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Second-Order Linear Equations
A second-order linear differential equation has the form

P<x)%+g(x>%+R(x)y=G(x> (1)

where P, O, R and G are continuous functions.

In this section we study the case where G(x) =0, for all x, in Equation (1). Such equations
are called homogeneous linear equations. Thus, the form of a second-order linear homogeneous

differential equation is

P4 +Q(x>j—y+R(x)y=o (2)
X

d2
dx’

If G(x)#0 for some x, Equation (1) is nonhomogeneous.

Theorem If y,(x) and y,(x) are both solutions of the linear homogeneous equation (2) and ¢, and

¢, are any constants, then the function

y(x)=cy,(x)+c,p,(x)

is also a solution of Equation (2).

In general, it is not easy to discover particular solutions to a second-order linear equation.
But it is always possible to do so if the coefficient functions P, Q and R are constant functions,

that is, if the differential equation has the form

ay"+by'+cy=0 (3)

where ¢, b and ¢ are constants and g #0.

It’s not hard to think of some likely candidates for particular solutions of Equation (3) if we
state the equation verbally. We are looking for a function y such that a constant times its second
derivative " plus another constant times y' plus a third constant times y is equal to 0. We know
that the exponential function y =e™ (Where r is a constant) has the property that its derivative is a
constant multiple of itself: )’ =re™ . Furthermore, 3" =r’¢™. If we substitute these expressions into

Equation (3), we see that y =¢™ is a solution if




ar’e™ +bre”™ +ce™ =0
or (ar’ +br+c)e™ =0

But ¢ is never (. Thus, y=¢™ is a solution of Equation (3) if r is a root of the equation

ar’ +br+c=0 (4)

Equation (4) is called the auxiliary equation (or characteristic equation) of the differential equation
ay" +by' +cy =0. Notice that it is an equation that is obtained from the differential equation by

replacing y” by r*, y' by r,and y by I.

Sometimes the roots ; and r, of the auxiliary equation can be found by factoring. In other
cases they are found by using the quadratic formula.

_ ~b+~b* —4dac ~b—~Ib* —4dac

V2:

2a 2a

h
We distinguish three cases according to the sign of the discriminant »* —4ac.

CaseI: b’ -4ac>0

If the roots 7, and r, of the auxiliary equation ar’ +br+c =0 are real and unequal, then the

general solution of ay"+by'+cy =0 is

y(x)=ce™ +ce*

EXAMPLE 1 Solve the equation y"+3'—6y=0.
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EXAMPLE 2 Solve 392 4% _\_¢.

dx” dx
Modamstoy  px -\ =0
ro= 3140y
2(3)
Y =-11{p
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CaseIl: b? -4ac=0

If the auxiliary equation ar” +br+c =0 has only one real root r, then the general solution of

a"+by' +cy=0 is

y(x)=ce” +c,xe”

EXAMPLE 3 Solve the equation 4y"+12y"+9y=0.
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Case III: b° -4ac <0

If the roots of the auxiliary equation ar? +br+c =0 are the complex numbers

r=a+if,r,=a—if, then the general solution of ay"+by' +cy =0 is

y(x)=e""(c, cos fx +c, sin Bx)

EXAMPLE 4 Solve the equation y"—6y"+13y=0.
Mohd  rogy =
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l‘ Initial-Value and Boundary-Value Problems l

An initial-value problem for the second-order Equation (1) or (2) consists of finding a solution y

e

°

of the differential equation that also satisfies initial conditions of the form
Y(X0) =, Y(x)=x
where y, and y, are given constants.

EXAMPLE 5 Solve the initial-value problem

Y'+y' —6y=0 y(0)=1 Y'(0)=0
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