2

1

- + 4
1700 1800 1900 2000

Year

Figure 9.1: World population growth

Example 9.19 Population Growth India had a population of about 1.2 billion in 2010. Let P rep-
e
resent the population (in billions) t years after 2010, and assume a growth rate of 1.5% compounded

continuously.

(A) Find an equation that represents India’s population growth after 2010, assuming that the 1.5%

growth rate continues.

(B) What is the estimated population (to the nearest tenth of a billion) of India. in the year 20307

0O

&
Cuo‘mu;'a)\\l/ @ Q) = 1.2 bilioy
t \
@) @H‘\: Q aef _ '\.2e°'°SJc

(8)nQ(20)  (ngY 2010 Sf tro
Q o 9030 Set t<=Zo)

0.01S (20)
. Qysvse

D —
=192 fudued _—7};:

Gmu\‘b\ mude | . @ :T& ® r_'._l‘_s_ =0.0195
ok
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We now turn to another type of exponential growth: radioactive decay . In 1946,Willard Libby
(who later received a Nobel Prize in chemistry) found that as long as a plant or animal is alive,
radioactive carbon-14 is maintained at a constant level in its tissues. Once the plant or animal is
dead, however, the radioactive carbon-14 diminishes by radioactive decay at a rate proportional to

the amount present.

This is another example of the exponential growth law. The continuous compound rate of decay for

radioactive carbon-14 is 0.0001238, SE r = —0.0001238,|since decay implies a negative continuous

compound growth rate.

Example 9.20 A human bone fragment was found at an archaeological site in Africa. If 10% of the

original amount of radioactive carbon-14 was present, estimate the age of the bone.

dQ =vQ <\\A QU wmuRena, o Carbon- |y g (031 t
Qo Ao Vo Carbom-le (Juou CQ(O) Qb)

\ﬂb\u’\c}\u—l'\) 't ‘\)?av.m qu‘oov\ (Y DG\A'DHSO Ib/
yrViana (43-\6"‘\* @C\') =O-’l®0

( g \f =) &C'H 0.1&
+
Q G’) QOQ 0-1 % _0. sooqzz,gt

0.1 - e

TO\\M QM .QM (0 D ( -0, ooo'\%‘}H) 1 DAA,;
— 0 = ~0.00012%8t & %:o.ooome

Example 9.21 Half-life is the time required for a radioactive element to reduce its quanfity by half. D

Denote by T the half-life of a radioactive element. Use y = yoe ¥ to write T in terms of the decay

constant k. If the half-life of radium-226 is 1600 years, find its decay constant.

W Q, ARony nsdaas \Lf\i o= 7\

%&_ -rQ ﬂ{,m\: Q(’lboo)*-%(i?o

HooY
(R0 |© L8 =6leonne

I ()

J
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9.6 Comparison of Exponential Growth Phenomena

The graphs and equations given in Figure below compare several widely used growth models. These
models are divided into two groups: unlimited growth and limited growth. Following each equation

and graph is a short (and necessarily incomplete) list of areas in which the models are used.

Table 1 Exponential Growth

Description Model Solution Graph Uses
Unlimited growth: Rate dy _ o y = cek y e Short-term population
of growth is proportional a growth (people, bacteria,
to the amount present e etc.)
y0) =¢ . * Growth of money at
~ continuous compound
of interest
* Price-supply curves
Exponential decay: Rate dy y = cek y ¢ Depletion of natural
of growth is proportional i —ky 4 resources
to the amount present kt>0 < » Radioactive decay
¥0) =¢ * Absorption of light
in water
<, * Price=demand curves
0 :
¢ Atmospheric pressure
(¢ is altitude)
Limited growth: Rate of dy y=M(1-e™* . e Sales fads (for example,
: ; — =k(M —y) Iy kateboard
growth is proportional to dt skateboards)
the difference between kt>0 Ll ¢ Depreciation of
the amount present and a y( 0) =0 equipment
fixed limit e Company growth
5 >1 * Learning
Logistic growth: Rate of dy _ M y ¢ Long-term population
growth is proportional to h ky(M = y) Y =1 + ce Mt A growth
the amount present and to k,t>0 « Epidemics
the difference between o « Sales of new products
the amount present and a ¥0) =
Srnlii e ¢ Spread of a rumor
¢ Company growth

Figure 9.2: Exponential growth
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