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Symmetry Tests

1. A curve in polar coordinates is symmetric about the x-axis if replacing θ by −θ
in its equation produces an equivalent equation (Figure a).

2. A curve in polar coordinates is symmetric about the y-axis if replacing θ by π − θ
in its equation produces an equivalent equation (Figure b).

3. A curve in polar coordinates is symmetric about the origin if replacing θ by θ + π,
or replacing r by r in its equation produces an equivalent equation (Figure c).
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Example 6. Sketch the graph of r = 2 cos θ in polar coordinates by plotting points.
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Example 7. Sketch the graph of r = 2(1− cos θ) in polar coordinates.

Example 8. Sketch the graph of r2 = 4 cos 2θ in polar coordinates.
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Families of Circles
We will consider three families of circles in which a is assumed to be a positive constant:

r = a, r = 2a cos θ, r = 2a cos θ.

From:Calculus Early Transcendentals,10th edition,Howard Anton,Irl C. Beven,Stephen Deavis, page 713

Families of Rose Curves
In polar coordinates, equations of the form

r = a sinnθ, r = a cosnθ

in which a > 0 and n is a positive integer represent families of flower-shaped curves called
roses.

From:Calculus Early Transcendentals,10th edition,Howard Anton,Irl C. Beven,Stephen Deavis, page 713

Families of Cardioids and limaons
In polar coordinates, equations of the form

r = a± b sin θ, r = a± b cos θ

in which a > 0 and b > 0 represent polar curves called limaons (from the Latin word limax
for a snail-like creature that is commonly called a slug). There are four possible shapes for
a limaon that are determined by the ratio a/b. If a = b (the case a/b = 1), then the limaon
is called a cardioid because of its heart-shaped appearance.

From:Calculus Early Transcendentals,10th edition,Howard Anton,Irl C. Beven,Stephen Deavis, page 714
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13. Identify the curve by transforming the given polar equation to rectangular coordinates.

(a) θ = π/3 (b) θ = −3π/4 (c) r = 3 (d) r = 4 cos θ
(e) r = 6 sin θ (f) r − 2 = 2 cos θ (g) r = 3(1 + sin θ) (h) r = 5− 5 sin θ
(i) r = 4− 4 cos θ (j) r = 1 + 2 sin θ (k) r = −1− cos θ) (l) r = 4 + 3 cos θ
(m) r = 3− sin θ (n) r = 3 + 4 cos θ (o) r − 5 = 3 sin θ (p) r2 = cos 2θ
(q) r2 = 16 sin 2θ (r) r = 4θ, (θ ≥ 0) (s) 4θ, (θ ≤ 0) (t) r = 4θ
(u) r = −2 cos 2θ (v) r = 3 sin 2θ (w) r = 9 + sin 4θ (x) r = 2 cos 3θ
(y) r = 3 + sin θ (z) r = 2 cos θ

See more exercises from : Calculus Early Transcendentals, 10th edition, Howard Anton, Irl C.
Beven, Stephen Deavis, page 716-719

Double Integrals in Polar Coordinates

Simple Polar Regions

Some double integrals are easier to evaluate if the region of integration is expressed in polar
coordinates. This is usually true if the region is bounded by a cardioid, a rose curve, a spiral, or,
more generally, by any curve whose equation is simpler in polar coordinates than in rectangular
coordinates. For example, the quarter-disk is described in rectangular coordinates by

0 ≤ y ≤
√

4− x2, 0 ≤ x ≤ 2

However, in polar coordinates the region is described more simply

0 ≤ r ≤ 2, 0 ≤ θ ≤ π/2

A simple polar region in a polar coordinate system is a region that is enclosed between two
rays, θ = α and θ = β, and two continuous polar curves,r = r1(θ) and r = r2(θ), where the
equations of the rays and the polar curves satisfy the following conditions:

(i) α ≤ β (ii) β − α ≤ 2π (iii) 0 ≤ r1(θ) ≤ r2(θ).

From:Calculus Early Transcendentals,10th edition,Howard Anton,Irl C. Beven,Stephen Deavis, page 1018
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A polar rectangle is a simple polar region for which the bounding polar curves are circular arcs.
For example, in below figure shows the polar rectangle R given by

1.5 ≤ r ≤ 2, π/6 ≤ θ ≤ π/4.

The Volume Problem in Polar Coordinates

Given a function f(r, θ) that is continuous and nonnegative on a simple polar region R, find
the volume of the solid that is enclosed between the region R and the surface whose equation in
cylindrical coordinates is z = f(r, θ).

From:Calculus Early Transcendentals,10th edition,Howard Anton,Irl C. Beven,Stephen Deavis, page 1019-

1020

The volume of the solid is

V = lim
n→+∞

n∑

k=1

f(r∗k, θ
∗
k)∆Ak.

If f(r, θ) is continuous on R and has both positive and negative values, then the limit

lim
n→+∞

n∑

k=1

f(r∗k, θ
∗
k)∆Ak
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represents the net signed volume between the region R and the surface z = f(r, θ) (as with double
integrals in rectangular coordinates). These sums are called polar Riemann sums, and the limit of
the polar Riemann sums is denoted by

∫∫

R

f(r, θ) dA = lim
n→+∞

n∑

k=1

f(r∗k, θ
∗
k)∆Ak

which is called the polar double integral of f(r, θ) over R. If f(r, θ) is continuous and nonnegative
on R, then the volume formula can be expressed as

V =

∫∫

R

f(r, θ) dA

Evaluating Polar Double Integrals

From:Calculus Early Transcendentals,10th edition,Howard Anton,Irl C. Beven,Stephen Deavis, page 1020

Treating the area ∆Ak of this polar rectangle as the difference in area of two sectors, we obtain

∆Ak =
1

2
(r∗k +

1

2
∆rk)

2∆θk −
1

2
(r∗k −

1

2
∆rk)

2∆θk

which simplifies to
∆Ak = r∗k∆rk∆θk .

Thus

V =

∫∫

R

f(r, θ) dA = lim
n→+∞

n∑

k=1

f(r∗k, θ
∗
k)r

∗
k∆rk∆θk

which suggests that the volume V can be expressed as the iterated integral

V =

∫∫

R

f(r, θ) dA =

∫ β

α

∫ r2(θ)

r1(θ)
f(r, θ) r dr dθ .

Theorem. If R is a simple polar region whose boundaries are the rays θ = α and θ = β and the
curves r = r1(θ) and r = r2(θ) and if f(r, θ) is continuous on R, then

∫∫

R

f(r, θ) dA =

∫ β

α

∫ r2(θ)

r1(θ)
f(r, θ) r dr dθ .
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