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4.6 Power series in z

If cg,c1,... are constants and x is a variable, then the series of the form

o0
E ckxk =co+cx+ 02m2 + ...+ ckxk + ...
k=0

is called a power series in x

Some examples are

LY ab=1+az4a2”+2°+ ..
k=0
=k L ¥ |
2. Z i = ﬂ-'\")‘-‘—‘E»‘\’ ...... -\-Z_.r .......... A X +.
k=0 zl 3 .al w
4.6.1 Radius and Interval of Convergence
Theorem : For any power series Z crx” exactly one of the following is true:
k=0
< o 1. The series converges only for x =0 . ( Radius of convergence R =0 )
"= & Jnterval of Convonovice ={oY
w R=0 L zr —
L..*0%. . -
iclgk,—_ 04—0—?0‘\'9.*The series converges absolutely (and hence converges) for all real values of x. ( Radius
K= 0 of convergence R = oo ) _
a —Cony = Tmterl of  covenpmce = (—G"S”) / R
D £ '\'O°>
= N
3. (a) The series converges absolutely (and hence converges) for all  in some finite open
interval (—R, R) ( Radius of convergence =R ) and;
(b) diverges if z < —R or z > R and; x| <R e&>RLK<R
(c) for x = £ R, the series may converge absolutely, converge conditionally, or diverge, B{
depending on the particular series. ac Cm\ue @_ -
pending particu Tmtonnt ‘d@v\te Q) e
WeY MY YAV NG/ (~K R]
T 1
Fa)
Ry O & . &R
Ex. 4.15. Find th@"tferval of convergence and radius of convergence of the following power series. ER,R )
Ly (ot =1t XL+ R <X +’Xq*-- .
/ =0
Q? g ~ gy
\o\7 Dlwrdostomdnn (uwh o Suotds Vo zsblioq o sl din)
(k' Y [o Wmnasov ) sutlo test Lor O;bsb"ﬂk ConvevgeMce
< K .
APQorbEN P.:..Q.jm....!*.k-.\.\.\...._. Dime ) 20 ) o i e )=
Koo | Uy Koo x K00

) cheds Avoey Xm0 3% 2 440004 304 N (i 4 1k
- 0 3 K=0 e
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4.7 Power series in z — a

If ¢o,c1, ... are constants and if we replace = by (z — a), then the series of the form

ch(ac —a)f =cg+e(z—a)+celr—a)’+.. +elz—a) + ..
k=0

is called a power series in x — a

Some examples are

oo
(z — 1" (z-1) (2—-1* (z—-1)°
> 1 L S “
k=0
= (—1)F 3)k 3)? 3)3
szlf(x+3)+(m+) EChL a=-3
k! 2! 3!
k=0
Theorem : For any power series Z cx(z — a)* exactly one of the following is true:
k=0
1. The series converges o%y forz=a . ( Radius of convergence R =0 )
P : _5 JTentevval of Convegene =-{¢ﬂ‘
'( LA

o~

2. The series converges absolutely (and hence converges) for all real values of x. ( Radius

of convergence R = oo
- L——ﬁ Tmteryol. df convevgemce = (462,00 )

P~ Z b ‘-‘)

L]

o~
3. (a) The series converges absolutely (and hence converges) for all  in some finite open

interval (a — R,a + R) ( Radius of convergence =R ) and;
(b) diverges if t <a— R or x > a+ R and;

(c) for x = a = R , the series may converge absolutely, converge conditionally, or

diverge, depending.on the particular series. T
¥ o oleraal of conewemce = (3-R a+R)
&  n— :

L

O\TK a atR

Ex. 4.16. Find the interval of convergence and radius of convergence of the following power series.
o~ (z—5) S
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m Q‘W\ \ (X" C) C‘K"E) l = ,Q{w\ (X"g) M‘(‘
ACED

................ m“““?ﬂ "'K—"j@"

................................................ = &W(K‘xﬁs\ I.XT'S.\..

P=\><'S\<'l,'ﬂwn ..... St (xS (xS @nv. dosdukely...........
= W
—\-7/1 ....... P“x—5‘>3—,’ﬁw~f\i° £ odhewes
\»-59 k= _ \L
%57 °V ,.L QL\ OJT?‘.“?‘.’S‘???.’TP.’.{?Q ................ . émle% ‘ = i’l_ pleries
L7 ey (4-5) = (—\)"_f‘> 20K oo, \o:\ e
> 2;' _?2,, ..... & Zlﬂ_?@co ..... 9....1\&3 S
J (4
h=b (-5 . S'a s p B P2 €A
o Z\ - =K - Wi X

NG Conv .
- Ttentd of owemgewe = [U,6]) | rodius of Cph\ﬁ\q?ﬂ\.CQ =1 #



KO\A«IU-S of conergence - L\— h O Convewpes

2 n-—|\ 2n -\
-1
xercise: Fnd the interval of convergence and radius of convergence of the following power series.

) kZ:OkJrl

o (—1)Fa*

2. o i
k=0
oo Z’k

3. k;o e
= k!

4, Zz_k(x_g))k
k=1
o0 3 .

5. Z<Z) (z+5)
k=0
> (=



