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9.2 Local linear approximations

We now show that if a function f is differentiable at a point, then it can be very closely approximated by a

linear function near that point. For example, suppose that f(x,y) is differentiable at the point (x,,,) -

Then approximation can be written in the form

Sy +Ax, y, +Ay) zf(xoa)’o)""fx(xo’yo)A?C_|-fy(xoay0)Ay

If we let x=x,+Axand y =y, +Ay, this approximation becomes

S(x) zf(xoayo)"'fx(xoayo)(x_xo)"‘fy(xoayo)(y_yo) (%)

which yields a linear approximation of f(x, y). Since the error in this approximation is equal to the error in

approximation, we conclude that for (x,y) close to (x,,,).the error in (**) will be much smaller than the

distance between these two points. When f'(x,y) is differentiable at (x,,,) we get

L(x,) :f(xooyo)+fx(xosy0)(x_xo)+fy(xovyo)(y_yo)

and refer to L(x,y) as the local linear approximation to f at (x,,¥,).

Example 42 Let L(x,y) denote the local linear approximation to f(x, y) = «fxz +y? at the point (3, 4).

—
—

Compare the error in approximating (nc\\w.*:mam &)

£(3.04,3.98) = [(3.04)* +(3.98) = 5.008I9

by L(3.04,3.98) with the distance between the points (3, 4) and (3.04, 3.98). 'F G Lp)
Lx,y) = ‘F(\co,\loh— f,(xo,Ys) Lexg) +{: (xo¥o) o) | X 1F 7
(%) = = % - L YEADES
£ ) 8 *Y el 1Songglns 3 do (34

Fy () =

ms
L(> o%3a8) = T(3,4) ¢ T (3 (20%-3) « §, (5,1) (3:25-4)

S5+ (1)(0.04) K’%)(—o.oz\
S T S O%? oos
ey(or - \f(s ok *m L(3 0‘”‘")\ = | 5. 00%9-S-

ddtamce (3 4)pma (3.04,098)> {Cow)+02)T =0.04

\S oo A "?003\‘ - 0, 0%2 < %_
N (0.04) Ty (-o0n)t

| = 0. 00019

(s\]_c 0'\lw
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10. Maxima and minima of functions of two variables

Figure 9
(From: Calculus Early Transcendentals, 10th edition, Howard Anton,

@

Irl C. Bevens, Stephen Davis, page 977) ‘
1

7
s N

\
10.1 Extrema ﬁ-\R‘mC\

S -‘ >
\.g y\u _ Yo )

9
Definition 5 A function f* of two variables is said to have a relaflve maximum at @ point (x,,,) if there

is a disk centered at (x,,,) such that f(x,,¥,)= f(x,y) for all points (x,y) that lie inside the disk, and
f is said to have an absolute maximum at (x,,y,) if f(x,¥,)= f(x, ) for all points (x,y) in the
domain of f.

Definition 6 A function f* of two variables is said to have a relative minimum at a point (x,,y,) if there
is a disk centered at (x,,),) such that f(x,,¥,) < f(x,») for all points (x,y) that lie inside the disk, and
f is said to have an absolute minimum at (x,,y,) if f(%.¥,) = f(x,») for all points (x,») in the

domain of f.

If £ has a relative maximum or a relative minimum at (x,,y,). then we say that f has a relative
extremum at (x,,),), and if f has an absolute maximum or absolute minimum at (x,, y,) . then we say

that f has an absolute extremum at (x,,y,).

Figure 10 shows the graph of a function f whose domain is the square region in the xy -plane
whose points satisfy the inequalities 0<x <1,0< y<1. The function f has relative minima at the points
A and C and a relative maximum at B. There is an absolute minimum at 4 and an absolute maximum

at D.

Absolute
maximum

z= f(x,y)
Relative
maximum

Figure 10

(From: Calculus Early Transcendentals, 10th edition, Howard

Anton, Irl C. Bevens, Stephen Davis, page 977)

Absolute minimum
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10.2 Finding relative extrema
Recall that if a function g of one variable has a relative extremum at a point x, where g is differentiable,
then g'(x,) =0. To obtain the analog of this result for functions of two variables, suppose that f(x,y) has
a relative maximum at a point (x,,v,) and that the partial derivatives of f* exist at (x,,,). It seems
plausible geometrically that the traces of the surface z= f(x,y) on the planes x=x, and y =y,

have horizontal tangent lines at (x,,y,) (Figure 11), so

S (%9, ) =0 and fy(xoayo)=0~

| Relative
[maximum

I | X=1%o .
?‘—{v(‘oﬂo) -0 Figure 11
ix|(oMa) = O

Y=Y

(From: Calculus Early Transcendentals, 10th edition, Howard

- Y

7 ] - Anton, Irl C. Bevens, Stephen Davis, page 979)
e
4 o (Xpe Yo} ,
X

X z=f(xyp) z=f(xy.y)

The same conclusion holds if f* has a relative minimum at (x,, y,), all of which suggests the following

result, which we state without formal proof.

Theorem 7 If f has a relative extremum at a point (x,,,). and if the first-order partial derivatives of f

exist at this point, then

S (%, ) =0 and .f;)(xO’yO):O'

2 R P
.‘M;\,Q}-?l\m'. T (Koty) =0=14 (%0, Vo) =) Thimr exdenmmd (¥o My

Recall that the critical points of a function f* of one variable are those values of x in the domain of

f at which f'(x)=0or f is not differentiable. The following definition is the analog for functions of two

variables.

Definition 7 A point (X,,),) in the domain of a function f(x,y) is called a critical point of the function if

S (%, ¥)=0 and £, (x,,,) =0 or if one or both partial derivatives do not exist at (x,,,) -
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It follows from this definition and Theorem 7 that relative extrema occur at critical points, just as for a

function of one variable. However, recall that for a function of one variable a relative extremum need not

occur at every critical point. For example, the function might have an inflection point with a horizontal

tangent line at the critical point (see Figure 12). Similarly, a function of two variables need not have a

relative extremum at every critical point. For example, consider the function

fy)=y"—x°

This function, whose graph is the hyperbolic paraboloid shown in Figure , has a critical point at (0,0), since

So(x,y)=-2x and  f,(x,)=2y

from which it follows that

/f,(0,0)=0 and  £,(0,0)=0.

However, the function f has neither a relative maximum nor a relative minimum at (0,0).

For obvious reasons, the point (0,0) is called a saddle point of f . In general, we will say that a surface

z= f(x,y) has a saddle point at (x,,,) if there are two distinct vertical planes through this point such

that the trace of the surface in one of the planes has a relative maximum at (x,,»,) and the trace in the

other has a relative minimum at (x,, ;) -

Figure 12

(From: Calculus Early Transcendentals, 10th edition, Howard Anton, Irl C. Bevens, Stephen Davis, page 979)

Example 43 The three functions graphed in Figure all have critical points at (0,0).

£ b= 2x =0 s f k)= -2m=0 e T ﬁ‘? " TR
fy (x\)=2y =0 F’ Y fyley=-2g =0 | o 4 A=
=0, y=0 — jﬁ R | - =
. (x‘\l)s (0’0) g mf\}uﬁwun\ﬂahnn / 4
/ P (o2

/\

/
rx

£.(0,0)= £,(0,0)=0

relative and absolute min at (0, 0)

£.(0,0)= £,(0,0)=0

relative and absolute max at (0, 0)

£.(0,0)yand £,(0,0) do not exist

relative and absolute min at (0, 0)

Figure 13

(From: Calculus Early Transcendentals, 10th edition, Howard Anton, Irl C. Bevens, Stephen Davis, page 980)
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10.3 The second partial test {/x {\N

= Fxx -F\/\; B qu ™ ‘\m?m-q 6
(9 I;9oaq1 1

Theorem 8 (The Second Partials Test) Let f be a function of two variables with continuous second-

(

(

(c) If D<O0,then f has a saddle point at (x,,,)- _‘_\ ’(\"J>o ‘F (1 D)< o
( ﬂ( oly mxo,\l A

d)If D=0, then no conclusion can be drawn. ‘R C\(c N Q’-'\':ﬁ;'\ o (%o, Y) ot?vim)
Y2\

order partial derivatives in some disk centered at a critical point (x,, y,), and let m @CK, V)
J
D= fxx(x07y0)fyy(x07y0) _fxyz(xoayo)
a)lf D>0 and £, (x,,¥,)>0, then f has a relative minimum at (x,,,)" D70 rD < g} ] D=0
b) If D>0and f,,(%,,,) <0, then f has arelative maximum at (xy,3,)- | ‘r‘i_(l&:\lb) A})bih"
. D"]uﬂ'l
]

Nps’p&:\)nf

Example 44 Locate dll relative extrema and saddle points of f(x, ) =3x" —2xy+ > —8y.
® u‘\’?ﬁnﬁ\e’\ '\:x(xdh eX-2y =6 -,
Tyl =-2x+2y-8 =0 © £, =6
®+@} ux =g & %K=2 £ =2
:. \5 - b ) 'Fx\’ ==
(xy)=(2,b) Wuenq®]

i <
@ Asnanu(aol Disef iminomt 1630 qe]
‘D”\{“ ?x\, \__ \(o —'Ll: -Gu) - g So
ﬁz w! \2 2 wsens e (Z.6) ‘\v.\’;mén“ﬂm‘.é
=} \36021 . ,
Creck ta 70 Goon ":(ZM‘ @hé\;’hxlmfu\ﬁhg #

Example 45 Locate all relative extrema and saddle points of f(x, y) = 4xy—x* —y*
< ( _ v €
Q)\n\mm\"\ T (M) = w-ux” =0
£y bay) = bk’ =0 ® X :
0} \5__)('_3 _® me BN, /X‘-'-(’)é)éb Xz K
! . o 9 _ @ /xq, 'x =0
®i *=3 x(x¥-1) =0
(-0 (¥4 =0
KDY =0
Ak (x=1) (e41) (e t) =0
M=0,1,-1

2900 so (0,0), 1,1, (1, -1) i # 'E |245
v igyre Example
(Dnomvysdage, | 140 (0 D=\;>{'\-= 1L <0 @9 (op) Suporuss

= - \ } w1, 70 cheek =12 <0
.J‘;x* z -\2\57' W Lol o= -‘Lf' _?.,, = 1= o,\'(\,-m’é’:\, R‘-’Fla{auuhé- -
e

Figure Example 44
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