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Elliptical cross-section |
in the plane z

-«

2
The ellipse 2—2

in the xy-plane

Quadric Surfaces

w2 iGhd 2 22
The parabolaz = 5 The cllipse 25 + 25 = 1

in the xz-planc in the plane z = ¢

X
The parabola z = %_\
The ellipse : b*
5 5 Vo2 in the yz-plane
e o The ellipse = + = y
5 e =i 2 ¥
a-  c* 3
in the xz-plane in the yz-plane
¥ 2 = = J° iz
ELLIPSOID v+ 5 =1 ELLIPTICAL PARABOLOID =5 + 5 = ¢
a b c a b
2 2
Part of the hyperbola X — %> = 1 in the xz-plane
= a ic .
s c iz : x _\': _ z y 2 42 N
The line z = -3 The ellipse s o=l z=c The ellipse % + p =2
in the yz-plane , _ . in the plane z = ¢ <N in the planelzl =c 4
. .1K B b\/2
a b E;: M_/ 2 2
Suatiy z-_ ELLIPS® [ The ellipse %5 + ‘—;
The linez = § x e - 7z, a b
A\ ~z. < «/ in the xy-plane
in the xz-plane
—— Z y y
s
&
e 5 X > Ry
- 't 2 { =
Part of the hyperbola — — =5 =1/
( <% g b= ELLIPSE
LW in the yz-plane
2 Yy 2
ELLIPTICAL CONE HYPERBOLOID OF ONE SHEET 2 + PR =1
The parabola z = ﬁ)ﬂ in the yz-plane - .
H Part of the hyperbola # —; =1
2. 22
in the plane z = ¢
2
b4 The ellipse "—, + = %
&2
in the plane z = V2
2
Part of the hyperbola ‘—, —;—, =1
i G2 a b
The parabola z = = " in the plane z = —
\| in the xz-plane
The hyperbola
2 32
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x
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A rough sketch of the hyperboloid of two sheet

(a>0,b>0,c>0)

can be obtained by first plotting the intersections with the z —axis, then sketching the elliptical traces in the

planes z =+2c¢, and then sketching the hyperbolic traces that connect the z -axis intersections and the

endpoints of the axes of the ellipses. (It is not essential to use the planes z =22c¢, but these are good

choices since they simplify the calculations slightly and have the right spacing for a good sketch.) The next

example illustrates this technique.

Example 9 Sketch the graph of the hyperboloid of two sheet 2 —x _y? =1
/‘\’\;
A rough sketch of the elliptic cone /--i \’ -L
5 xZ y2
z =—+b—2 (a>0,b>0)

can be obtained by first sketching the elliptical traces in the planes z =+1and then sketching the linear

traces that connect the endpoints of the axes of the ellipses. The next example illustrates this technique.

2

Example 10 Sketch the graph of the elliptic cone 2% = x* +2—
- _ t y_"'
o T b Oz K* G L\Ilt?ﬂ
Y
Z=A 1= %Y N
— . ¢
Y| (-'D - x-w_z_r Surs3
CHFtk orwn Y (set x=09)
N \n %L = !_z
RN 4
z-%4 <o
("Jc-i](q:\—i) o &) % -y




sy Nt (set x=0 : < =1 M1 1Ua1

A rough sketch of the elliptic paraboloid

2 2
z::x—2+y—2 (a>0,b>0)

IS
G

can be obtained by first sketching the elliptical trace in the plane z =1 and then sketching the parabolic
traces intthe vertical coordinate planes to connect the origin to the ends of the axes of the ellipse. The next
example illustrates this technique.
x2 y2 \
Example 11 Sketch the graph of the elliptic paraboloid z = ?+? 4
T OS6

270 o9 v
2=4 Ve o 1=%4)

2

9
eTarn® Xz Cse:"\r-o : %;%‘ anTua )

A rough sketch of the hyperbolic paraboloid

2

2
2= (a>0b>0)

b a

can be obtained by first sketching the two parabolic traces that pass through the origin (one in the plane
x =0 and the other in the plane y =0). After the parabolic traces are drawn, sketch the hyperbolic traces

in the planes z =1 and then fill in any missing edges. The next example illustrates this technique.

2 2

Example 12 Sketch the graph of the hyperbolic paraboloid z = Yy X SQAAIQ
. (4=6) (=0 49 oint
Qunsnne enwsaa Xz 42 P Z
4-
P 2
\(_;O_ 1@ % < 1. s l/
& < !
@ v hyrrodla Brimitan 7-;‘— (2=+1) v/ 7
2=14 1w 1=Y _x At
L= 47 g .

T e v _x Xy
‘=— 0N -1 = =N N D _ -
iy 127 he g Yé—k 1
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o KIS I J et it JI& JIEaT Y lhind! i D ) “\N =
O eql:z=y2/4-x2/9 =N =N
O eq2: x=0 g
O y=0 5
O g:z=1 5
O h:z=-1 g
c : IntersectPath(eq2, eql) s
o
— X=1(0,0,0) + (0, -2t t3)
d : IntersectPath(f, eql) :
O
— X=1(0,0,0) + (45t 0, -2.25 t?)
e : IntersectPath(g, eql) X
O
— X=(0,0, 1) + (-3 sinh(t), =2 cosh
k : IntersectPath(h, eq1) :
@)
— X =1(0,0,-1) + (+ 3 cosh(t), 2 sinh
+ Input...




5.2 Translations of quadric surfaces

A conic in an xy —coordinate system can be translated by substituting x—#4 for x and y—k for y inits
equation. To understand why this works, think of the xy —axes as fixed and think of the plane as a
transparent sheet of plastic on which all graphs are drawn. When the coordinates of points are modified by
substituting (x—h,y—k) for (x,y), the geometric effect is to translate the sheet of plastic (and hence all
curves) so that the point on the plastic that was initially at (0,0) is moved to the point (4,k) (see Figure

30).

For the analog in three dimensions, think of the xyz —axes as fixed and think of 3-space as a
transparent block of plastic in which all surfaces are embedded. When the coordinates of points are modified
by substituting (x—h,y—k,z—1) for (x,y,z) the geometric effect is to translate the block of plastic (and
hence all surfaces) so that the point in the plastic block that was initially at (0,0,0) is moved to the point
(h,k,l) (see Figure 3b). i

7 i
P <A k1

(b, k)

V=

x

(a) Figure 3 v (b)

(0,0)

(From: Calculus Early Transcendentals, 10th edition, Howard Anton, Irl C. Bevens, Stephen Davis, page 827)

Example 13 Describe the surface {z =(x—1)" +(y+2)* +3

CY- @ v-ote’
bAAMAMS| AT E[HFJ(-'C qunloblol'd = x1+y27053o\'7;\ ( 1,-2, 3)
/. A0 onRD (i,-2,%)
Example 14 Describe the surface 4x +4y +z +8y 4z=-4 Q—W\,\uis\magm;&,%
lyx +Lq\, +e\,)+(:t 42) = -y
b +L+(\{ +fz,\f4'\}+ —Lf?:+tr)= — Yty 4y
" +Lf(\)+ﬂ +(z-2) =4

@+®H@ =1
Wy e,\l?ﬁ.soi‘cl Ny X i’\; +-'i ‘IJ\XM (9,-1,2)
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5.2 Techniques for identifying quadric surfaces

The equations of the quadric surfaces in Table 1 have certain characteristics that make it possible to identify
quadric surfaces that are derived from these equations by reflections. These identifying characteristics,
which are shown in Table 2, are based on writing the equation of the quadric surface so that all of the
variable terms are on the left side of the equation and there is a 1 or a O on the right side. These
characteristics do not change when the surface is reflected about a coordinate plane or planes of the form

x=y,x=z, or y=z, thereby making it possible to identify the reflected quadric surface from the form of

its equation.
Table 2
identifying a quadric surface from the form of its equation
. x2 y2 ZZ x2 y2 22 ZZ x2 y2 X2 yz xZ yz y2 X2
equation | et gty e e e w F ey e e |t
One linear One linear
term; term;
Two minus
characteristic | No minus signs | One minus sign _ No linear terms | two quadratic two quadratic
signs
terms with the | terms with
same sign opposite signs
Hyperboloid Hyperboloid Elliptic Hyperbolic
classification Ellipsoid Elliptic cone
of one sheet of two sheets paraboloid paraboloid
T v
Example 15 Identify the surfaces @ ﬁ +Y
T Tv
b
(@) 3x* —4y" +122° +12=0 (b) 4x> —4y+z>=0
T 2 2 7 _ 7 S
(@ X _¥y (2% =0 (L) 4y =4x+2 N
U 3 z
=X 4+ =
\ﬁ' X.,_ gz “ 4 /
- - ellipi'c

e'v\adl\(\u 7 7\ y
© 2 = 3=y
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<oiarmnltay 2E flqy) =25k
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85 - W
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A contour map of the model hill

A perspective view of a model hill with two gullies

Figure 1
(From: Calculus Early Transcendentals, 10th edition, Howard Anton, Irl C. Bevens, Stephen Davis, page 909)
Contour maps are also useful for studying functions of two variables. If the surface z= f(x,y) is
cut by the horizontal plane z =k, then at all points on the intersection we have f(x,y)=k. The projection
of this intersection onto the xy -plane is called the level curve of height k or the level curve with

constant k (Figure 2). A set of level curves for z= f(x,y) is called a contour plot or contour map of f .

Level curve of height &

—

|
|
|
|
|
|

ona oo e

R =4® Y (Lol elnk 1x.y) = k
&oyay RN a0 2
&

ANV aulon

0) igure 2
Wa. (ol Ao adivn \S'E'ug
\ (From: Calculus Early Transcendentals, 10th edition, Howard Anton, Irl C. Bevens, Stephen Davis, page 909)
Example 5 Sketch the contour plot of f(x,y)= 4x* +y2 using level curves of height £=0,1,2,3,4,5.
7 1 ,
= WXy




4. Level surfaces

Observe that the graph of y = f(x)is a curve in 2-space, and the graph of z = f(x,y) is a surface in 3-
space, so the number of dimensions required for these graphs is one greater than the number of
independent variables. Accordingly, there is no “direct” way to graph a function of three variables since four
dimensions are required. However, if k is a constant, then the graph of the equation f(x, v, z) =k will
generally be a surface in 3-space (e.g., x° +y2 +2z° =1 the graph of is a sphere), which we call the level
surface with constant k. Some geometric insight into the behavior of the function f* can sometimes be

obtained by graphing these level surfaces for various values of & .
Example 6 Describe the level surfaces of

@ fC,y,2)=x"+y +2 b) f(x,y,2)=2"-x"—)"
k - Xq_'i'"z"f%?_
k=0

of

K=
k=2
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PARABOLAS IN STANDARD POSITION

AV WA AV A
y=p
X
X \ ) N
i : o7
(p.0) (-p.0) ' R ©.=p)
X=-p X=p Y="p
¥o=4px ¥ =—4px K =4py K=—-4apy
\
o . - Q
ELLIPSES IN STANDARD POSITION C= uq" bq- HYPERBOLAS IN STANDARD POSITION \30\:\\’ . C ._,I oLt

A\ 2

AY AY 4 \ 4 /
a \\ // a
©, 9 \ 0.9/ /7= 3%
b \ 7
\ /
%
7
/—_\ N S/
N /
(~c,0) (c,0) /2 -b >

—a X
’ _/ b -b N b
/1N
b 4 N
= 0,-0 // -a \\\
// 0,-9 \\}/__BX
7 \
fz " % =1 § + ﬁz =1 ’ :
a a
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a? b? a® b?
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Parabolas with vertex (h, k) and axis parallel to x-axis
(y = k)2 = 4p(x = h) [Opens right]
(y — k)2 = _4P(x == h) [Opens left]

Parabolas with vertex (h, k) and axis parallel to y-axis
(x — h)2 = 4p(y = k) [Opens up]
(x == h)2 = —4p(y i k) [Opens down]

Ellipse with center (h, k) and major axis parallel to x-axis

(x—h? (y—k)?
a? it b?

=1 [b<ada]

Ellipse with center (h, k) and major axis parallel to y-axis

(x—h? (y—k)?
b? i 2

1 [b<a]

Hyperbola with center (h, k) and focal axis parallel to x-axis

(x—h? G —k? _

a? b2 !

Hyperbola with center (h, k) and focal axis parallel to y-axis

(y—k? (x—h)?
@zl n

1



