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4.6 Power series in x

If c0, c1, ... are constants and x is a variable, then the series of the form
1X

k=0

ckx
k = c0 + c1x+ c2x

2 + ...+ ckx
k + ...

is called a power series in x

Some examples are

1.
1X

k=0

xk = 1 + x+ x2 + x3 + ...

2.
1X

k=0

xk

k!
= .............................................................

4.6.1 Radius and Interval of Convergence

Theorem : For any power series
1X

k=0

ckx
k exactly one of the following is true:

1. The series converges only for x = 0 . ( Radius of convergence R = 0 )

2. The series converges absolutely (and hence converges) for all real values of x. ( Radius
of convergence R = 1 )

3. (a) The series converges absolutely (and hence converges) for all x in some finite open
interval (�R,R) ( Radius of convergence =R ) and;

(b) diverges if x < �R or x > R and;
(c) for x = ±R , the series may converge absolutely, converge conditionally, or diverge,
depending on the particular series.

Ex. 4.15. Find the interval of convergence and radius of convergence of the following power series.

1.
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xk

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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4.7 Power series in x� a

If c0, c1, ... are constants and if we replace x by (x� a), then the series of the form
1X

k=0

ck(x� a)k = c0 + c1(x� a) + c2(x� a)2 + ...+ ck(x� a)k + ...

is called a power series in x� a

Some examples are
1X

k=0

(x� 1)k

k + 1
= 1 +

(x� 1)

2
+

(x� 1)2

3
+

(x� 1)3

4
+ ... a = 1

1X

k=0

(�1)k(x+ 3)k

k!
= 1� (x+ 3) +

(x+ 3)2

2!
� (x+ 3)3

3!
+ ... a = �3

Theorem : For any power series
1X

k=0

ck(x� a)k exactly one of the following is true:

1. The series converges only for x = a . ( Radius of convergence R = 0 )

2. The series converges absolutely (and hence converges) for all real values of x. ( Radius
of convergence R = 1 )

3. (a) The series converges absolutely (and hence converges) for all x in some finite open
interval (a�R, a+R) ( Radius of convergence =R ) and;

(b) diverges if x < a�R or x > a+R and;
(c) for x = a ± R , the series may converge absolutely, converge conditionally, or
diverge, depending on the particular series.

Ex. 4.16. Find the interval of convergence and radius of convergence of the following power series.

1.
1X

k=1

(x� 5)k

k2
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2.
1X
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k
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Exercise: Find the interval of convergence and radius of convergence of the following power series.

1.
1X

k=0

xk

k + 1

2.
1X

k=0

(�1)kxk

k!

3.
1X

k=0

xk

1 + k2

4.
1X

k=1

k!

2k
(x� 5)k

5.
1X

k=0

(
3

4
)k(x+ 5)k

6.
1X

k=0

(�1)k+1 (x+ 1)k
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