19. Let G be the solid enclosed by the surfaces in the accompanying figure. Fill in the
missing limits of integration. r
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3.5 Triple Integrals in Cylindrical and Spherical Coordinates

Cylindrical and Spherical Coordinate Systems

g : y

r, z Flp, 0. ¢)
8 H(x, y, 2) o ) b
z Y z Y Yo
_— = —> —
£ 0 0
y
A /. /x
’ Cylindrical coordinates Spherical coordinates
Rectangular coordinates (1.0, 2) (p. 0. &)
(xy.2 (r>0,0<0<2m) (p=0,0<0<2m,0<h<m)
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Converting Coordinates
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Cylindrical to Rectangular Rectangular to Cylindrical
x=rcost, y=rsinf, z=z r=+z2+y?, tanezg, 2=z
x

Spherical to Rectangular
x =psingcosf, y=psingsinh, z=pcoso
Rectangular to Spherical

p=\x>+y?+ 22 tan@zy, cos ¢ = :
xT /x2+y2+z2

Spherical to Cylindrical Cylindrical to Spherical
r=psing, 0=0 z=pcose p=vVri+2z2, 60=90, tangzﬁzz
z
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Constant surfaces

In rectangular coordinates, the surfaces represented by equations of the form
T =Ty, Y=Y, VZ=2

where xg, Yo, and zg are constants, are planes parallel to the yz-plane, zz-plane, and xy-plane,
respectively.

In cylindrical coordinates, the surfaces represented by equations of the form
r=ryg, 0=40, 2z2==2
where rg, 6y, and zy are constants,

e The surface r = ¢ is a right circular cylinder of radius ry centered on the z-axis.

e The surface 6 = 6, is a half-plane attached along the z-axis and making an angle 6,
with the positive x-axis.

e The surface z = 2; is a horizontal plane.

In spherical coordinates, the surfaces represented by equations of the form

p=po, 0=060, &=

e The surface p = py consists of all points whose distance p from the origin is py.
Assuming p to be nonnegative, this is a sphere of radius p centered at the origin.

e As in cylindrical coordinates, the surface 6 = 6, is a half-plane attached along the
z-axis, making an angle of 6y with the positive z-axis.

e The surface ¢ = ¢g consists of all points from which a line segment to the origin
makes an angle of ¢y with the positive z-axis. If 0 < ¢y < 7/2, this will be the nappe of a
cone opening up, while if 7/2 < ¢y < ¢, this will be the nappe of a cone opening down. (If
¢o = m/2, then the cone is flat, and the surface is the zy-plane.)
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Equations of Surfaces in Cylindrical and Spherical Coordinates

Surfaces of revolution about the z-axis of a rectangular coordinate system usually have
simpler equations in cylindrical coordinates than in rectangular coordinates.

Example 6. Find equations of the
coordinates.

BEMS0 2= (ol «Pas) | A

ey 2= {5 dade + pUngsiny,
= {f'singp (cos”0 + sin0)

ST f)s'm ¢

o 2=p cos ¢ =€5M¢ & 0s¢ =

cylindrical and spherical

CONE CYLINDER SPHERE PARABOLOID HYPERBOLOID

z Z z V4

AN AN AR
=P 34 3F '3

X X

|

RECTANGULAR | z=\x’+y? +yr=1 C+y+2=1 z=x>+y? C+y-2=1
CYLINDRICAL Z=:F r=1 2=1-72 z=r? 2=r2-1
SPHERICAL ¢ =m/4 p=csco p=1 p=coscsc p?=—sec2¢
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Triple Integrals in Cylindrical Coordinates

Recall that in rectangular coordinates the triple integral of a continuous function f over
a solid region G is defined as

] remav - LD E RN
J -

where AV}, denotes the volume of a rectangular parallelepiped interior to G and (7, v}, %)
is a point in this parallelepiped. Triple integrals in cylindrical and spherical coordinates are
defined similarly, except that the region G is divided not into rectangular parallelepipeds
but into regions more appropriate to these coordinate systems.

In cylindrical coordinates, the simplest equations are of the form
r = constant, @ = constant, z = constant
These surfaces can be paired up to determine solids called cylindrical wedges or cylindrical

elements of volume. To be precise, a cylindrical wedge is a solid enclosed between six surfaces
of the following form:
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