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Functions of several variables

1. Functions of several variables

There are many familiar formulas in which a given variable depends on two or more other variables.

For example, the area A of a triangle depends on the base length » and height 4 by the formula
A= %bh; the volume V' of a rectangular box depends on the length [, the width w, and the height 4 by

the formula V' =Iwh ; and the arithmetic average X of n real numbers, X,,X,,...,x, , depends on those

numbers by the formula

Thus, we say that
A is a function of the two variables b and 4 ;
V' is a function of the three variables [, w, and 4 ;
X is a function of the n variables x;,x,,...,x, .

n

The terminology and notation for functions of two or more variables is similar to that for functions of

one variable. For example, the expression

z=f(xy)

means that z is a function of x and y in the sense that a unique value of the depentdent variable z is

determined by specifying values for the independent variables x and y . Similarly

w=f(x,,2)

expresses w as a function of x,y and z, and

u=f(x,%y,...,x,)

expresses u as a function of x;,x,,...,X, .



Definition 1 A function f of two variables, x and y, is a rule that assigns a unique real

number  f(x,y) to each point (x,y) in some set D in the xy -plane.

Definition 2 A function f of three variables, x,y and z, is a rule that assigns a unique

real number  f(x,y,z) to each point (x,y,z) in some set D in three-dimensional space.

Example 1 Let f(x,y)= 5x1. Find f(1,4) and sketch the natural domain of f .
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Example 2 Let f(x,y) =,/y+1 +In(x*—y). Find f(e,0)and sketch the natural domain of f .
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Example 3 Let f(x,y,z) =+/1-x>—»*—z" . Find f(O,%,—%) and the natural domain of .
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O a(x,y) = Vy+1+ |n(x2 -y) =N

O b(x,y) = 5x% \y — 1
) A = (e,0)
— (2.72,0)
o B = (e,0,3)
— (2.72,0, 3)
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