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3.4 Triple Integrals in Rectangular Coordinates
Definition of a Triple Integral

To define the triple integral of f(z,y,z) over G, we rst divide the box into n subboxes
by planes parallel to the coordinate planes. We then discard those subboxes that contain
any points outside of G and choose an arbitrary point in each of the remaining subboxes.
We denote the volume of the kth remaining subbox by AV} and the point selected in the
kth subbox by (z%, 5, 25)-

Volume = AV,

* * ¥
I Z (X Vi 2¢)

/
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Next we form the product
f(@h Y 21) AVi

for each subbox, then add the products for all of the subboxes to obtain the Riemann sum

Zf(xz,y,f,, 20) AV .

k=1

Finally, we repeat this process with more and more subdivisions in such a way that the
length, width, and height of each subbox approach zero, and n approaches +o0o0. The limit

] tawzav - D SERIE NG
J -

Properties of Triple Integrals

Triple integrals enjoy many properties of single and double integrals:

///Cf(a;’y’z)dv = C///f(m,y,z)dv (c a constant)
/// [f(x,y,2) + g,y 2])dV = ///f(w,y,z)dv+///g(x,y,z)dv
/// [f(x,y,2) = g(z,y,2])dV = ///f(x,y,z)dv—///g(m,y,z)dv

Moreover, if the region G is subdivided into two subregions GGy and G5 , then

///f(x,y,z)dv = ///f(a77yvz)dv+///f(x,y,z)dv
- I S Gl
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Evaluating Triple Integrals over Rectangular Boxes

Just as a double integral can be evaluated by two successive single integrations, so a
triple integral can be evaluated by three successive integrations.

Fubini’s Theorem Let GG be the rectangular box defined by the inequalities

a<zx<b, c<y<d, k<z<I. dX

coshezyze psiz 7 [y

If f is continuous on the region G, then O{\Cd% d
of paf el a7

// f(flf,y,Z)dV//( f(z,y,2) dzjdy|dz c&ddxd%

N a c k - A%d&

Moreover, the iterated integral on the right can be replaced with any of the five other 1terated
integrals that result by altering the order of integration:

dydzdx, dzdxdy, drdzdy, dzdydx, dydrdz

4, =2
30§z§2 =427 %

Q

Example 1. Evaluate the triple integral / / / 122?23 dV over the rectangular box G dened
?K X

by the inequalities —1 < x < 2

2,0<y<
272 3 3
ng"““d TN = _X i 6((\1%5 )dydzdX |/ _q 2?[9%5 dx

z=0

2 y=3

-—O

.._’L?-lé,[.._
Q?lL[g—_ 1] _29.
Z 7

Theorem. Let G be a simple zy-solid with upper surface z = go(a, y) and lower surface
z = gi(z,y), and let R be the projection of G on the zy-plane. If f(z,y, 2) is continuous on

G, then
92(2,y)
& R g1(z,y) -

= qg ?§ Q:F-X’%Bd?:dx
d

Evaluating Triple Integrals over More general Regions

\‘%‘5@\*""

&
z2=g(x. )

z=g(xy)
Y
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Determining Limits of Integration: Simple zy-Solid

Step 1. Find an equation z = go(z,y) for the upper surface and an equation z = ¢;(z,y)
for the lower surface of G. The functions g;(x,y) and ¢ga(x, y) determine the lower and upper
z-limits of integration.

Step 2. Make a two-dimensional sketch of the projection R of the solid on the zy-plane.
From this sketch determine the limits of integration for the double integral over R

?
Example 2. Let G be the we(}ée in the first octant that is cut from the cylindrical solid
y2 + 22 < 1 by the planes y =  and = 0. Evaluato fffde

) E5
SfjzaV < U[S? a2 ]dh - yg (2 dzdxdy

= 0
( _,.-L.) N Q ‘_) 1 1 \_(J"l
x=0 ﬂ_ 7 = g
2 Lty J [ 2dzdyolx
I Y 9 iy oK% 01 Y
Y /] Howae 2| 9
20 —1 S‘ ji‘d"lﬂx&} =S‘ J‘.__i_ l c&d.cg_
Ay ©0 o o 2 les0
= =
) EC—%?“ Ay
) d
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Volume calculated as a triple Integral : volume of G = [[[ dV "7 3{_ _L‘%] o
f z

=2l al={

Example 3. Use a triple integral to nd the volume of the solid within the cylinder z*+y &
and between the planes z = 1 and x + z = 5. #

z _(0ray =

V SGSY 55 [SM?]AA
::?js_x S g S1d% dx
depns A
fls:

f"- AY *4\5 ~4 - ‘S‘ d?d'x
v y=\o-2 -Jq4*
*,_ : 4 __q_(o ‘1"1 1

R 1'\‘:'1 X -i‘[—7-

= \ ])L Ery

el
y==\N9-x"

1]

Y x3+>y3=9
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Example 3. Use a triple integral to nd the volume of the solid within the cylinder 2% +%* = 9

and between the planes z =1 and x + z = 5. q % s X
l v={{Jav =1 § [dndyd
Gr o ;;g
G At 5%
x+z=5 - dx
2:5-* 'S; _m‘?\:[:. db
; 24P =9 3 (T
I .- S S(s-x—)dgo\x
R 7 > -3 o
# 4P =9 Y
AY - "ert
y=No-» - g[qv)‘)‘olg=ﬁf‘w
ﬁm = g[4-x)ﬁ-7+(~r~x)f7]°\’
3
L S

« -3
=8A7

W u=a- X" ; du=-2xda

Iﬁxmﬁ- "I;rd"'

(q-x ) +C

.;x-s -3
Toow ¢ 'l’wt' ’
euko-lh.—

|
47?;‘”\“

T = 3T #
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Example 4. Find the volume of the solid enclosed between the paraboloids

2z =5x* +5y* and ,2—6—7:L’2—y2

i v-§g§dv = §f [ 'Ywiz]dA

n projection anartey Xy
Sx+ sf - b I~y
e ‘H:lg.

X

‘ [ = S _ G‘L» SKS*S;% dy
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Integration in Other Orders

For integrating over a simple xy-solid, the z-integration was performed first. However,
there are situations in which it is preferable to integrate in a different order. For a simple
xz-solid it is usually best to integrate with respect to y first, and for a simple yz-solid it is
usually best to integrate with respect to x first:

fay,2)av = [[] e Fla,y, 2) dy| dA
S e |

simple xz-solid

/// f(z,y,2)dV = é/ :/glg;(:z)f(x,y,z)dx: dA.

simple zz-solid

y=gx2) x=g(y.2)

y=gx 2) x=g(y.2)

A simple xzsolid A simple yz-solid

From:Calculus Early Transcendentals,10th edition,Howard Anton,Irl C. Beven,Stephen Deavis, page 1043
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Example 5. Evaluate this integral [[[ zdV in Example 2 by integrating first with respect
G

. S{‘YM\’ =S§[§%o\x]d,4

yr+2=1

to x.

 @=NT=7) 1 Yy
/X:O = S
. T 5 S‘%d\c d=
<TEd o )
P+72=1 —_— = %AXd}
=1 =T 1 9243t o ©
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5 4 16
1. The iterated integral / / / f(z,y,2)drdzdy integrates f over the rectangular
1 J2 J3
box defined by

2. Let G be the solid in the first octant bounded below by the surface z = y + 2 and
bounded above by the plane z = 4. Supply the missing limits of integration.

@ [[f sena =[] sz
G
(b) ///f(x,y,z)d\/ = /DD/DD/yLQf(x,y,z)dzdydx
G
(C) ///f(x,y,z)dv = /Elm/DD/Elmf<$,y,Z)ddedx
G

3-10 Evaluate the iterated integral.
1 2 f1
3. / / / (> + 9> + 2°) drdy dz
-1Jo Jo
1/2 pr pl
4. / / / zxsinxy dz dy dz
13 Jo Jo
2 y? z
5. / / / yzdrdz dy
0 J-1 J-1
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