2=10xy) g]e(x )
‘uf\w&uﬂum of = flin £ (x+ax ,Y) —Tb,9)
2X Qxao0 Ax

oF =9 vy = ¢
3 A\[[-:s £(x 3+/2\1,) %) /x/

WoAdeials (v0y

T & WIS 1F £ o

c&'an"i\mmvﬁ-m\)‘s
St dudddoy 15 £ dode  (Q39Tuas?




7.6 Partial derivatives and continuity

Example 28 Let

T ogndden =5 £ ont
T(ax,0)= O
'?(0, by) =

)
f,)=1 ¥+ (x,») #(0,0)

0,

(x,»)=(0,0)
(@) Show that f.(x,y)and f,(x,y) exist at all points (x, y)

(b) Explain why £ is not continuous at (0,0).
(o) ér\u*.\lqn o () + (0 )

1 {: (o d)= Qim f(o 0+AY) - 'F[o o)
4
fo(xy) =2.C x+1)1_ xy(2x) ;2'” oo 8y
O™ " oy 2y, 0
'F (“nﬂ = - kj\(‘: *\;9)51('1\1_4 'F,((YI\’) = { (< 9 )C;l‘ %i ) (x ‘1)#90)
W) a_mg,hb\%) (x¥)= (o 0 ° . ) 3 (5y) 2 @0

'Y (0= Qim Ho-\AK,o)-ﬁo 5) fv (9 ={' (“\'CZL:::TJ ) O\ #oe)

B> AX j ) =5

- U 1T(0,0) =
B 0.0 _o I (o) @C‘E&'%&% NG
7.7 Partial derlvatlves of functions with more than two vana‘r‘:ﬂes

For a function f(x, y,z)of three variables, there are three partial derivatives

fey,2), f(6p,2), f.(x,2)

The partial derivative f. is calculated by holding y and z constant and differentiating with respect to x
. .

For f, the variables x and z are held constant, and for f, the variables x and y are held constant. If a
dependent variable

w=f(x,y,2)

is used, then the three partial derivatives of f can be denoted by
ow ow ow
—, and —
ox

£l
Example 29 Let f(x,y,2)=xsin({3z). Find f,, f, and f.
Fo =% (ya32)
£y =
L

t

0z

XCOS(\{-f’;%)?_q(Y"'%') = Xcos (4+32)

Ll

% €os (y H%)?L Cq*l-’:-?) 3Kcos (yt32)

29



Example 30 If f(x,y,z)=x"y’z* +2xy+z, then

Jx,p,2) = 3th522 Y (X

[y = 2Ryt T2X

f.(x,p,2)= 47('}\11‘%3 1

FELL)= 4l (M d, = -31

Example 31 If f(p,9,¢)=/3:cos¢sin6’, then
1,(p.0.9)= 2pcos § sinf

2
Jo(p,0.0)= P cos ¢CDSQ

fi(p.0,9)= " (-sin )sine

In general, if f(v,V,,...,v,) is a function of n variables, there are n partial derivatives of f,
each of which is obtained by holding n—1 of the variables fixed and differentiating the function f with

respect to the remaining variable. If w= f(v,,v,,...,v,), then these partial derivatives are denoted by

ow
ov,

ceey

ow  ow
le’ sz’

where 2_w is obtained by holding all variables except v, fixed and differentiating with respect to v, .
V.

1

7.8 Higher — order partial derivatives

Suppose that £ is a function of two variables x and y . Since the partial derivatives of / 0x and of / Oy
are also functions of x and y, these functions may themselves have partial derivatives. This gives rise to

four possible second-order partial derivatives of f, which are defined by

30



VRN
L ® £ +
’f _ (af) P azf_g(gj_f B> N
o axlax) X, o’ oylay) 2, fx ?l @7\ »
Differentiate twice with tto x. . Differentiate t ith tto y. £, £ £ F
ifferentiate twice with respect to ifferentiate twice with respect to y . e ey Xpe gy
o*f of(of f ofof ‘
o g\an) T oty aley) T mixed
PEE S . ==/ .. [ Second-order
Differentiate first with respect to x and Differentiate first with respect to y and F‘r’h‘m’- o‘c’\\"rﬁut
then with respect to y . then with respect to x . 0'—‘ bbby
5 oSy v

The last two cases are called the mixed second-order partial derivatives or the mixed second
partials. Also, the derivatives 0f /0x and of / Oy are often called the first-order partial derivatives
when it is necessary to distinguish them from higher-order partial derivatives. Similar conventions apply to

the second-order partial derivatives of a function of three variables.

Example 32 Find the second-order partial derivatives of f(x,y)=x" y +x*y.

sy’ vy fem 2y midy ) Teedal £, f,

K\I )
r‘?ls - 3*131 4 X4— 'FY - Gx‘zﬂ O“T\M\QSOEW,.‘(\‘)“
- 3
'va IQXH + Wx
fyx = 67“3 + "I'X

T o o) l\a-ou\)utdo'u . £ “F\,,g Joranvi Bomidanye (o,
. douummo«adoﬁav‘tva aa.w wy  f 09 =R, @y

Third-order, fourth—order, and higher—order partial derivatives can be obtained by successive

differentiation. Some possibilities are

of _o(os)_ O _0[Of)_

ox’ _8)6[8)62] Son ay“ dy (Gy ] fwyy
or _o(2r), o _o(2r),
ayzﬁx_ﬁ‘y Oyox —Jay 8)/26)62_6)/ 6y6x2 oy

Example 33 Let f(x,y)=ye" +y. Find Sy
f =y
=N

%1(9-@ ,)= -(ny = de”
oF £ =" i}
'a\fax W



8. The Chain rule

8.1 Chain rules for derivatives

Theorem 3 (Chain rules for derivatives)
If x=x(¢) and y = y(¢) are differentiable at ¢, and if z= f(x,y) is differentiable at the point

(x,¥)=(x(2), ¥(t)), then z= f(x(¢), y(¢)) is differentiable at ¢ and

dz _ozdx ozdy

dt oxdt oy dt

where the ordinary derivatives are evaluated at ¢ and the partial derivatives are evaluated at (x, ).
If each of the functions x =x(¢), y = ¥(¢) , and z = z(¢) is differentiable at ¢, and if w= f(x,y,z) is
differentiable at the point (x, y,z) = (x(2), ¥(¢),z(¢)) , then the function w= f(x(¢), y(¢),z(t)) is

differentiable at ¢ and

d_w ow dx 8wdy ow dz
dt Gxdt aydt Oz dt

where the ordinary derivatives are evaluated at ¢ and the partial derivatives are evaluated at (x, y,z) .

Example 34 Suppose that z=x"y, ,x=t>, y=¢. Use the chain rule to find % and check the result
t

by expressing z as a function of ¢ and differentiating directly.

0r B gr  dz _ g A% 4 9T dy '-Z=x23 -,x*—{-'z/tj:’c%
* G at ~ ax ot ey ot .
4 | = (@9) @) + () (37) ez (19547 - t7
3} %\1\ =247 2t x tY. of? d2. o4
¢ ¢ d+
= \q_tb

Example 35 Suppose that w=+/x>+)*+z°, x=cos@, y=sinf, z=tané. Use the chain rule to

_aw 7 &w _N Ay L dy 9w d2
— 0:—' _— ’
fndgg """ ax a‘e oy do ' %=2'dB

99,: W\L% 2%ing) +__29 osa)—r_%_cec?'e
ﬁ\ 2\\x IE EXiE

X T
ﬁ\ %3\,[ &%\ = 'f“”‘e 560 . 4gub -sec®
% oy 369 \sin'% + as'drfomip 1+ tom'® i

_ tan®-secto ey =
= :—"'—cec - tamOsec © uqde'&é‘{ ﬁ#



AW u= wilx), x=x(® a1 dY_ dy du d
Y y e
dy
dw
éﬂ (VR
ax |
A )
& t
2 =80¢y)  x=x(H) yayl) an d2z
A+
o (8x df " 3y off

wzflx,¥,2) , x=x@) y=y®) 2=z %\ﬁﬂ
P Sy

. —

o dv - [Buid ) 20 dy . v . de
o X af = o4 ot 92 o4

2 =-F(x|\/)‘ X=x(un) ) y=yuv)
92 22

au ' av

?}:23‘--9—)-(‘\-23-33
U 3 3V 3y u

9T = 93.2% 4 92,y
av x N o oV

N > > -
Bz 102D, X2 X000, 4 =ylu,2=26)
X ?":1 2 m %!\i %
N Ao N 92 °
?‘/\3" %\1/\?" ;;/\a'\' IN_ MW oy gy, P A3
W NVouw v oow N u-_-i';u*’n]au'*a%";u
W % I dw M 9
v SR %"‘zv



8.2 Chain rules for partial derivatives

Theorem 4 (Chain rules for partial derivatives)

If x=x(u,v) and y = y(u,v) have first-order partial derivatives at the point (u,v), and if z

=f(x,y)is
differentiable at the point (x, y) = (x(u,v), y(u,v)) , then z = f(x(u,v), y(u,v)) has first-order partial

derivatives at the point (u,v) given by

and 5 B Ox Ov

If x=x(u,v),y=y(u,v) and z=z(u,v) have first-order partial derivatives at the point (u,v), and if the
function w= f(x,y,z) is differentiable at the point (x, y,z)=(x(u,v), v(u,v),z(u,v)), then

z= f(x(u,v), y(u,v),z(u,v)) has first-order partial derivatives at the point (u,v) given by

ow_owes owdy owes | | ow_owax owdy owd
Oou OxOu Oy ou Oz ou ov OxoOv 0Oy ov 0z ov
. . u . , Oz oz . .
Example 36 Given that z=¢", ,x=2u+v, y:—,fmda—onda— using the chain rule.
% u \Y
a/\o«g u 99X U Y au
Y = (ye") (xe*') (1
oF = (ye ' )(2) + (xe
L%, gl Y ‘!
W J \j 9_‘2— _9’-!- It , 92 )
vy 9%X oV 3!3 oV

= (\’Q‘Y)(’l )+ (xf ) (- t\%)

#

Example 36 Suppose that w=e"", x=3u+v, y=3u—v, z=u’v.Use appropriate forms of the

chain rule to find 8_w and 8_w

o MmN X W B3y 4 W B2
" 2u 9X DU ey oS 22 ou

° 2%

x/‘\ = (Y2 )(?,)+(xze’“’g)(’s)—\—(me”%)('zw)

9/\2V/

'5\1
u'\lu\l

W
2V

= (Y% ex'f"'

gN 9)( e ")w Q‘{
ax oV 93 oV

Ow 32
272 3V

) () & szem)(—\)«r (xye”?)fnq') %&
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