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ïììĊę �� ðøĉóĆîíŤĀúć÷ßĆĚîĒúąÖćøðøą÷čÖêŤ ��

êĆüĂ÷ŠćÜ ������� ÝÜĀćÙŠć×ĂÜðøĉóĆîíŤÿĂÜßĆĚîêŠĂĕðîĊĚ
∫ 3

0

∫ 9

x2
x3ey

3
dydx

ðøĉóĆîíŤÿĂÜßĆĚîĔîóĉÖĆéđßĉÜ×ĆĚü

ĔîĀĆü×šĂîĊĚđøćÝąóĉÝćøèćðøĉóĆîíŤÿĂÜßĆĚî×ĂÜ f(x, y) đĀîČĂïøĉđüè R ìĊęđðŨîïøĉđüèđßĉÜ×ĆĚü ēé÷đøćÝąđøĉęö

óĉÝćøèćÝćÖïøĉđüè R = {(r, θ)/g(θ) ≤ r ≤ f(θ),α ≤ θ ≤ β} éĆÜøĎðìĊę ���

øĎðìĊę ���� ïøĉđüèđßĉÜ×ĆĚü

đøćÿćöćøëĀćÙŠć×ĂÜ
∫∫

R

f(x, y)dA ĕéšēé÷đøĉęöêšîÝćÖÖćøĒïŠÜßŠüÜðŗé [C,D] ĂĂÖđðŨî m ßŠüÜ đøĊ÷Ö

ĒêŠúąßŠüÜüŠćßŠüÜðŗé [ri−1, ri]; 1 ≤ i ≤ m, r0 = C, rm = D ēé÷ìĊęĒêŠúąßŠüÜÖüšćÜ "r =
D − C

m



ïììĊę �� ðøĉóĆîíŤĀúć÷ßĆĚîĒúąÖćøðøą÷čÖêŤ ��

đìŠćė ÖĆî ÝćÖîĆĚîĒïŠÜßŠüÜðŗé [α,β] ĂĂÖđðŨî n ßŠüÜ đøĊ÷ÖĒêŠúąßŠüÜüŠćßŠüÜðŗé [θj−1, θj ]; 1 ≤ j ≤

n, θ0 = α, θn = β ēé÷ìĊęĒêŠúąßŠüÜÖüšćÜ "θ =
β − α

n
éĆÜøĎðìĊę ���

øĎðìĊę ���� ÖćøĒïŠÜïøĉđüèđßĉÜ×ĆĚüĂĂÖđðŨîÿĊęđĀúĊę÷öđúĘÖė ìĊęđìŠćÖĆîĔîéšćîĒúąöčö

ÝćÖÖćøĒïŠÜéĆÜÖúŠćüìĈĔĀšđøćÿćöćøëĒïŠÜïøĉđüè R ĂĂÖđðŨîÿĊęđĀúĊę÷öñČîñšćĔîđßĉÜ×ĆĚü Rij Āúć÷ė øĎðìĊę

đĀöČĂîÖĆî ÝąđĀĘîüŠć Rij = {(r, θ)/ri−1 ≤ r ≤ ri, θj−1 ≤ θ ≤ θj} ĔĀš

r∗i =
1

2
(ri−1 + ri) Ēúą θ∗j =

1

2
(θj−1 + θj)

ÝąđĀĘîüŠćÝčé (r∗i , θ
∗
j ) ÝąđðŨîÝčéïî Rij ĒúąëšćĔĀš "Aij ĒìîóČĚîìĊę×ĂÜ Rij đøćÝąĕéšüŠć

"Aij =
1

2
r2i"θ − 1

2
r2i−1"θ =

1

2
(r2i − r2i−1)"θ = r∗i"r"θ

éĆÜîĆĚî
∫∫

R

f(x, y)dA ≈ lim
i,j→∞

n∑

j=1

m∑

i=1

f(x∗i , y
∗
j )"Aij

= lim
i,j→∞

n∑

j=1

m∑

i=1

f(r∗i cos θ
∗
j , r

∗
i sin θ

∗
j )r

∗
i"r"θ

=

∫ β

α

∫ f(θ)

g(θ)
f(r cos θ, r sin θ)rdrdθ

îĆęîÙČĂëšć f đðŨîôŦÜÖŤßĆîêŠĂđîČęĂÜđĀîČĂïøĉđüèđßĉÜ×ĆĚü R = {(r, θ)/g(θ) ≤ r ≤ f(θ),α ≤ θ ≤ β} Ēúšü
∫∫

R

f(x, y)dA =

∫ β

α

∫ f(θ)

g(θ)
f(r cos θ, r sin θ)rdrdθ



ïììĊę �� ðøĉóĆîíŤĀúć÷ßĆĚîĒúąÖćøðøą÷čÖêŤ ��

êĆüĂ÷ŠćÜ ������� ÝÜđ×Ċ÷îðøĉóĆîíŤ
∫∫

R

f(r, θ)dA ĔîøąïïóĉÖĆéđßĉÜ×ĆĚü ēé÷ĕöŠêšĂÜÙĈîüèÙŠć đöČęĂ R

ÙČĂïøĉđüèìĊęĊĂ÷ĎŠõć÷ĔîÙćøŤéĂĂ÷éŤ r = 1 + cos θ Ēúąõć÷îĂÖüÜÖúö r = 1 éĆÜøĎð

êĆüĂ÷ŠćÜ ������� ÝÜĀćÙŠć×ĂÜ
∫∫

R

ex
2+y2dydx đöČęĂ R ÙČĂïøĉđüèìĊęĊÙøċęÜüÜÖúöìĊęðŗéúšĂöéšü÷ĒÖî X

ĒúąđÿšîēÙšÜ y =
√
1− x2

êĆüĂ÷ŠćÜ ������� ÝÜĀćÙŠć×ĂÜ
∫ 1

0

∫ √
1−x2

0
(x2 + y2)dydx
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ïììĊę �� ðøĉóĆîíŤĀúć÷ßĆĚîĒúąÖćøðøą÷čÖêŤ ��

êĆüĂ÷ŠćÜ ������� ÝÜĀćðøĉöćêø×ĂÜìøÜêĆîìĊęðŗéúšĂöéšćîïîéšü÷óćøćēïúĂ÷éŤ z = 9 − x2 − y2 Ă÷ĎŠ
đĀîČĂøąîćï XY ĒúąĂ÷ĎŠĔîìøÜÖøąïĂÖ x2 + y2 = 1
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ĔîĀĆü×šĂîĊĚđøćÝąÖúŠćüëċÜÖćøðøą÷čÖêŤ×ĂÜðøĉóĆîíŤÿĂÜßĆĚî ÙČĂÖćøĀćóČĚîìĊę×ĂÜïøĉđèĔîÿĂÜöĉêĉ

óĉÝćøèćìøÜÿćööĉêĉìĊęðŗéúšĂöéšćîïîéšü÷øąîćï z = f(x, y) = 1 ĒúąĂ÷ĎŠđĀîČĂïøĉđüè R đøćÿćöćøë

Āćðøĉöćêø×ĂÜìøÜêĆîéĆÜÖúŠćüĕéšēé÷

V =

∫∫

R

f(x, y)dA =

∫∫

R

1dA =

∫∫

R

dA

ĒêŠ

V = ÙüćöÿĎÜ × óČĚîìĊęåćî = 1× óČĚîìĊęåćî

éĆÜîĆĚîóČĚîìĊę×ĂÜïøĉđüè R Āćĕéšēé÷

A =

∫∫

R

dA
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ïììĊę �� ðøĉóĆîíŤĀúć÷ßĆĚîĒúąÖćøðøą÷čÖêŤ ��

êĆüĂ÷ŠćÜ ������ ÝÜĔßšðøĉóĆîíŤÿĂÜßĆĚîÙĈîüèóČĚîìĊę×ĂÜïøĉđüèéĆÜøĎðêŠĂĕðîĊĚ

	�


	�


êĆüĂ÷ŠćÜ ������ ÝÜĔßšðøĉóĆîíŤÿĂÜßĆĚîÙĈîüèóČĚîìĊę×ĂÜïøĉđüè R ìĊęðŗéúšĂöéšü÷đÿšîêøÜ y = x
 y =
x

3
Ēúą y = 2
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ïììĊę �� ðøĉóĆîíŤĀúć÷ßĆĚîĒúąÖćøðøą÷čÖêŤ ��

êĆüĂ÷ŠćÜ ������ ÝÜĀćóČĚîìĊę×ĂÜïøĉđüèìĊęðŗéúšĂöéšü÷đÿšîēÙšÜđúöîĉÿđÙê r2 = 4 cos 2θ

êĆüĂ÷ŠćÜ ������ ÝÜĀćóČĚîìĊę×ĂÜïøĉđüè R ïîøąîćï ìĊęðŗéúšĂöéšü÷üÜÖúö x2 + y2 = 4 đÿšîêøÜ y = 1

ĒúąđÿšîêøÜ y =
√
3x

��� ðøĉóĆîíŤÿćößĆĚîĔîøąïïóĉÖĆéÞćÖ óĉÖĆéìøÜÖøąïĂÖĒúąóĉÖĆéìøÜÖúö
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ðøĉóĆîíŤÿćößĆĚîĔîøąïïóĉÖĆéÞćÖ

đøćÝąđøĉęöÝćÖÖćøóĉÝćøèćÖøèĊìĊęÜŠć÷ìĊęÿčé ĔĀš f đðŨîôŦÜÖŤßĆî×ĂÜÿćöêĆüĒðø x, y, z ìĊęîĉ÷ćöïîÖúŠĂÜ

ÿĊęđĀúĊę÷öñČîñšć B ìĊęÖĈĀîéēé÷

B = {(x, y, z) : a ≤ x ≤ b, c ≤ y ≤ d, p ≤ z ≤ q}
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