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7.6 Partial derivatives and continuity 

Example 28 Let 

2 2 , ( , ) (0,0)
( , )

0, ( , ) (0,0)

­� z° � ®
°  ¯

xy x y
x yf x y

x y
 

 (a) Show that ( , )xf x y and ( , )yf x y  exist at all points ( , )x y . 

 (b) Explain why f  is not continuous at (0,0). 

 

 

 

 

 

7.7 Partial derivatives of functions with more than two variables 

For a function ( , , )f x y z of three variables, there are three partial derivatives: 

( , , ), ( , , ), ( , , )x y zf x y z f x y z f x y z  

The partial derivative xf  is calculated by holding y  and z  constant and differentiating with respect to x . 

For yf  the variables x  and z  are held constant, and for zf  the variables x  and y  are held constant. If a 

dependent variable 

( , , ) w f x y z  

is used, then the three partial derivatives of f  can be denoted by 

,w w
w w
w w
x y

 and 
w
w
w
z

 

Example 29 Let ( , , ) sin( 3 ) �f x y z x y z . Find xf , yf  and zf . 

 

tsoyoudoo # f cont
f- ( DX, o) -- O

f- ( o
, by )

-
-

O

ca) duenna goin hill-top) fyco, o) -- lion flo, otsy) - flop )
fxcx,-11=1×442 ) y - Xy ( 2x )

04-30#
Tty

'

- fifo off = 0

fix in -- - tianya.gg/.:fxexxi--f-f*iYxIITE; ¥9,9,(b) diamonds (X.47=10 ,
o)

7×10,07 -- lim flotsx, 07-flo , o) fy (xn) -- f
-

2

; ix. 4) Ago,
DX-70Tx O j Cx,y) -40,0
= him 0 -0 Cb) ① FCO

,07=0

saw Tx
-

- O ② dxiinmsaof""
.

:#Fasiowsn Go,

O

f
,
= Sin ( y -1377

f-
y
= X cos ( y -132-12244+371 = X cos Cy -132)

fz = X cos Cy -132-72%(4+37)=3×05 ( y-132-7
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Example 30 If 3 2 4( , , ) 2 � �f x y z x y z xy z , then 

  ( , , )  xf x y z  

  ( , , )  yf x y z  

  ( , , )  zf x y z  

  ( 1,1,2)�  zf  

 

Example 31 If 2( , , ) cos sinU T I U I T f , then 

( , , )U U T I  f  

  ( , , )T U T I  f  

  ( , , )I U T I  f  

 

 In general, if 1 2( , , , )nf v v v  is a function of n  variables, there are n  partial derivatives of f , 

each of which is obtained by holding 1�n  of the variables fixed and differentiating the function f  with 

respect to the remaining variable. If 1 2( , , , ) nw f v v v , then these partial derivatives are denoted by  

1 2

, , ,w w w
w w w n

w w w
v v v

 

where w
w i

w
v

is obtained by holding all variables except iv  fixed and differentiating with respect to iv . 

 

7.8 Higher – order partial derivatives 

Suppose that f  is a function of two variables x  and y . Since the partial derivatives /w wf x and /w wf y

are also functions of x  and y , these functions may themselves have partial derivatives. This gives rise to 

four possible second-order partial derivatives of f , which are defined by 

3×24274 tzy
2×3yz

" +2X

4×3422-3+1
41-113454233+1 = -31

=

Zp cos of sin f

p
-

cos of cost

p't- sin sino

-
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2

2

w w w§ ·  ¨ ¸w w w© ¹
xx

f f f
x x x

    
2

2

§ ·w w w
  ¨ ¸w w w© ¹

yy
f f f
y y y

  

 

  
2w w w§ ·  ¨ ¸w w w w© ¹

xy
f f f
y x y x

    
2 § ·w w w

  ¨ ¸w w w w© ¹
yx

f f f
x y x y

  

 

The last two cases are called the mixed second-order partial derivatives or the mixed second 

partials. Also, the derivatives /w wf x and /w wf y are often called the first-order partial derivatives 

when it is necessary to distinguish them from higher-order partial derivatives. Similar conventions apply to 

the second-order partial derivatives of a function of three variables. 

Example 32 Find the second-order partial derivatives of 2 3 4( , )  �f x y x y x y . 

 

 

 

 

 Third-order, fourth-order, and higher-order partial derivatives can be obtained by successive 

differentiation. Some possibilities are 

  
3 2

3 2

§ ·w w w
  ¨ ¸w w w© ¹

xxx
f f f
x x x

  
4 3

4 3

§ ·w w w
  ¨ ¸w w w© ¹

yyyy
f f f
y y y

 

  
3 2

2

§ ·w w w
  ¨ ¸w w w w w© ¹

xyy
f f f

y x y y x
  

4 3

2 2 2

§ ·w w w
  ¨ ¸w w w w w© ¹

xxyy
f f f

y x y y x
 

Example 33 Let 2( , )  �xf x y y e y . Find xyyf . 

 

Differentiate twice with respect to x . Differentiate twice with respect to y . 

Differentiate first with respect to x and 

then with respect to y . 

Differentiate first with respect to y and 

then with respect to x . 

f- Cx, y )
L1

M ① f× fy
→ →

②¥x¥yfyfyy
← ← a

fxxxfxxy y×f×yy^^

← ←
→

← → lgmsiecoedd-orderpartial derivative
"

ow
,
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crow "

¥ : :&'s :¥:'t :* :
"'

f :::÷::O:*:*:fxy = bxy't 4×3
fyx = Gx y

' -14×3
Thin In fail) ht.oywhrtdoofx.fy.fyxdusrvwwlorsidnnsfncg.bg

no : of> us asthman'outrun Ca ,b7 1152 fxyca , b) =fy×Cqb)

f×=y2e×
22¥47 fxy -- eye
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8. The Chain rule 

8.1 Chain rules for derivatives 

 

 

 

 

 

 

 

 

 

 

 

 

Example 34 Suppose that 2 2 3, , , .z x y x t y t    Use the chain rule to find dz
dt

, and check the result 

by expressing z  as a function of t  and differentiating directly. 

 

 

 

 

 
 

Example 35 Suppose that 2 2 2 , cos , sin , tan .w x y z x y zT T T � �     Use the chain rule to 

find 
dw
dT

 when 
4
ST  . 

 

 

 

Theorem 3  (Chain rules for derivatives) 

If ( )x x t  and ( )y y t  are differentiable at t , and if ( , ) z f x y  is differentiable at the point 

( , ) ( ( ), ( ))x y x t y t , then ( ( ), ( ))z f x t y t  is differentiable at t  and 

 

 

where the ordinary derivatives are evaluated at t  and the partial derivatives are evaluated at ( , )x y .  

If each of the functions ( ), ( )x x t y y t  , and ( )z z t  is differentiable at t , and if  ( , , )w f x y z  is 

differentiable at the point ( , , ) ( ( ), ( ), ( ))x y z x t y t z t , then the function ( ( ), ( ), ( ))w f x t y t z t is 

differentiable at t  and 

 

where the ordinary derivatives are evaluated at t  and the partial derivatives are evaluated at ( , , )x y z .

        

 

 

dz z dx z dy
dt x dt y dt

w w
 �
w w

 

 

dw w dx w dy w dz
dt x dt y dt z dt

w w w
 � �
w w w
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8.2 Chain rules for partial derivatives 

 

 

 

 

 

 

 

 

 

 

 

 

Example 36 Given that , , 2 ,xy uz e x u v y
v

  �  , find 
z
u
w
w

 and z
v
w
w

 using the chain rule. 

 

 

 

 

 

 

Example 36 Suppose that 2, 3 , 3 ,xyzw e x u v y u v z u v  �  �  . Use appropriate forms of the 

chain rule to find 
w
u
w
w

 and 
w
v

w
w

. 

 

 

 

 

 

Theorem 4  (Chain rules for partial  derivatives) 

If ( , )x x u v  and ( , )y y u v  have first-order partial derivatives at the point ( , )u v , and if ( , ) z f x y  is 

differentiable at the point ( , ) ( ( , ), ( , ))x y x u v y u v , then ( ( , ), ( , ))z f x u v y u v  has first-order partial 

derivatives at the point ( , )u v  given by 

and 

If ( , ), ( , )x x u v y y u v   and ( , )z z u v  have first-order partial derivatives at the point ( , )u v , and if the 

function ( , , )w f x y z  is differentiable at the point ( , , ) ( ( , ), ( , ), ( , ))x y z x u v y u v z u v , then 

( ( , ), ( , ), ( , ))z f x u v y u v z u v  has first-order partial derivatives at the point ( , )u v  given by 

and 

 

 

z z x z y
u x u y u
w w w w w

 �
w w w w w

 

 

z z x z y
v x v y v
w w w w w

 �
w w w w w

 

 

w w x w y w z
u x u y u z u
w w w w w w w

 � �
w w w w w w w

 

 

w w x w y w z
v x v y v z v

w w w w w w w
 � �

w w w w w w w
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