"/l‘tmfb‘\,\, 0(5" +b\j| -\'C\, = G(y.)

R

. " \3 ) =0 . .
M e blyacvo; Y0 = G 'yepe
Nna vt e+ ¢ o o Vinacz0 5 Y0 > Cie™ 4 xe

R

V-uacco () = € LC,cos px +¢_s! £
(r= x$ip) ! POl oV

’ auj" +'o\j'+c‘1 = Gk
0 Y.00 L P00 N AT AY o\ka"-e'olé’NY -0

@J \(F(&) ikoimmﬁmmﬁ
. mqu\m\':{ n o G = x3axel Yp(x) = A%+ Bk Cxa D
. exponentiod G = se** Yp &= Ae™”
Gx)= et Ve &) = A
- Trigonowetric ¥ Gt = scos 2% ) YeCx) ~ A cos 2x + Bsm 2x
Gx)= 33in x + o5y Yp0d =Aces X+ Bsin x
G(x) = 468 20+ 4 n

Yo 0)=CA s 2 + Bsin 2x] +

Ccos x 4 Ds =]

cumioveay Glx) = cos x + "
\{P(r-)-‘:_f/\oos X€ Bsin x:] & Ce™
. urquVhJaRh\ Gl = % (o5 X
Yo (). 2 (Ax+B)[Coos x + Dsin x] v 0
= (AxaB) % & (Cx+ D @

Galve wstens)



If G(x) is a product of functions of the preceding types, then we take the trial solution to be a

product of functions of the same type. For instance, in solving the differential equation

V'+2y'+4y=xcos3x

we would try

Y, (x) =(A4x+ B)cos3x+(Cx+ D)sin3x

If G(x) is a sum of functions of these types, we use the easily verified principle of superposition,

which says that if y —and y = are solutions of

ay"+by' +cy =G, (x) ay"+by +cy=G,(x)

respectively, then y +y, isa solution of

ay" +by'+cy =G (x)+ G, (x)

EXAMPLE 4 Solve »”—4y (e HGos20)

2
M Y v -4 =0
., ¥ =12

-2
Yeo=cemrge

@ wr Ypx): Saus Yplx) = (Ax+B)e & [C o 2x t Dsin 2x]
Foaakom y'-ty =60A VF'(*) > (Ax4B)e" +Ae™ + [ 4C sin 2% + 2D Cos 2«]

/

YP’(»O: Ax+B)e +Ae s A +|-4C cos 2zx - 4Psin 2x |

W ¢ \," _q\’ =\_(A¥‘\'B\\ Q*-\—'LAZ%—L\'C cos W =UDsin ?.X] ~ Lp(A x"e)ﬁ* - (}C('osz;\ -4 Dsin 2%
= XE.‘ +COS 2%
(A-4A) xe” +[Re2AuB e+ (4Cyc) oo 2X 1(~uD ugysin2x = X€* s 2x

<
WeY IS A =1 __) ,’\\LOQ: Lx -ZE0e” - L cos 2X
— - P
It e Tl AR
~§C =1 "9 .',YCX)-; Ye &) Yo (x) 1
~5D =0 C—::E M (W czﬂ*p}%x—%le Tg s \

Finally we note that the recommended frial solution y, sometimes furns out fo be a solution of the

complementary equation and therefore can't be a solution of the nonhomogencous equation. In
such cases we multiply the recommended trial solution by x (or by x* if necessary) so that no term

in 'y, (x) Is a solution of the complementary equation.



“ZA=1 1 A=-1,8=0
EXAMPLE 5 Solve 3"+ y=sinx. 28 =0
Yo x): ¥*x\ =0 W
O R \Y?“"Flzxmsx
2N @)= C 008 A + C, 8 X :fyo= |Qucos % +(,Sinx
@ V‘,(ﬂ A cos X+ Bsin x | = A_xco_sx *'B_xshx -:?l_xfos >~

:.\|Y'(ﬂ =-Axsin X +Acsx + Bxcos X + Bsinx
\IP(’Q = -AX s X - AS“"_X —Asinx — Bxsinx + Beosx +Bcos x
= :_/-,\xcosx-‘ZAslnxfBXslu % 4gBces % .
:.Y;‘\' Ypusin* & [~Axseot™® ~2Asinx -  xsiax ¥2Bcos x )+ b}(x-kaxski =Slnx
-?_Asmx_,'zm,e_ =Sink

We summarize the method of undetermined coefficients as follows:.

1. If G(x)=¢e"P(x). where P is a polynomial of degree n, then try y,(x)= “0(x). where Q(x)
is an n th-degree polynomial (whose coefficients are determined by substituting in the differential

equation.)

2.1f G(x)=e"P(x)cosmx or G(x)=e"P(x)sinmx, where P is an nth-degree polynomial, then

try
¥, (x) =€“O(x)cos mx + € R(x) sin mx
where Q and R are nth-degree polynomials.

Modification. If any term of y, isa solution of the complementary equation, multiply Y, by x (or

by x* if necessary).

EXAMPLE 6 Determine the form of the trial solution for the differential equation
y'—4y' +13y =e* cos3x.

2
®\{CC\<7 -y -brx)3 =06

= d4x{e-u4(d()
2

> 4tl1 _ g3
L

\IQC*) b ?—U[C\cos 3%+ C,Sin 37\]

@ Yp(ﬁ = e LA cos 3% + Bsin '5:(]
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wULENAANLNIY (589 aNNsIEsayNuEauAUdadlilanNug

agUnsanui y, () mudinaas G(x)

Wandu G(r) NSANNE Y, (7)
Wertdunyunans n n ne1
1 An.’lf + An,ISC + ...+ Alx —+ AO
anx” + ap_ 12"+ ...+ ax + ag
Warfwendllwuidaa .
ke Be
. e
Waddu —
- Waridusa Uil
LAEI . u .
Asinmax visa A cosmaz Ay sinmax + By cosmax
38 Asinmaz + B cosmz
P (x)ek® (Apz™ 4+ Ap_12" 1+ .+ Ajx + Ap)et®
P, (x) sin mx visa P,(z) cos mx (Apx™ + Ap 12" P+ .+ Ajx + Ag) sinmz
NAATY
“ wisa P, (z) sinmz + By(z) cosmx | +(Bpa™ + B,_12" ' + ... + Byx + By) cosmx
AR
kx o kx
. | ae®® sinmax, be™ cosmx i
wandu | e[ Asinmax + B cos mx]
138 €"*[a sin max + bcos mz|

1. asinun y,(x) Naenadesiu G(x) MMmunliise i

G(z) =2e"
G(z)sin 2z
G(z) = bcosdx

)
G(z) :‘SELZ:E.+ cos 3z
G(z) = xsin 2z
G(r) = 2%
G(r) =3e" +exr? +1

-

G(z) = (2¢* + 3)sinx + ze™*

AxC+ Bxs Cx+D

Yp(x) =

() = e’

yp(x) = _Asin1x + Beos 2x

yp(z) = _A Cos Uk + Bsin kx

y(z) = A eos 2x+ Bsm 2x

yp(z) = A cos ¢+ Bstn 2] + [ Coos 3x+ Dsin 4]
yy () = (Ax+B)cos 2x + (Cx+D)sip 21

() = (A4 Bx+C) €™

(@) = A« (Bx*+ Cx «D)

yp(z) = e [Acos x + Bsiny | +

[Ceosx + Osmx] 4 (Ex«F)e™
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2. A yo(z) uazannd y,(z) laeimieudulszans (Lifesduwniae)
brt-gr 1 =0
"n_ _ /4 4z Cor-PDWr-1) =©
(a) 16y" — 8y +y=2xe"" +e

%o gt T4
yc(x): c|e + C,Xe
%
ax 2 %
yp(z) = _Ae +x(BxiCle
r%e =o

(b) y" + 8y = Tcos 2y 2z r =282t
ye(z) = €08 2§24 + Cpstn 202x

Yp() = YA cos 2{2x + len?_.r?.x]

2
r -2r-9 =0
(c) y// — 2y/ — 9y = zsin 10z —{—'2_72 Yy =24 lq._u,(_q).: 21 Z.r‘p _ 115\0
tQitdoIx G-fion 2 =
ye(z) =_¢@ tce
() = (A48 Yeos tox 4 (Cx+DDsin 1ox + E
t%*y3r = 0
(@) y" +3y' =2+ 1+2sinz r=0-3
“IK
yc(x) = Ca‘ + Q..,Q
up(z) = % (Ax + B) + 1 Coos x 4 Dsinx]
rl-\- 4 To -
(e) y”+4y:xsin2x+62xcos2x—|—(_5_‘ r =324

yo(z) = _Cieos 2%+ C,5in 2x
up(2) = %(Ax+B)css 2x +1(CxaD) sin2x +e” Ecos 2x + Fsinx] +G

) v +3y +2y =2+ z¥ + e cosz

Ye(T) =

Yp(r) =

@ v+ 2y = ze*® — 10

Ye(z) =

Yp(T) =
3
(h) y// o 121/ + 16y — 5eﬁav _ 6—695

Ye(z) =

Yp(w) =

(i) vy — 8y + 17y = xsinx — 6e**

Ye(z) =

Yp(T) =




R
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s’

() vy + 2y + 2y = e*sin 3x

Ye(z) =

Yp(x) =

rlarsl =0 ;r:z2
0 y" —dy +dy =z 45

yc(x) = Q\eu + sze“
yp(z) = *(AX+B) sz-\— C

) ' +y=uxsinx

Ye(z) =

Yp(w) =

(m) y// _ 2?/ _ 3y — T3 + 72

Ye(T) =

Yp(r) =

(n) " — 2y — 3y = 673 4 Te*® 4 5x

yc(l‘) =

Yp(w) =

(0) y' — 4y’ + 4y = 10e** 4 sin Tx

Ye(z) =

Yp() =

(p) v — 2y + by = 8e” sin 2x

Ye(T) =

Yp(r) =

3. awnapauiallaesaunig y” + y = 10ze®



