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4. Level surfaces

Vs
Observe that the graph of y = f(x)is a curve in 2-space, and the graph of z = f(x,y) is a surface in 3-

space, so the number of dimensions required for these graphs is one greater than the number of
independent variables. Accordingly, there is no “direct” way to graph a function of three variables since four
dimensions are required. However, if & is a constant, then the graph of the equation f(x, y,z) =k will
generally be a surface in 3-space (e.qg., x*+y” +z> =1 the graph of is a sphere), which we call the level

surface with constant k. Some geometric insight into the behavior of the function f can sometimes be

obtained by graphing these level surfaces for various values of & . 'F(x’ ld) Z)= k
dumsve)
Example 6 Describe the level surfaces of eCVEL sur“:MC
(@ fOx3,2)=x"+)y"+2" b) f(y,2)=2"-x -y
fevel suvface i foqynzk Qevel surface:
2
R<o; Wty 2=k taddanml faay,zr = ke
k= 0; ’?:.' 57.+ Zz =0 'gq L9,0,00\ k:o, Zz- )7(-2- 5?-: Oz
. 2 2 z X4y? =
k70; e+ =k  msonau J =2 = ey
s Ik
qﬂd.n L0,0, D\ Y
ko
\ 2 2 2 .
k v o" Z-~¥-~ s = k \
T 2 o
k<o; z-x-y<k
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6. Limits and continuit X2 X X =t X o}
X9x
. 2 ofouds :z= le,w é
6.1 Limits along curves —_—
Lim 'le,s
(1Y) (%o, Yp)
For a function of one variable there are two one-sided limits at a point x,, namel y

X

12
I_;}
lim f(x) ond lim f(x) / 2A%,4,.0)

reflecting the fact that there are only two directions from which x can approach x,, the right or the left.
For functions of two or three variables the situation is more complicated because there are infinitely many
different curves along which one point can approach another (Figure 4). Our first objective in this section is

to define the limit of f'(x, y)as (x,») approaches a point (x,,y,) dong a curve C (and similarly for

: 37

Figure 4

Qien Fxets,yetn)

functions of three varidbles). tim Foxyyy = §
(X191~ (Xg, §o)
v (mandty ¢y

(From: Calculus Early Transcendentals, 10th edition, Howard Anton, Irl C. Bevens, Stephen Davis, page 918)

If C is a smooth parametric curve in 2-space or 3-space that is represented by the equations

x=x(0), y=y@) or  x=x(), y=y), z=z()

and if x, =x(%,),y, = ¥(%,) and z, =z(Z,), then the limits

lim X and lim X, 9,2
<x,y>a(xﬁ,y(,)f (x.) <x,y,z)a(xu,yo,zo)f x.,2)
(along C) (along C)

are defined by

S(xy) =Hm £ (x(), y(5))

lim
(x,0)=(x9,%0)
(along C)

lim £ ,2) = lim £ (0, 7(0),2(0)

(x,3,2)=(x0,30,%)
(along C)
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In these formulas the limit of the function of ¢ must be treated as a one-sided limit if (x,,y,) or

(X, ¥52,) is an endpoint of C.

A geometric interpretation of the limit along a curve for a function of two variables is shown in Figure
5: As the point (x(¢), ¥(¢)) moves along the curve C in the xy -plane toward (x,,y,) . the point
(x(8), ¥(8), f(x(t), ¥(¢))) moves directly above it along the graph of z= f(x,y) with f(x(¢), y(?))
approaching the limiting value L . In the figure we followed a common practice of omitting the zero z -

coordinate for points in the xy -plane.

o), (), fO(0), (1)

L _7\5}/

\’ =[x )
|
\
|

> lim f(x,y)=L

(x,3)>(x0,9)

(Jh%\_‘/ C (along C)
(x(r), p(1))
X

Figure 5

(From: Calculus Early Transcendentals, 10th edition, Howard Anton, Irl C. Bevens, Stephen Davis, page 918)

Example 16 Let f(x,y)=— ny 5 - Find the limit of f(x, y)as (x,y)—> (0,0)along
+ — J

Y( Ty .
X (a) the x -axis (b) the y -axis (c) the line y=x
(d) the line y=—x (e) the parabola y = x* v
@ sranu x: @ i ©® MUEY Y= %
fuminawesn . x=t Famimaiuain: =0 umsmnaain ";ft
3:0 3=t =
Fex 1= fet 0) =0 Bim fix 1= Qim Fet 41
K l‘j& s Lien Fuy = Q\'M'Fto,t) (X1~ (0,0} g SN
xgiatee) 9T Ep T 0 (g Loo) MUY 2 Qi ~LhIA
Comuuny x) - Limo (ommunyY) & E""‘ o) £t20 Tttt
t10 - = &im -t o -4
= 0O =0 b0 ot 2
W €@ emudu y=x2
~ fumsnwnadn: x=t
drmswnianing x-t 3_(:9_
- Rim fuay) = Qi ‘FH—,,bz;
L dim Foy) = Q Feort) (Y13 (o,0) bvo
&4\ 00,0] (emy 2) _ -
5 = : = e,wv\ - -t Q,wy\ 'bz' b = QLM \L‘b)tt )
Comu y=~%) —_———c 2.z d N0 e, .72
Bro g pr b0 2R 2 2 E%t (D)

= .Q,I.M <1 e[ +
= mm -
90 %t to0 mre>
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6.2 General limits of functions of two variables

The statement

lim f(x,y)=L

(x,)=>(x0,50)

Is intended to convey the idea that the value of f(x, ) can be made as close as we like to the number L

by restricting the point (x, ) to be sufficiently close to (but different from) the point (x,, y,) -

6.3 Relationships between general limits and limits along smooth curve

—_— etoul
muizoy / -

e V
QH'WVEWQMIQ
Theorem 1( :) ex‘wuédmﬂoo

(@ If f(x,y)—>L as (x,¥) = (xy,¥,), then f(x,¥) > L as (x,y) —>(x,,,) along any smooth curve.

(b) If the limit of f(x,) fails to exist as (x, y) = (x,,¥,) along some smooth curve, or if f(x,») has

different limits as (x, ) — (x,,¥,) along two different smooth curves, then the limit of f(x,») does not
. . fix, .
exist as (x, 1) = (%4, ) - @ Lim F‘xlﬂ\ ST Qim  Tixy) L &wdyuyn

Y1 (K, Yo 5119 Ka Yp)
Luo_a)—smmnﬂ

P=2q
NG = ~ P
Example 17 The limit  lim ———— does not exist because
(x3)=(00)  x* +y
Lim =X . 04 -1 = Lim ~XY
(ayrato o) % g z Wyl Tz, yz
CeMuwny X\ Cony Yz wl %
1 donly fon
o F dowdeort x=xo wén x%";“ oo = Foxgy
(o}

2 s

6.4 Continuity (;(‘F v"@l'lf‘DDY'{ CXo,Bo) ufi'o (Kg,i'r-:\(x‘plgg]s) = .FCKo,‘do)
\ 6)d0

Definition 3 A function f(x,») is said to be continuous at (x,,y,) if f(x,,¥,) is defined and if

lim - f(x3) = f (%, o).

(x,3)=>(x9.¥0

In addition, if £ is continuous at every point in an open set D, then we say that f* is continuous on D,

and if f is continuous at every point in the xy-plane, then we say that f is continuous everywhere.
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Theorem 2 ‘FLX,ﬂ) = ')(?—efj detdeo‘Iu mz
Ex :
xsiny

= 'F(.Xl H )
(a) If g(x) is continuous at x, and A(y) is continuous at y,, then f(x,y)=g(x)h(y) is continuous at (x,,,)

(b) If A(x,y)is continuous at (x,,,) and g(u) is continuous at u = A(x,,y,) . then the composition

. 2 g .
f(x,¥)=g(h(x,y))is continuous at (x,,¥,)- 'Fl'xlﬂl = SlV\(>< y) Montayfu le

(© If f(x,y)is continuous at (x,,,). and x(#)and y(¢) are continuous at ¢, with x(¢,) =x,and y(z,) =y,

then the composition f(x(¢), ¥(¢)) is continuous at ¢, .

Example 18 Use the Theorem 2 to show that the functions f(x,y)=3x’y" and f(x,y)=sin(3x*y")are

continuous everywhere.

2
g0 = 36> elonfaoly R heg) = 3¢y°  doutosty R
hig = F voufaady R glwr = sinu voufooty IR

tov@®; Foog = 3= gy | Tw®; Fuyy = Sinladf)

oovtmnm atu K = glhoxg)
vounfogty R

Recognizing Continuous Functions

® A composition of continuous functions is continuous.
® A sum, difference, or product of continuous functions is continuous.

® A quotient of continuous functions is continuous, except where the denominator is zero.

Example 19 Evaluate  lim o
(x,0)>(-12) x +y

2
[]
fuy) = ;%Lz denfooynqadu R unudy (0)0)

~ fuqgy dewfoad ¢1,2)

bim  Fuyp < frap =A@ =-2
Y\ -1,2) (- +l2y 5

3.2
Example 20 Since the function f(x,y) = lx Y isq quotient of continuous functions, it is continuous(except )
—xy

b I

Foqn dentbaynyaonidu 1-xy=0 .




