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Triple Integrals in Spherical Coordinates

In spherical coordinates, the simplest equations are of the form
p = constant, 6 = constant, ¢ = constant

These surfaces can be paired up to determine solids called spherical wedges or spherical
elements of volume. To be precise, a spherical wedge is a solid enclosed between six surfaces

of the following form:

two spheres p=rp1, p=p2 (p1<p2)
two vertical half-planes 0=0;, 0=10, (0, <6y)
nappes of two circular cones Od=0¢1, 6=¢s (P1 < o)
—,
T2
P1 o
| y
0,7
6—
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If G is a solid region in three-dimensional space, then the triple integral over G of
a continuous function f(p,#, ¢) in spherical coordinates is similar in definition to the triple
integral in cylindrical coordinates, except that the solid G is partitioned into spherical wedges
by a three-dimensional grid consisting of spheres centered at the origin, half-planes hinged
on the z-axis, and nappes of right circular cones with vertices at the origin and lines of

symmetry along the z-axis.

The defining equation of a triple integral in spherical coordinates is

///f(p’Q”b) AV = lim > (6,04 0} AV
G k=1

where AV} is the volume of the kth spherical wedge that is interior to G, (pj, 05, ¢5) is an
arbitrary point in this wedge, and n increases in such a way that the dimensions of each

interior spherical wedge tend to zero.

% ok gk
(pkaek’¢k) S 0% %)
Bt v (p,: ; 1:

pisin " X, /4\«/\ /

& X~
\ \ g
7 1\

N\
\ N
\
\
V<

0,

Volume AV,
AV, = p;? sin o Ap; Ad, AD,
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J[] r0.0.00av = tim 3" 166161000 s i AmA GG,
G k=1

which suggests that a triple integral in cylindrical coordinates can be evaluated as an iterated
integral of the form

///ﬂp’e"b)d‘/ = /// f(p,0,0)p" sing dpdg df.

appropriate
limits

Suppose that we want to integrate f(p,0,®) over the spherical solid G enclosed by the
sphere p = pg. The basic idea is to choose the limits of integration so that every point of
the solid is accounted for in the integration process. The below figure illustrates one way of
doing this. Holding # and ¢ fixed for the first integration, we let p vary from 0 to py. This
covers a radial line from the origin to the surface of the sphere. Next, keeping 6 fixed, we
let ¢ vary from 0 to 7 so that the radial line sweeps out a fan-shaped region. Finally, we
let 6 vary from 0 to 27 so that the fan-shaped region makes a complete revolution, thereby
sweeping out the entire sphere. Thus, the triple integral of f(p, 8, ) over the spherical solid
G can be evaluated by writing

/G//f<p’9’¢)dv = /O%/OW/OPOf(ﬂa9a¢)P2Sin¢dpdgbd9,

p varies from 0 to p, ¢ varies from 0 tor 0 varies from 0 to 27.
with 6 and ¢ fixed. with 6 fixed.

From:Calculus Early Transcendentals,10th edition,Howard Anton,Irl C. Beven,Stephen Deavis, page 1052

DETERMINATION OF LIMITS INTEGRAL

that lies in the first octant.

I ¥

This is the portion of the sphere of radius p, S

QX

% Po
[¥p.0,9)p'snp dp 4 de
Q

p varies from 0 to & varies from 0 to 6 varies from 0 to
po With @ and ¢ /2 with 6 held m/2.
held fixed. fixed.
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This ice-cream-cone-shaped solid is cut from

//'/ the sphere of radius p, by the cone & = d,.
AZ %y : z A
o
=
Po
¥
>
X X X X

@ varies from 0 to
b, with 6 held 2n.
fixed.

p varies from 0 to
po With 6 and &
held fixed.

bo

!

Po
Rpo,p)'sné dogpdo

0

oy

o]

@ varies from 0 to

y - = This solid is cut from the sphere of radius p, by
/,’ two cones, ¢ = @; and ¢ = ¢,, where d; < ¢,.

z¢| ¢
3

¢ varies from ¢,
to ¢, with @ held 2z,
fixed.

p varies from 0 to
po with 8 and ¢
held fixed.

:

@ varies from 0 to

'FCP,Q,¢)P"sin¢ *dtfde

T By asec

e 2 =3 - :
/‘/ This solid is enclosed laterally by the cone ¢ = ¢, where g S‘ S F( P}g 47) anm¢ dP dp d e
Q’\(\ 2= pCOS ¢ . 0 < ¢ < /2, and on top by the horizontal plane z = a. 0 0o
Qs c°$¢ p \/,//" \ Z A Z
Lp= ———""
cosé i P
Lp= m}f 1 /
i 4
X X
p varies from 0 to @ varies from 0 to 6 varies from 0 to
asec ¢ with 6 b, with 6 held 2z,
and ¢ held fixed. fixed.
. - P
s This solid is enclosed between two concentric i £ TN By 1
- spheres, p = p; and p = p,, where p; < p,. S Y-F(F)e, ¢)p sh ¢ dF J ¢ de
P

z

¢ A

b,

p varies from p,
to p, with 6 and
@ held fixed.

@ varies from 0 to

6 varies from 0 to
m with 6 held 2.
fixed.

From:Calculus Early Transcendentals,10th edition,Howard Anton,Irl C. Beven,Stephen Deavis,

page 1053-1054
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tom © =_:4.<
och =2 (et F(p,047=2)

Example 9. Use spherical coordinates to find the volume of the solid G bounded above by
the sphere 22 + 3% + 22 = 16 and below by the cone z = \/I2
_/\_,——-——'ﬂ

V= {[feV = 5 f fP smvbdeo\sb

‘PP =
(p=4) ¥

/" g

y ¢
/\F T — 3 x*s’“
) (4=3%)

2
_ & 2 3 o
pwszs\je slntms9+f sin'gsin® | _ m)(«—*‘i )
= Eslh':tf(as:gzﬁhio)
From:Calculus Early Transcendentals P

g = gon =80e-B)T F~
10th edition,Howard Anton,Irl C. Beven,w‘f sln 3

Stephen Deavis, page 1054

Converting Triple Integrals from Rectangular to Spherical Coordinates

Triple integrals can be converted from rectangular coordinates to spherical coordinates

by making the substitution x = psin¢cosf, y = psin¢gsiné, z = pcos ¢. The two integrals
are related by the equation

[ tew2av = [[[ s6.0.01smodpdo i
G

appropriate
limits

Example 10. Use spherical coordinates to evaluate
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e V2 2
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0 o =
2] T2 2 - 82 \[o+L ] a0
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= (Lo slmf‘ adde | _ ur
0 9 6 f’b Q
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2 { cos"gsin g dgpdo
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LULHNWALNNLAN Multiple integrals
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3. Aifiunsreanseauntlndansduansdoansenas p = 2 cos ¢ warilndansutusnnae 2 =

o A C T 2, . -
4. anfinnsremsssiunagnielunsnas p < a agsendnange ¢ = 3 ez o= 5 ludgniai 1

(o z, Y,z 2> 0)



