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Triple Integrals in Spherical Coordinates

In spherical coordinates, the simplest equations are of the form

ρ = constant, θ = constant, φ = constant

These surfaces can be paired up to determine solids called spherical wedges or spherical
elements of volume. To be precise, a spherical wedge is a solid enclosed between six surfaces
of the following form:

two spheres ρ = ρ1, ρ = ρ2 (ρ1 < ρ2)

two vertical half-planes θ = θ1, θ = θ2 (θ1 < θ2)

nappes of two circular cones φ = φ1, φ = φ2 (φ1 < φ2)

From:Calculus Early Transcendentals,10th edition,Howard Anton,Irl C. Beven,Stephen Deavis, page 1051

If G is a solid region in three-dimensional space, then the triple integral over G of
a continuous function f(ρ, θ,φ) in spherical coordinates is similar in definition to the triple
integral in cylindrical coordinates, except that the solid G is partitioned into spherical wedges
by a three-dimensional grid consisting of spheres centered at the origin, half-planes hinged
on the z-axis, and nappes of right circular cones with vertices at the origin and lines of
symmetry along the z-axis.

The defining equation of a triple integral in spherical coordinates is
∫∫∫

G

f(ρ, θ,φ) dV = lim
n→+∞

n∑

k=1

f(ρ∗k, θ
∗
k,φ

∗
k)∆Vk

where ∆Vk is the volume of the kth spherical wedge that is interior to G, (ρ∗k, θ
∗
k,φ

∗
k) is an

arbitrary point in this wedge, and n increases in such a way that the dimensions of each
interior spherical wedge tend to zero.
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∫∫∫

G

f(ρ, θ,φ) dV = lim
n→+∞

n∑

k=1

f(ρ∗k, θ
∗
k,φ

∗
k)(ρ

∗
k)

2 sinφ∗
k∆ρk∆φk∆θk.

which suggests that a triple integral in cylindrical coordinates can be evaluated as an iterated
integral of the form

∫∫∫

G

f(ρ, θ,φ) dV =

∫∫∫

appropriate
limits

f(ρ, θ,φ)ρ2 sinφ dρ dφ dθ.

Suppose that we want to integrate f(ρ, θ,φ) over the spherical solid G enclosed by the
sphere ρ = ρ0. The basic idea is to choose the limits of integration so that every point of
the solid is accounted for in the integration process. The below figure illustrates one way of
doing this. Holding θ and φ fixed for the first integration, we let ρ vary from 0 to ρ0. This
covers a radial line from the origin to the surface of the sphere. Next, keeping θ fixed, we
let φ vary from 0 to π so that the radial line sweeps out a fan-shaped region. Finally, we
let θ vary from 0 to 2π so that the fan-shaped region makes a complete revolution, thereby
sweeping out the entire sphere. Thus, the triple integral off(ρ, θ,φ) over the spherical solid
G can be evaluated by writing

∫∫∫

G

f(ρ, θ,φ) dV =

∫ 2π

0

∫ π

0

∫ ρ0

0

f(ρ, θ,φ)ρ2 sinφ dρ dφ dθ.

From:Calculus Early Transcendentals,10th edition,Howard Anton,Irl C. Beven,Stephen Deavis, page 1052
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From:Calculus Early Transcendentals,10th edition,Howard Anton,Irl C. Beven,Stephen Deavis,

page 1053-1054
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Example 9. Use spherical coordinates to find the volume of the solid G bounded above by
the sphere x2 + y2 + z2 = 16 and below by the cone z =

√
x2 + y2.

From:Calculus Early Transcendentals,

10th edition,Howard Anton,Irl C. Beven,

Stephen Deavis, page 1054

Converting Triple Integrals from Rectangular to Spherical Coordinates

Triple integrals can be converted from rectangular coordinates to spherical coordinates
by making the substitution x = ρ sinφ cos θ, y = ρ sinφ sin θ, z = ρ cosφ. The two integrals
are related by the equation

∫∫∫

G

f(x, y, z) dV =

∫∫∫

appropriate
limits

f(ρ, θ,φ)ρ2 sinφ dρ dφ dθ.

Example 10. Use spherical coordinates to evaluate

∫ 2

−2

∫ √
4−x2

−
√
4−x2

∫ √
4−x2−y2

0

z2
√

x2 + y2 + z2 dz dy dx.

From:Calculus Early Transcendentals,

10th edition,Howard Anton,Irl C. Beven,

Stephen Deavis, page 1055
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âĆēýĊüĊėëĕ ������ %CNEWNWU � Đ�÷Ć�ċěăöĔò ëĔą÷Ę øĐüğĆĘąü � ăĕåâĕĆċęâČĕ ������

ĠýýĀŀâĎĔ÷ğāėħĄğøėĄ /WNVKRNG KPVGITCNU

�� âĖĎü÷ĢĎň G ğþŎüúĆèøĔüúĘħĄĘéě÷ąĐ÷ğþŎü (0, 0, 0)� (1, 1, 0)� (0, 1, 0) ĠĈē (0, 1, 1) þľ÷ĈňĐĄ÷ňĊąĆēüĕý

x + z = y� x + z = 1� y = 1 éèĎĕĈėĄėøãĐèâĕĆĐėüúėğâĆøãĐèĐėüúėâĆĔĈčĕĄëĔĨüãĐèĂŌèâŋëĔü F (x, y, z)

ýüG ġ÷ąĢĎňĈĖ÷ĔýãĐèâĕĆĐėüúėğâĆøğþŎü dy dz dx�

�� éèĎĕĈėĄėøãĐèâĕĆĐėüúėğâĆøĢüĆēýýāėâĔ÷úĆèâĆēýĐâãĐèĂŌèâŋëĔü f(r, θ, z) ýüýĆėğĊö G ìęħèþľ÷ĈňĐĄ÷ňĕü

ĈŇĕè÷ňĊąĆēüĕý z = 0 ÷ňĕüãňĕè÷ňĊąúĆèâĆēýĐâ x2 + (y − 1)2 = 1 Ĉē÷ňĕüýü÷ňĊąāĕĆĕġýĈĐą÷ŋ

z = x2 + y2
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âĆēýĊüĊėëĕ ������ %CNEWNWU � Đ�÷Ć�ċěăöĔò ëĔą÷Ę øĐüğĆĘąü � ăĕåâĕĆċęâČĕ ������

�� éèĎĕþĆėĄĕøĆãĐèúĆèøĔüúĘħþľ÷ĈňĐĄ÷ňĕüĈŇĕè÷ňĊąúĆèâĈĄ ρ = 2 +Qbφ ĠĈēþľ÷ĈňĐĄ÷ňĕüýü÷ňĊąâĆĊą z =√
x2 + y2

�� éèĎĕþĆėĄĕøĆãĐèúĆèøĔüúĘħĐąĜŇăĕąĢüúĆèâĈĄ ρ ≤ a ĐąĜŇĆēĎĊŇĕèâĆĊą φ =
π

3
ĠĈē φ =

2π

3
ĢüĐĔòăĕåúĘħ �


ğĄĚħĐ x, y, z ≥ 0�


